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FOREW ORD
Apparent to all engineers has been the decided trend of recent 
years toward a study of the fundamental aspects of fluid behavior. 
Although hydraulic engineers have contributed in no small measure 
to present-day knowledge of flow principles, they have come to 
find it mutually profitable to exchange experiences with other 
professions engaged in essentially similar fields of endeavor. There­
fore, while the F irs t Hydraulics Conference, held at Iowa City in 
1939, summarized current practice in specific phases of hydraulic 
engineering, the theme of the Second Conference was advisedly 
chosen to stress the astonishing similarity of principles utilized 
by the wide variety of professions dealing with fluid motion.
W ith this purpose in mind, the Iowa Institu te selected as 
speakers for its Second Hydraulics Conference authorities from 
the fields of aeronautical, civil, chemical, marine, and mechanical 
engineering, and geology, meterology, and oceanography—with 
particular heed to those who could call attention to knowledge of 
fluid behavior which might benefit the war effort. I t  was with no 
little pride that the Institute was able to present a technical pro­
gram of twenty-four stimulating papers, all but three of which were 
read by the authors themselves despite the limitations of time and 
travel imposed by war conditions. Gratifying, too, was the attend­
ance of 150 engineers and scientists representing the th irty  states 
designated on the accompanying map. Even the weather man felt
the spirit of the meeting 
and poured out an un ­
restrained supply of 
heat which sent the 
thermometer to its high­
est point of the year— 
infact, certain of the 
U. S. Geological Survey 
Engineers were con­
vinced that the Confer- 
S t a t e s  R e p r e s e n t e d  a t  C o n f e r e n c e .  ^  o r a t o r y  w & g  ^
direct cause of the heat, and placed the accompanying graph in 
evidence.
This bulletin contains the Conference papers in the order in 
which they were read. Not all of the Conference was devoted to
http://ir.uiowa.edu/uisie/27
technical sessions, however; 
indeed, several other events 
may be equally well remem­
bered. As the guests arrived 
on Sunday, they were taken 
to Dean Dawson’s home, 
where a buffet supper was 
served and an opportunity 
was provided for introduc­
tions and visiting. On Mon­
day evening Dean Dawson 
presided at a banquet at 
which Dean Stoddard, the 
recently - appointed Commis­
sioner of Education for the 
State of New York, made the 
prinicpal address. All of 
Tuesday afternoon was de­
voted to an inspection of the Institute laboratory, where apparatus 
used in instruction and in experimental research projects was in 
operation. That evening, a collection of research films was show n; 
John S. McNown of the University of Minnesota, Thomas R. Camp 
of the Massachusetts Institu te of Technology, Robert Knapp of the 
California Institute of Technology, and H unter Rouse and A. A. 
Kalinske of the University of Iowa gave comments and explana^ 
tions as films from their respective laboratories were projected. 
Perhaps the high point of the Conference was the banquet Wednes­
day night. H unter Rouse as toastmaster called, in turn , upon J . C. 
Stevens, H. U. Sverdrup, and B. A. Bakhmeteff, each of whom 
gave brief but unusually interesting talks ranging from Shake­
speare through Arctic exploration to world affairs.
The valuable papers and the stimulating personal contacts which 
have come from the F irs t and Second Hydraulics Conferences em­
phasize the desirability of holding fu rther meetings of this type. In  
the period immediately ahead, great progress will undoubtedly 
be made in the field of fluid motion, and material for another 
Conference program will soon become available. I t  is therefore 
with considerable anticipation that the Institu te looks forward to 
its Third Hydraulics Conference, even though the intervening 
period may be prolonged by war conditions. j  \ \ '  H o w e .
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TH E SIGN IFICAN CE OF FLU ID  MECHANICS TO TH E 
HYDRAULIC ENG IN EER
by
Boris A. Bakhmeteff 
Columbia University 
New York, N. Y.
W h a t  Is  F l u i d  M e c h a n i c s ?
The answer to the question “ W hat is F luid  M echanics!”  should 
be sought in the unparalleled advance of Technology during the last 
decades, when mechanical civilization advanced by leaps and 
bounds with all the emphasis on size and speed. The gigantic 
structures and power machinery of our days require that the func­
tioning of the natural forces be understood with an exactitude 
unknown in the past. Indeed, the effect of factors previously 
neglected has to be recognized. The tempo is too fast for the step- 
by-step advances of the oldtime practitioner to follow. The engineer 
is required to appraise things ahead by proper theoretical analysis, 
by suitable model investigations, or preferably by both. Life has 
met these demands by substituting elasticity for the old-time 
strength of materials, by inducing the mechanical engineer to op­
erate with advanced notions of vibrations, of dynamic balancing, 
etc. Over three hundred years ago, referring to the aims to be 
achieved by man through science, Bacon of Verulam spoke of 
“ Sovereignty over nature, which can be founded on knowledge 
alone. ’ ’ This sovereignty was said to be ‘ ‘ lost ’ ’ by the learning of 
Bacon’s days, which bore the markings of medieval scholasticism, 
with nothing left but ‘ ‘ vain notions and blind experiments. ’ ’ 
How fresh and appropriate do these words sound today! In  his 
time Bacon was witnessing the final passing of the dark ages and 
heralding the coming of Galileo and Newton. In  our days, the old- 
time craft of the skilled technician is making room for “ Engineer­
ing Science.”  F luid  Mechanics signifies that life has knocked at 
the door of the hydraulic profession and with inexorable authority 
demands that the “ vain notions and blind experiments”  cease, and 
that the problems connected with the motion of water be dealt with 
on the same level of professional aptitude which has established 
itself in other branches.
http://ir.uiowa.edu/uisie/27
N e w  M e t h o d s  a n d  A p p r o a c h e s  o f  E n g i n e e r i n g  S c i e n c e
Are modern scientific methods preeminently mathematical? Un­
doubtedly, a higher mathematical level is indispensable. Indeed, a 
source of weakness of the average engineer has been an inadequate 
mathematical training, inherited mostly from the secondary school. 
A mere glance at the present-day periodicals shows the mathemati­
cal level exacted nowadays from the structural engineer. The hy- 
draulician so fa r has not been really taken to task, but the trend of 
life is unmistakable.
And yet mathematics is only a tool. A powerful and most effec­
tive means to an end, but still only a means. The end in engineer­
ing science, as in all scientific pursuit, is an all-around plenitude 
and quality of knowledge; an approach which disdains “ vain 
notions”  and seeks to comprehend and estimate in the most 
thorough and discriminating manner the ways in which natural 
forces act. In  this endeavor engineering science resorts to each 
and every means which human ingenuity has been able to conceive, 
and rejects no tools, no m atter how new or ‘ ‘ difficult. ’ ’
A basic principle is the universality of science. In  the past, one 
has discriminated between pure and applied sciences. Different 
branches of engineering were being forced into petty compartments. 
I t  is time to do away with such barriers. Indeed, a startling unity 
is being manifested between apparently unrelated domains. Meteor­
ology, Oceanography, Geophysics—all are now investigating the 
same basic physical factors, which dominate the realm of fluid 
mechanics. Then so many hydraulics cases are identical in essence 
with problems satisfactorily dealt with in other branches, the 
accumulated treasure of which may therefore be used to advantage 
by the hydraulician.
For example, water hammer, being a m atter of propagation and 
reflection of waves in elastic media, is directly analogous to sound 
phenomena and can be greatly benefited by the science of acoustics. 
In  the instance of surge tanks, installed between a conduit leading 
from a reservoir and the service penstocks, the securing of stable 
regimen and the eliminating of dangerous self-induced pendula- 
tions reverts to the general criteria of stability in vibrating systems. 
Obviously no amount of practical “ f la ir”  would help the proper 
dimensioning, which is best served by resorting to the laws of
http://ir.uiowa.edu/uisie/27
advanced dynamics. Again, turbulence research, to which the Iowa 
Institute has contributed so directly, has been elevated during the 
last decade to a quantitative level by introducing notions developed 
in statistical mathematics. In  the same domain, the “ spreading” 
of suspended material in natura l streams, once more a favorite 
Iowa problem, is essentially a case of turbulent diffusion. And in 
mathematical physics, the laws of diffusion are best studied in their 
relation to the conduction of heat. So the “ analytical heat theory,” 
initiated by the immortal Fourier, becomes a source of dired
inspiration to the hydraulic engineer of our days................
Yon Karm an appropriately alluded once to the “ golden age”  of 
mathematics. This term could equally apply to the early stages of 
engineering science, a century or so ago, when pure and applied 
disciplines marched forward in unity. The present era of engineer­
ing science seems to bear the happy markings of a similarly promis­
ing epoch.
T h e  S u b j e c t  M a t t e r  o f  F l u i d  M e c h a n i c s
The first and natural step in modernizing hydraulic curricula 
and texts was to borrow concepts and methods developed in aero­
nautics and to intertwine them with the traditional hydraulic 
subject matter. In  its time, a decade or so ago, this was a decided 
step forward. A t present it falls short of requirement. Indeed, 
the problems faced by the hydraulic engineer are different in 
character and detail. Actually they are more complex. While the 
aeronautical men deal mostly with potential motion around com­
paratively simple forms, the hydraulician in his structures faces 
the most varied and complicated outlines. Furtherm ore, flow in 
hydraulic practice is largely in the turbulent state, and hydraulic 
turbulence is not the simple isotropic brand, but one exhibiting 
all the unwieldiness arising from roughness and separation. There 
are, furthermore, the unfathomable interreactions between flowing 
water and bed load, and, last but not least, cavitation. One may 
easily surmise that, before adequately meeting hydraulic exigencies, 
the tools serving in aeronautics will have to be substantially 
extended and sharpened.
In  fact, speaking broadly, hydraulics as a whole urgently requires 
a complete overhauling, from the very bottom to the top. The 
“ vain notions and blind experiments,”  so characteristic of the not-
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distant past, must make room for comprehensive dynamic analysis 
and for systematic observations aimed at a clear and detailed grasp 
of the ways in which water actually behaves in the course of its 
motion. Indeed, the baffling and infinitely complex physical 
aspects of such motion are the first feature to be recognized in the 
research to come. One may say that the prime task is a “ physical 
phenomenology of flow.”
To illustrate the new emphasis, take the example of orifice flow. 
In  the past it was mainly “ coefficients.”  Today one keeps in 
mind the design of apertures and outlets in dams, etc., thinking 
specifically of the bell-shaped entrances through which water is 
accelerated to the often colossal velocities with which it spouts 
from the outlets. The smallest error may lead to cavitation, destruc­
tive pitting, vibrations, etc. The case, of course, is germain to 
shaping a spillway crest so as to conform with the natura l outline 
of an aerated nappe. And is it not characteristic that spillway 
literature still uses Bazin’s data of over sixty years ago, and that 
for orifices there are still no adequate published data covering in 
detail the physics of the case?
In  relation to the physical phenomenology of flow, the mind 
naturally  turns to the splendid work of the laboratories maintained 
by the different engineering services of the Government, Indeed, 
model testing has become a necessary concomitant of hydraulic 
design. Unquestionably the laboratories have gathered a mass of 
infinitely valuable experimental material. Their direct and im­
mediate object, nevertheless, is to serve the specific needs arising 
from practical construction. Accordingly, their work is naturally 
directed towards the “ particu lar.”  There still remains the final, 
culminating step — that of synthetically interpreting the observed 
material, with the purpose of discerning and formulating general 
laws — the design which Aristotle so aptly described as the aim 
of all natura l sciences: namely, the ‘ ‘ discovery of the universal 
in the particu lar.”  No better and more inspiring definition of the 
essence of engineering science could be imagined. Indeed, in this 
light F luid  Mechanics may properly be said to look towards a 
‘ ‘ natural philosophy ” 1 of fluid motion, where knowledge of the
1 Isaac Newton used the Aristotelian term in naming his opus magnum. 
All the “ particulars”  of the motion of the celestial bodies follow from a few 
‘ ‘ universal ’ ’ dynamic principles.
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“ universal”  would permit each particular concrete case to be 
handled with the highest competence, economy, and effectiveness 
in practical result.
W ith these observations in mind, it is proper now to pass in brief 
review the more significant concrete topics of F luid  Mechanics.
T h e  M a t h e m a t i c a l  T h e o r y  o f  A n  I d e a l  F l u i d
The direct usefulness of the science of hydrodynamics in the 
aeronautical field is universally accepted. W ith regard to hydrau­
lic practice, the im portant feature is that flow through apertures, 
over spillways, and, generally speaking, all accelerated motion 
through structures, differs but very slightly from the potential 
pattern  which would obtain were the fluid ideal or frictionless. 
The principal dynamic property of potential motion is that the 
energy present in the flow is the same at each and every point and 
equal to the initial head. Since water, on the other hand, is a
(M  L.Escande)
H ow  ne t by Prasil's method
c  FLO W  IN  A  SIPHO N  
(H in d e rk s )
Mode! according to He/e Shaw
FLOW NET BENEATH 5HEET-FILE WALL 
(A. Casagrande)
Flow net by Forcheimer's method
F i g  1 .— E x a m p l e s  o f  t h e  U s e  o f  t h e  F l o w  N e t .
t  pressure
FLOW  UNDER A POLL DAM 
(H. Ku/ka)
A na ly tica l treatm ent
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fluid of small viscosity, the energy losses suffered over the com­
paratively short length of a structure are relatively small. Hence, 
in practice only slight differences in energy will actually obtain, 
and the nearly ideal motion in structures will closely approximate 
the inviscid theoretical patterns. Many of the treasures accumulated 
by hydrodynamics, therefore, can be most advantageously put to 
the service of the engineer. By fa r the most useful tool in this 
connection is the so-called flow net. Some of the practical uses of 
the latter are illustrated in Fig. 1. The legend indicates also the 
different procedures by means of which flow nets may be obtained. 
Probably the most expedient is the method of analogy—that is, 
direct observation of the flow lines and the equipotential lines in 
electrical or viscous (Hele Shaw) models. Generally speaking, 
both the notions and the procedures, in so fa r as the application of 
the ideal motion theory is concerned, are quite clear and well 
defined, and the tools lie ready for the use of the engineer. I t  
would seem, indeed, th a t flow-net geometry and analogy methods 
are of such basic importance that they should properly constitute 
obligatory equipment of any hydraulic specialist.
R e s i s t a n c e s  a n d  L o s s e s
This vast realm offers a fa r less satisfactory picture. The subject, 
of course, goes to the very heart of practical engineering. In  the 
past, tireless efforts were spent in determining empirical expres­
sions for the different resistance terms. Very little, however, was 
done in disclosing the internal mechanism by which losses are 
effected. At present the subject has gained prime practical im­
portance, in connection, for example, with such problems as the 
handling of the colossal amount of energy released from overflow 
structures. The key lies in the proper control of turbulence, which 
in tu rn  substantially depends on an adequate understanding of 
the turbulence mechanism. A similar situation prevails with regard 
to bed load, suspension, insufflation of air, and other mystifying 
phenomena.
Hydraulic resistance is one topic in which the understanding of 
the “ universal”  is preeminently important. I t  is also in this 
realm that the prevailing customary notions are especially inade­
quate. In  so many respects, indeed, it is imperative for the present- 
day hydraulician basically to reorient his views and to build wholly
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anew the notions and conceptions with which he is to operate in 
the resistance field.
H y d r a u l ic  F r i c t i o n  a n d  t h e  B o u n d a r y  L a y e r
To illustrate what such reorientation may imply, consider the 
familiar case of frictional resistance. The latter is habitually 
associated with the uniform, established patterns as in long pipes 
or channels. So strongly embedded are these concepts that one 
perchance extends them to all friction cases, such, for example, as 
determining the Manning coefficient for water flowing down the 
face of a dam, or for appraising friction in a short outlet.
The scarcely realized fact is that established flow is rather an 
exception — particularly so in structures, where the total path is 
short and where flow is mostly accelerated. The actual pattern, in 
these instances, will be distinctly of the transition type, with fric­
tion wholly concentrated in the boundary layer, and with the major 
part of the core practically in the potential state. An example, 
referring to a broad crested weir, is given in Fig. 2a. Similar 
phenomena have been observed on spillway models. Obviously, the 
practice of resorting in such cases to Manning coefficients or to 
any other established flow parameters has no physical foundation. 
I f  friction in transition structures has to be appraised numerically, 
this must be done in terms of boundary-layer motion, which only 
means that many familiar usages have to be studied anew.
A “ universal”  function of the boundary layer is its role in shap­
ing the flow. Take, for example, the question of whether motion in 
a pipe will be laminar or turbulent. One customarily resorts to a 
“ bu lk”  Reynolds Number ~R—ud/v,  with a well defined lower 
limit (R = 2000  to 2100), below which flow will always be laminar, 
no m atter how disturbed the oncoming flow. The physical signifi­
cance of this lower limit is clarified in Fig. 2b, the ultimate state 
of motion being conditioned wholly by the boundary zone. In  its 
inception the layer starts naturally  in laminar form. While the 
size of the expanding boundary layer remains below a certain limit, 
implied in the critical value of Rg =  (u 8 /v )cr, motion in the layer 
will continue as stable and laminar, irrespective of all the “ pound­
in g ”  which the boundary flow may receive from the disturbances 
prevailing in the central reaches. Accordingly, if the size of the 
conduit is sufficiently small (d< 2Scr), the gradually expanding
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layer will “ elbow o u t”  the disturbances, and in filling the cross 
sections will impose a lasting laminar im print on the subsequent 
uniform motion. The opposite case is featured by Pig. 2c. Here 
the oncoming flow is free from disturbances, and there are no 
apparent disturbances to interfere with stable laminar motion in 
the boundary layer. Observations show, however, that, as the 
transverse dimensions of the latter increase, the originally recti­
linear and stable laminar filaments commence to pendulate, the 
fluctuations increasing in frequency and amplitude with Rg. The 
oscillations are explained by the inherent unstability of the highly 
strained viscous sheets. Any small, incidental deformation will
Turbuknf stale in 1he oncoming flow 
Established laminar motion
a. BOUNDARY LAYER INA BROAD-CRESTED WEIR
Laminar flow in the boundary layer 
b. ESTABLISHMENT OF LAMINAR MOTION
\
Established pattern
Established turbulent pattern — 
Spreading of turbu/ence
Fluid free of 
Turbulence
~ t-------
/ l v / c r i i c —i
Transition 
Potential core
Laminar sublayer 
Laminar flow in the boundary zone 
c. ESTABLISHMENT OF TURBULENT MOTION
F i g . 2 .— E f f e c t  o f  B o u n d a r y  L a y e r  i n  S h a p i n g  F l o w .
'Adjustment border zone 
Accelerated profile
d. ADJUSTMENT OF FLOW PATTERNS
tend to grow, prompted by factors engendered by the initial 
deviation.1 A stage is finally reached a t which all vestiges of 
stability are lost and the heretofore slow laminar pendulations 
break up into high-frequency turbulent oscillations. Thus, the 
transition from laminar to turbulent flow is a boundary-layer 
phenomenon. The bulk Reynolds number only indicates that 
the boundary layer reaches its critical transverse size Scr before fill­
ing the cross section. Turbulence, once engendered in the bound­
1 D y n am ica l ly  it is  a  case o f  so-called se lf - induced  v ib ra t ions .
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ary zone, rapidly spreads over the cross section, finally imposing 
the turbulent im print on the pattern  of motion as a whole.
A final instance of the shaping action is given in Fig. 2d. Here 
the function is to adjust flow forms. Over the conical transition 
piece flow is rapidly accelerated, resulting in a nearly uniform 
pattern. A t once boundary friction action arises in the layer, 
gradually bringing the velocity profile to its new established shape.
D i s c o n t i n u i t y  S u r f a c e s
The full significance of the boundary layer as a source of shap­
ing action is best apprehended in connection with the hydrodynamic 
notion of discontinuity surfaces. An example of the latter is the 
efflux of an ideal jet into a frictionless fluid which is at rest 
(Fig. 3a.). Across the surface the velocity is discontinuous, as 
over an infinitely th in  layer it changes by the finite amount u0, 
that is, (d u /d y  =  uo/0  =  oo.). The case typifies a generic group of 
free discontinuity sheets, or free stream lines. In  Fig. 3c an ideal 
fluid is taken to move with a finite velocity next to a solid surface. 
The discontinuity is between the flow (at the rate u0) and the zero 
velocity of the boundary.
The concept of discontinuity surfaces is of the deepest signifi­
cance to the engineer, and constitutes one of the most “ universal” 
features of the resistance mechanism in general. W hat, in fact, is 
their physical counterpart in the actual motion of viscous fluids'? 
In  the case of Fig. 3c it is obviously the boundary layer (Fig. 3d). 
As to Fig. 3a, the physical counterpart is separation (Fig. 3b).
The practical significance of these parallels is their relation to 
the basic function which underlies the mechanism of all hydraulic 
losses — namely, the engendering of vorticity. The ultimate source 
of all resistance is viscosity. The latter, exemplified by the familiar 
/i coefficient, is a physical property germain to all fluids. The 
fact that fluid m atter is always viscous does not mean, nevertheless, 
that viscous action will be revealed under all circumstances. As a 
m atter of fact, viscous stress ( t  =  ¡j. d u /d y )  will arise only in the 
presence of a proper transverse velocity gradient, when the kine­
matic structure implies rotation or vorticity.
The ideal concept has led to a beautiful theory of vortex motion, 
the striking feature of which is the “ im m ortality”  of a vortex
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P i g . 3 .— D i s c o n t i n u i t y  S u r f a c e s .
unit. Once engendered in ideal media, vortex motion cannot 
perish but will continue forever, maintaining its strength and bodily 
constitution. In  equal fashion, moreover, in an ideal fluid subject 
to the action of conservative forces such as gravity, vorticity, gen­
erally speaking, cannot arise. In  other words, once ideal motion 
starts as irrotational it will continue as such indefinitely, as there 
are no ordinary means by which vortices can be generated. The 
significance of discontinuity surfaces lies in the fact that they 
constitute a natura l source of vorticity. Indeed, the ideal dis­
continuity surface (Fig. 3a) is customarily referred to as a vortex 
sheet, the vorticity in the sheet being theroetically infinite. One 
may visualize indeed the block of moving fluid as gliding relatively 
to the other over a tra in  of minuscule rollers.
Where and how will vorticity and the concomitant viscous 
stress arise in an imperfect fluid body?- No such stress can arise, 
for example, inside the rectilinear uniform velocity core in the 
initial sections of Fig. 3b, for in the absence of a transverse velocity 
gradient viscosity will not “ assert”  itself. This case exemplifies a 
rather general property. In  actual motions dealt with by the
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hydraulic engineer, friction action usually does not arise inside the 
fluid body, but starts in the boundary zones, either of the “ free” 
kind (Fig. 3b) connected with separation, or (Fig. 3d) of the 
boundary-layer type. In  either case, the prime source is connected 
with the initial discontinuity. S tarting as a sheet of infinite 
vorticity, the friction effect gradually spreads transversally, 
“ ea ting”  into the heretofore unaffected fluid. This spreading is 
referred to as diffusion of vorticity, and obviously means diffusion 
of frictional action. When the transverse latitude is small, the 
phenomenon will continue on the initial molecular scale, exhibiting 
characteristics associated with laminar motion. Otherwise, the 
engendering of vorticity will assume molar proportions, manifested 
by turbulence. The whole phenomenon of turbulence is explained 
physically by the presence in the flow of a host of eddies which 
swarm in apparently irregular fashion and superimpose their 
fluctuating kinematics on the steady local pattern. These eddies 
are engendered in the boundary zones. Turbulence resistance 
arises from the fact that mechanical energy is continuously with­
drawn from the store carried by the main flow, and is invested in 
the turbulent eddies, such investment implying the process of 
conversion of energy from translation to rotational form. In  real 
fluids the physical counterpart of the theoretical “ im m ortality”  of 
vortices is the fact that energy once converted into vortical form 
is non-reversible. Once invested into eddies, in other words, the 
energy cannot be restored to the flow, and its only fate is finally 
to be dissipated into molecular heat, such ultimate loss taking 
place in the course of viscous attrition which accompanies the 
tumultuous and irregular mixing.
S e p a r a t i o n  a n d  L o c a l  R e s i s t a n c e
As a special turbulence-engendering region, the free discontinuity 
sheets (Fig. 3b) occupy a position of their own, as they constitute 
by fa r the most intensive source of turbulent action. Such, indeed, 
is the intensity of the energy-conversion process, that the formation 
of eddies, as lumps of concentrated vorticity, can be visualized 
directly. Incidentally, the observed facts stand in good accord 
with the theoretical computations of the successive stages of deform­
ation of the unstable discontinuity sheets.
The particular practical significance of free separation sheets
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is that they furnish the source of all so-called local resistance. 
Bends, knees, valves, sudden expansions, etc., as well as rollers at 
the toe of dams and in hydraulic jumps, all exhibit pronounced 
separation effects, in which vorticity is engendered on an excep­
tionally intensified scale. The sudden drop of head, familiar to 
the engineer in connection with such resistances, manifests the 
fact that unusually high amounts of flow energy have been locally 
invested in turbulent eddies. The Iowa Institute (Kalinske) 
made a valuable start in the study of energy exchange in diver­
gent conduits. In  general, however, knowledge of the dynamics of 
local phenomena is in an infant stage. There have been many 
endeavors in the past to organize empirical data into unified charts. 
Even in the simplest instances, such as elbows in pipes, the com­
plexity of the phenomenology has defied the attempts. The key 
to the situation would seem to lie first in the study of the 
“ universal”  features, namely the general behavior of water in 
separation sheets. A problem of particular importance in this con­
nection is the turbulent exchange as it occurs between the live flow 
and adjacent rollers.
E s t a b l i s h e d  F r i c t i o n  P a t t e r n s
The engendering of turbulence in this case (long pipes and chan­
nels) is usually not on as intensive a scale as in the free separation
O 100 200 300 400 500 0 / Z 3 4 5 t, 7 
— *" > ' =  ys~  Velocity, Fr./sec.
a. b.
F i g . 4 .— E n e r g y  E x c h a n g e  a n d  V e l o c i t y  V a r i a t i o n s  a t  a  M i s s i s s i p p i  
R i v e r  G a g i n g  S t a t i o n .
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sheets. Perhaps that is at least one reason why the process so far 
has escaped direct observation. Indirectly, however, all available 
evidence points essentially towards an analogous mechanism — 
namely, the rolling up of the unstable boundary vortex sheets into 
chains of turbulent eddies. These eddies, endowed with energy 
borrowed from the flow, are generated in close proximity to the 
wall. The ultimate dissipation of the energy occurs in a subsequent 
phase, during the swarming of the cast-off eddies through the 
main body of the flow. Concentrated eddy engendering near the 
wall obviously requires that the energy withdrawn from the flow 
should be transm itted towards the locus of intensified conversion 
near the solid boundary. These features have been elucidated lately 
by Bakhmeteff and Allan, Fig. 4a picturing the energy exchange 
at a gaging station on the lower Mississippi River, the velocity 
profile for which is shown in Pig. 4b.1
The cumulative curves OT and OS in Pig. 4a indicate respectively 
the rates at which energy is transm itted and spent on resistance in 
the respective fluid blocks at the depth y  from the surface. The 
quantities are to be compared with the total loss Wb =  yqS  in the 
vertical. The OS outline, typical for turbulent flow in general, is 
specifically meant to illustrate the eventual interrelation between 
the energy exchange and the work done by a river, as regards bed 
load, etc. While energy is withdrawn principally at the upper 
regions in accord with the outline of u = f ( y )  in Pig. 4b, the ex­
pending is concentrated largely near the bottom. Actually over 
90 percent of the total W& is consumed in the lower 10 percent 
of the vertical, while 50 percent is lost in the last foot of the 78- 
foot-deep river. The total power spent by the watercourse on 
resistances at the particular stage amounts to near 30,000 horse­
power per mile. Assuming that the conditions of Pig. 4 obtain 
more or less for the reach as a whole, it follows that within the 
space of a foot from the bottom over 15,000 horse-power of mechani­
cal energy are converted into rotary eddying form. One may easily 
conceive the resulting mechanical effect on the solid bed, by imagin­
ing the power invested in the eddies to be replaced by an equal 
output of dredging pumps or other rotary machinery.
In  the past, studies of bed-load movement have principally sought
1 The author owes the underlying data to the courtesy of the Mississippi 
River Commission, Vicksburg, Mississippi.
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to establish bulk empirical relations. Perhaps the more expedient 
way of reaching a dependable goal would be to start once more 
from the “ universal” , aiming first at a comprehensive account of 
the dynamic interactions which unfold between the bed of solids 
and the turbulent fluid. Of course, any real advance in this domain 
would depend on the progress in the general field of turbulence. 
And with turbulence the trouble again is paucity of factual in­
formation, once more the question of “ physical phenomenology.”  
Unfortunately, the techniques so fa r disclosed (Fage, Kalinske, 
etc.) are too tedious to be extensively used. So the hydraulic pro­
fession is anxiously looking for a device which would be at least as 
convenient in water as the hot-wire anemometer has shown itself to 
be in air.
Perhaps these brief allusions will help to elucidate what was 
meant by stating that hydraulics has to be rebuilt from top to 
bottom on a new scientific foundation. This undertaking, which in 
subject m atter has to be closely guided by actual practical needs, 
in method and spirit must aim at nothing less than establishing a 
“ natura l philosophy”  of flowing water. I t  is no mean task. I t  
calls for infinite patience and discriminating judgm ent in collect­
ing and interpreting experimental evidence. I t  requires new 
techniques and in many branches advances in theoretical means, 
outreaching substantially the tools available at present. On the 
whole, nevertheless, it is one of the most fascinating and promising 
goals, which, moreover, as matters stand, will have to be accom­
plished mostly by hydraulicians of this hemisphere. Nowhere 
else, indeed, is engineering hydraulics applied on a scale comparable 
to that in the New World. The laboratory facilities of this con­
tinent, furthermore, are unsurpassed. To start the work on an 
adequate scale will require special dispensation on the part of 
Government agencies and seats of learning. Action is certain to 
follow once the profession at large realizes the imperative necessity 
of the effort.
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THE ROLE OF FLU ID  M ECHANICS IN  MODERN W ARFARE
b y
Theodore von Karman 
California Institute of Technology 
Pasadena, California
“ In ter arma silent m usae”  as the classical Latin saying goes. 
This possibility is true as fa r as the peaceful and continuous devel­
opment of the fine arts and pure science is concerned. However, 
history shows that even long before the “ mechanical age”  applied 
sciences received powerful impetus from the dire necessities of 
warfare.
I  do not believe that I could be expected to give a complete 
review of the problem facing hydraulic and aeronautical engineer­
ing in this war effort. As a m atter of fact, there is practically no 
one aspect of engineering which directly or indirectly is not in­
volved in some way in the production of weapons, means of trans­
portation, and means of defense. However, I  will make the attem pt 
to enumerate a few specific problems in fluid mechanics—theo­
retical and experimental — which may influence appreciably the 
race between the two struggling groups of nations for perfection 
of their equipment and methods of attack and defense.
We first will classify the branches of fluid mechanics which 
play an important role in military operations. The following list 
does not claim to fulfill either of the two principal aims of a correct 
classification — namely, to be complete and avoid overlapping. 
Nevertheless, it should be useful as a guide to the field of applica­
tion of fluid mechanics:
1. Motion of vehicles in and on the surface of fluid media.
2. Motion of projectiles through fluid media.
3. Motion of fluids through machines and ducts.
4. Cooling and mixing.
5. Motion of the atmosphere and the ocean.
6. Sound.
Let us consider these items in some detail.
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F l u i d  R e s i s t a n c e
Though the question of fluid resistance enters in the design of 
every means of transportation, such as automobiles, railroad equip­
ment, etc., it is the governing factor in two fields: the design of 
aircraft and the design of fast-moving ships. We shall restrict 
our consideration to these two domains.
Aerodynamics of aircraft
This war is the second one in which aircraft has played an im­
portant role. However, in the first W orld W ar aircraft was not a 
governing factor, whereas it appears that it is almost the decisive 
factor in this war. F irst applications of aircraft, to be sure, were
in the form of balloons. 
The French Army was al­
ready equipped with captive 
balloons in 1794. Abraham 
Lincoln created a balloon 
corps in 1861 in the Civil 
War. In 1870, French aero­
nauts organized a transport 
service between the besieged 
city of Paris and the out­
side world. Motor-driven 
balloons were proposed very 
soon after the successful 
demonstration of free bal­
loons. Benjamin Franklin  
made such a proposition. 
The m ilitary engineers 
especially in France aiid 
Germany did much work for 
the development of dirigi­
bles. As a m atter of fact, 
at the eve of the first World 
W ar dirigibles were perhaps 
farther developed than heavier-than-air craft.
In  the period between 1914 and 1918, airplanes went through a 
tremendous development, in number, size, and performance. In  
fact, the main principles of design which led to the airplane types
F i g . 1 .— T h e  B a t t l e  o f  M a y e n c e , S h o w ­
i n g  t h e  U s e  o f  t h e  B a l l o o n  
i n  W a r f a r e . ( 1 7 9 4 ) .
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F i g . 2 .— C a r i c a t u r e  o n  a  P r o p o s e d  P r o j e c t  f o r  t h e  I n v a s i o n  o f  
E n g l a n d  U s i n g  F r e e  B a l l o o n s  a n d  K i t e s . ( 1 8 0 3 ) .
current about 1940 in civilian and military aviation were known at 
the end of World W ar I : cantilever wings with thick sections, 
engines mounted on the wings, monocoque structure, and all-metal 
construction are a few examples of the innovations produced in 
that period. Furthermore, high-lift devices appeared toward the 
end of or immediately after the W orld War. Guns rigidly con­
nected with fighter airplanes, protection by armor plate, and gaso­
line tanks made bullet-proof by elastic materials were also inven­
tions of the first World War. However, between 1918 and 1940 the 
great increase in power and speed brought new problems which 
were unknown or unim portant in 1918 and are very essential now 
for any further improvement in performance.
F irst, the skin friction of wing and fuselage was a relatively 
small portion of the total air resistance of an airplane of 1918, 
whereas in a modern clean and highpowered airplane it is almost 
the most essential portion of the drag, which together with the 
available power determines the maximum speed. The skin friction 
depends greatly on the Eeynolds number and turbulence; there­
fore, we have to know the influence of these parameters on airfoil 
and body characteristics more exactly than ever before.
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Second, increased flying speed and driving technique brought 
us near to the velocity of sound; compressibility effects, or the ef­
fect of the Mach number, therefore, enter decisively in airplane 
design problems. The Mach number of an airplane is the ratio 
between flying speed and the velocity of sound.
Third, with increasing speeds the danger of flu tter becomes more 
imminent. We call flu tter a kind of aero-elastic instability, pro­
ducing spontaneously increasing or self-excited oscillations of 
wings and control surfaces, which can easily cause total destruction 
of the plane. The computation of the flu tter speed requires more 
intensive study of non-stationary phenomena in aerodynamics than 
was done before.
The fundamental laws of laminar and turbulent skin friction 
have been established in the last decades; however, in spite of in­
tensive research work both in theory and in experiment, three im-
P i g .  3 .— F i r s t  U s e  o f  a n  O b s e r v a t i o n  B a l l o o n  i n  M a y ,  1 8 6 2 .  
Prof. T. S. Lowe successfully completed observations for 
the Union Army a t Richmond and though under con­
tinuous fire  a t Mechanicsville continued to send reports 
from the air by telegraph.
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portant problems have not yet been solved to such an extent as to 
serve as a safe guide for the designer:
(a) Transition from laminar to turbulent motion.
(b) Separation of the laminar boundary layer.
(c) Separation of the turbulent boundary layer.
One of the most surprising facts in modern airplane develop­
ment is the possibility of preserving laminar flow in the boundary 
layer on an airplane wing moving in an atmosphere which in ordi­
nary  language is said to be gusty or turbulent. We know that the 
solution of this apparent paradox lies in the large scale of tu rbu ­
lence in the atmosphere which leaves practically unaffected the 
small-scale turbulence in the boundary layer on airfoils or other air­
plane parts. This fact revolutionized wind-tunnel technique and 
led to the design of special low-turbulence wind tunnels. The art of 
airfoil design consists of a careful navigation between the rocks of 
Scylla and Charybdis—i.e., between premature transition from 
laminar to turbulent 
flow in the boundary
layer, which increases •
the friction drag, and .
t o o -1 a t e  transition, t THptf-
which^ leads 1o ^si'para- j | | f e
Indent l-esrilne lleiir 11re ^
IM 11 111 l i l ' j r  a
excessive form drag and M  T
breakdown of lift. Since T~
both the Reynolds mini-
and separation, careful .
weighing of the influ- J?i*ilStk%. f l H H I
ence of these factors f IG- 4 .— t h e  S i e g e  o f  P a r i s .  ( 1 8 7 0 ) .
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causes many headaches to a modern aero-dynamicist.
Several years ago compressibility effects in aeronautics were 
considered as a correction of secondary importance for lift, drag, 
and moment calculations. The general rule to elongate the shape of 
the fuselage and the nose of the airfoil was considered sufficient to 
avoid trouble. Today, more intensive study of phenomena close to 
the velocity of sound makes it possible to compute the so-called 
critical velocity—i.e., the velocity of flight usually associated with 
a sudden increase of drag because the local velocity at some point 
reaches the velocity of sound. However, it  is not possible to keep 
the airplane in all conditions below this limit and, therefore, it is 
very important to study the phenomena beyond the critical velocity 
—i.e., phenomena of mixed-flow conditions, in which subsonic and 
supersonic flows coexist in neighboring domains. I t  appears per­
haps paradoxical that in some cases the mathematical computation 
of pure supersonic flow is easier than that of the subsonic flow be­
low the critical velocity; in fact, the theory of mixed flow is con­
nected with almost insurmountable mathematical difficulties. I t  
is our hope that wind-tunnel investigations will clear up the most 
im portant points in this field. From  the practical point of view, 
the changes in aerodynamic stability and structural loads caused 
by the occurrence of the so-called compressibility burble or shock 
wave is the most essential question.
The non-stationary airfoil theory was developed equally in E ng­
land, Germany, and the United States during the period between 
the two World Wars. The practical importance of flu tter calcu­
lations for the safety of m ilitary airplanes certainly gave a great 
impetus to the refinement of the theory. There is no doubt that 
much is yet to be accomplished in this field both by theoretical 
computations and by experimental investigations. I t  seems that 
the method of the acceleration potential proposed by L. P rand tl a 
few years ago might bring essential simplifications in the theory. 
On the other hand, the experimental check supporting the theory 
is yet incomplete. I t  might also be noted that the phenomena of 
non-stationary aerodynamic forces are quite im portant in many 
fields in which they are only occasionally mentioned—for example, 
in the field of high-speed turbine, pump, and compressor design. 
I t  is this w rite r’s impression that many discrepancies between
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F i g . 5.— A n  E a r l y  R o m a n  G a l l e y  S h o w i n g  t h e  D e v e l o p m e n t  o r  t h e  
P o i n t e d  P r o w  a n d  R o u n d  S t e r n .
computed and measured efficiencies are due to the neglect of non- 
stationary flow phenomena.
Ship resistance
The problem of ship resistance is a classical and very attractive 
branch of fluid mechanics. Systematic ship towing experiments 
were carried out as early as 1777 by a committee consisting of 
d ’Alembert, Condorcet, and Bossut at the Military Academy in 
Paris. Ship resistance consists essentially of two components: 
skin friction and wave-making resistance. I t  is somewhat regret­
table th a t the theoretical aspect of the wave-resistance problem, 
ra ther highly developed in England, Germany, and Sweden, did 
not elicit more interest in this country. The theory of wave-mak- 
ing resistance can be divided into two branches: the wave-making 
resistance of submerged bodies and the wave-making resistance of
F i g . 6 .— A  V i k i n g  S h i p  S h o w i n g  t h e  D e v e l o p ­
m e n t  o f  H u l l  L i n e s .
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F i g .  7.— T h e  T o w i n g  B a s i n  a t  t h e  M i l i t a r y  A c a d e m y  i n  
P a r i s .  ( E i g h t e e n t h  C e n t u r y ) .
planing surfaces. The first theory has its main applications to dis­
placement boats, the second theory to hydroplanes, seaplanes with 
floats, and flying boats.
The exact theory of the wave-making resistance of submerged 
bodies was carried out for only a few cases of bodies with geometri­
cally simple shapes. However, the so-called Mitchell theory can be 
considered as a fa ir approximation for a large class of ships, with 
relatively deep draught and not-too-wide beams. This theory is 
essentially a linearized theory of the wave-making resistance of a 
vertical sheet carrying properly distributed sources and moving 
through the water in its own plane. The intensity distribution of 
the sources depends on the shape of the ship body.
F i g .  8 .— E x p e r i m e n t a l  A p p l i c a t i o n  o f  t h e  A r c h i m e d e s  
S c r e w  t o  M a r i n e  P r o p u l s i o n ,  b y  D u  Q u e t .
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BOW WAVE
F i g . 9 .— M i t c h e l l ’s  T h e o r y  f o k  S h i p - W a v e  E e s i s t a n c e .
The ship’s hull is replaced by a  source distribution 
in a vertical plane passing through the keel.
Another ease which can be managed mathematically without 
great difficulty is the idealized planing surface. Mathematically 
speaking, we consider a certain distribution of loads on the hori­
zontal water surface and calculate the small disturbances of the 
surface caused by these loads traveling with constant velocity. 
Since the disturbance caused by a concentrated point load is known 
from classical hydrodynamics, the case of arbitrarily  distributed 
loads over a finite surface can be obtained by superposition. How­
ever, the direct problem of the wave resistance of a surface of given 
shape and given inclination has not yet been solved in a satisfactory 
way.
The governing param eter in the theory of the wave-making re-
LOAD ON THE PLANING SURFACE
F i g . 1 0 .— H o g n e r ’s  T h e o r y  f o r . P l a n i n g  S u r f a c e s . 
T h e  p l a n i n g  s u r f a c e  i s  r e p l a c e d  b y  a  d i s ­
t r i b u t i o n  o f  l o a d  o n  a  h o r i z o n t a l  s u r f a c e .
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P i g . 1 1 .— R o b e r t  F u l t o n ’s  S u b m a r i n e  N a u t i l u s , D e s i g n e d  f o r  
N a p o l e o n  a t  t h e  B e g i n n i n g  o f  t h e  N i n e t e e n t h  C e n t u r y .
sistance is the Froude number—that is, the ratio between hydro- 
dynamic and hydrostatic forces. Fortunately, if the Froude num­
ber is very large (i.e., if the gravity forces in the water are small 
in comparison with the dynamic forces), the theory of the planing 
surface becomes essentially identical to that of the induced drag of
F ig.12.— F u l t o n ’s  T o r p e d o .
A screw is driven into the attacking sh ip ’s hull from the conning tower 
of the submarine. The submarine in retreating draws a cord through 
the screw causing the torpedo to make contact with the attacking ship.
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airfoils w ith  fin ite  span. Consequently, the hydroplane or flying 
boat rid ing  on the step can be considered as carried  by an  airfoil 
whose span is equal to the w idth of the step, the chord length  being 
given by the wetted length.
I t  is apparent that by changing the load or the draught of the 
boat we change both the chord length and the aspect ratio. This 
and the smallness of the aspect ratio cause some complication in the 
theory, but it can be managed by use of plausible assumptions. 
F u rther development of the theory requires taking into account 
the influence of gravity at least to the first approximation. I t  
seems to the w riter that such development of the theory and its co­
ordination with experimental results obtained in towing tanks 
would be useful for the rational design of large flying boats, 
especially if the wave shape behind the step can be calculated with 
some accuracy.
B a l l i s t i c s
Ballistics is one of the early classical branches of fluid mechanics. 
The Greek philosopher, Aristotle, wondered how a projectile could 
proceed in the air without being driven by a larger pressure in i ts  
rear than the pressure in its front. Leonardo da Vinci, Galileo, and 
Newton made contributions to ballistics. Mariotte studied the 
theory of the recoil of guns.
I  believe cannon in European warfare were first used by the 
Germans in the siege of Cividale, Italy, in 1331. Rather large- 
caliber guns were developed in those old times. The “ Lazy M ar­
garet,”  a famous cannon of the 14th century, was a 20-inch caliber 
gun, transported by 26 horses and throwing 300—400-pound stone 
balls to a 750-foot maximum range. However, it could deliver 
only 10 shots per day, because it took over two hours to bring it 
back in position and repair its foundation. One hundred shots of 
this gun were necessary to destroy a fortress wall 14 feet thick.
Robins’ “ New Principles of G unnery”  (1743) is perhaps the 
first systematic textbook of exterior ballistics. During the nine­
teenth century the science turned more and more to mathematics. 
To be sure, the law of air resistance was obtained from firing tests. 
However, mostly a standardized resistance curve, the so-called 
Gavre curve, served as the expression for the functional relation
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between resistance and velocity. The influence of shape was taken 
into account by a multiplicative form factor. The integration of 
the equations of motion—using this standard resistance law—was 
considered the major problem of exterior ballistics. The mathe­
matical methods for integration have been very materially refined 
by several excellent mathematicians.
Today the mathematical work is done mostly by the differential 
analyzer and the main problems of exterior ballistics are the physi­
cal phenomena which determines drag, side force, and moments— 
and, therefore, the range, trajectory, and stability of the projectile. 
The change in the philosophy of the science of exterior ballistics in 
this country is connected with the work done in the Ballistic 
Laboratory of the Ordnance Department in Aberdeen and especial­
ly with the work of R. H. Kent. In  the future, probably supersonic 
wind tunnels will do research work for projectile design similar to 
that which ordinary wind tunnels have done for aircraft design.
Gun fire and bombing from airplanes introduced new problems 
in exterior ballistics. F or example, in the case of guns firing per­
pendicularly to the flight direction the relative side wind cannot 
be considered small in comparison to the muzzle velocity of the 
shell as in ordinary gunnery, and the computation of firing tables 
for such cases requires the knowledge of drag, side force, and 
moment for considerable yaw angles. Also, accurate bombing re­
quires exact knowledge of the influence of shape, Reynolds number, 
and Mach number on the aerodynamic characteristics of the bomb.
Underwater ordnance is a new branch of ballistics gaming more 
and more importance with the intensification of submarine warfare. 
Relatively little is known on this subject and of course even less 
is published in scientific literature.
Another group of the important problems of ballistics refers to 
explosion waves in air and water. These problems belong to a 
branch of ballistics sometimes called terminal ballistics. The theory 
of explosion waves is closely connected with the theory of shock 
waves—i.e., the propagation of discontinuities in a fluid medium. 
These problems are analogous to the flow problems in channels in 
the supercritical range, especially to the problems of the hydraulic 
jump. I t  is obvious that knowledge of the action of explosion 
waves is im portant both for development of weapons and for the
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construction of defense structures. Many interesting observations 
were made in bombed cities; for example, it is said that in most 
cases walls fall in the opposite direction to the propagation of the 
pressure wave, as if they were under action of external suction. 
I t  appears that much experimental and theoretical work is neces­
sary for the full understanding of the true mechanism of the de­
structive actions of explosives, and for the best methods to minimize 
them.
M o t io n  o f  F l u id s  i n  D u c t s  a n d  M a c h i n e s
The tendency toward very high altitudes becomes more and more 
predominant in modern aerial warfare. This makes the use of ef­
ficient compressors imperative both for engine and cabin super­
charging. The design problems of centrifugal, axial, and rotary 
compressors, especially the aerodynamic problems connected with 
the design of such machinery, are today in the center of interest at 
many industrial concerns and research institutions. The theory of 
cascades or lattices is able to furnish fundamental inform ation; 
however, in details we have to rely on experimental research. I t  
is certain that this branch of mechanical engineering will make 
considerable progress under the pressure of military needs.
Another field of mechanical engineering which is developing 
speedily is that of the gas turbine used either as exhaust turbine 
for the drive of superchargers for the existing airplane engines, 
or as independent prime mover. The history of the gas turbine 
dates back to peaceful times, but war needs are likely to provide 
a powerful impetus for its development and application.
Flow problems connected with motion of fluids through ducts 
occur in many applications. The design of recoil mechanisms for 
large guns is one example of such problems. Efficient ducting of 
air in warships is another important problem. Design of modern 
airplanes requires that the intake, the ducting, and the outlet of 
cooling air be effected with minimum losses. Many solutions 
familiar to the hydraulic engineer find applications in airplane 
design. F or example, the Messerschmitt fighter recently exhibited 
in this country shows the application of very neatly-designed vane 
elbows in the intake ducts for cooling air.
Finally, the general problem of je t propulsion has to be men­
tioned as one problem closely related to fluid mechanics. British,
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German, and Italian publications show the general interest in the 
development of this field.
C o o l i n g  a n d  M i x i n g  
In  the preceding paragraph reference was made to the ducting of 
cooling air in airplanes. Of course, cooling—or, more generally 
speaking, heat-exchange—problems occur in a very wide domain of 
military engineering, in practically all fields where thermodynamic 
devices such as engines, boilers, heaters, ventilators, guns, and 
rockets are used. The problem of heat exchange lies on the border 
line between thermodynamics and fluid mechanics; however, a 
rational theory became feasible only by analysis of the fluid- 
mechanics aspects of the problem. Especially the analysis of the 
laminar and turbulent motion in ducts and in the boundary layer 
along wetted surfaces opens the way to quantitative analysis re­
placing purely empirical formulae. The rational analysis was car­
ried out first for gases and extended recently to the case of liquids 
such as water and oil. Theoretical considerations gain more and 
more applications in practical design of heat exchangers, condensers, 
and other similar devices.
The modern developments of fluid mechanics—especially the 
theory of turbulence—opened the way also for a more close under­
standing and computation of phenomena connected with transfer of 
matter, such as evaporation, diffusion, or mixing. I t  is obvious 
that this new development has applications in many branches of 
the chemical industry im portant for war purposes and in problems 
directly connected with chemical warfare and defense. The laws 
of diffusion have direct application to the propagation of smoke or 
gases and the penetration of gases through fibrous and liquid sheets 
used in gas masks. Thus, fluid mechanics enters as a theoretical 
guide in a wide variety of technical applications, most of which 
were started on a purely empirical basis.
M o t io n  o f  A t m o s p h e r e  a n d  O c e a n
I  do not think that it is necessary to emphasize the importance 
of meteorology and oceanography for w arfare and the importance 
of fluid mechanics to meteorology and oceanography. Whereas in 
W orld W ar I the short-range weather forecast contributed its share 
to tactical problems, it appears that the long-range weather forecast
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is used in this war for fundamental strategical decisions. The 
scientific foundation of long-range weather forecasting is still a 
hotly debated subject. However, certainly after this war is over, 
we shall know much more about long-range weather forecasting and 
the fundamental theory of general circulation in the atmosphere 
than before. Problems of oceanography center in many military 
problems—for example, in problems of underwater sound propa­
gation and in practical engineering problems connected with pro­
tection of beaches and harbors.
S o u n d
Military applications of acoustics are not new. Loudspeakers 
and hearing devices were developed in ancient times for transmis­
sion of messages, before telephones were used. However, the last 
war brought two new applications which obviously are being and 
will be developed fu rther in the present struggle—that is, the de­
tection of guns, airplanes, etc. by sound propagation in the atmos­
phere, and the detection of submarines by listening devices applied 
on surface ships, and the detection of surface ships by similar de­
vices applied on a submarine. I t  is known that the development of 
high-frequency (ultrasonic) vibrators was due to such military 
problems of the first World War. The m ilitary needs gave also a 
great impetus to the study of the noise problem in general, which 
is evidently a typical problem of fluid mechanics. Classical acous­
tics was concerned especially with the production of sound in 
speech and of tones by musical instruments. Acoustical engineer­
ing was mainly concerned with development of materials for the 
absorption of noise and the study of the influence of the shape of 
rooms and localities on sound propagation and good acoustical 
properties. We know too little about the mechanism of noise pro­
duction in air and water by moving bodies and machines, especial­
ly about the relations between vortex formation and cavitation on 
one side and sound and noise on the other side. Some cases were 
studied also in time of peace—for example, the singing of ship 
propellers. This apparently  is produced by alternating vortices, 
and can be avoided by eliminating the vortex street. Another 
problem now thoroughly investigated by engineering concerns is 
the noise caused by fans. Certainly many more such cases deserve 
systematic research.
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The preceding paragraphs give only a very incomplete list of 
problems on fluid mechanics suggested or emphasized by needs of 
our war effort. I t  is a dire necessity to tackle these problems, 
whether or not they are interesting from the general point of view 
of science and engineering, and whether they are relatively easy 
or so complex that there is little hope for their fundamental solu­
tion. However, it is a comforting idea to the engineer and scientist 
that most of the problems connected with needs of warfare are 
also fascinating from the viewpoint of the progress of science and 
art, and have attracted and fascinated a great many noble minds 
in the past.
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RECENT DEVELOPM ENTS IN HYDRAULIC 
LABORATORY TECHNIQUE
b y
Joseph B. Tiffany, J r .
U. S. W aterways Experiment Station 
Vicksburg, Mississippi
During its eleven years of existence the hydraulic laboratory of 
the U. S. W aterways Experiment Station has expanded consider­
ably in scope. In  the early 1930’s practically the only types of 
investigation conducted at the W aterways Experiment Station 
were those involving river flood-control and navigation projects. 
Today the Laboratory’s activities include (besides these two types 
of study) investigations of tide and wave phenomena, of designs 
of flood-control and power dams, and many other studies which 
cannot be fitted into any specific classification. Probably one of 
the prime factors in bringing about this expansion has been the 
progress made in hydraulic laboratory technique. As a result of 
the development of new instruments and of improvements in estab­
lished methods of reproducing, measuring, and recording hydrau­
lic phenomena, many new fields of investigation have been opened 
to small-scale model analysis—investigations which had previously 
been considered not adapted to study by this means.
This article is a discussion of some of the instruments and methods 
of analysis recently developed at the Experiment Station. No 
attem pt is made to cover the entire field of hydraulic laboratory 
technique; rather, only those instruments are discussed which have 
had an im portant effect on hydraulic laboratory methods.
E q u i p m e n t  f o r  S t u d y  o f  W a v e  F o r c e  A g a in s t  B r e a k w a t e r s
Some time ago the Experiment Station was requested by the 
Great Lakes Division of the Engineer Department to conduct an 
investigation of the forces exerted by waves on breakwaters, for 
the purpose of developing vertical pressure curves to be used in 
designing breakwaters. The study is still in a preliminary phase 
so fa r as the results are concerned, but the instruments necessary
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F i g . 1 .— W a v e  T a n k , U .  S .  W a t e r w a y s  E x p e r i m e n t  S t a t i o n .
for the investigation have been perfected, and have been adapted 
for use in many other model studies.
In  order to obtain any data from a study of wave force, it was 
necessary to devise two instrum ents: one to measure and record 
wave heights at the breakwater, and one to measure and record 
the pressures exerted by the waves at various elevations on the face 
of the breakwater.
Before discussing these instrum ents in detail it m ight be well
F i g . 2 .— B r e a k w a t e r  E n d  o f  W a v e  T a n k .
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to describe the general setup for the study. As may be seen in Fig.
1, a tank 117 feet in length was constructed with the breakwater 
section at one end and the wave-generating machine at the other. 
A close-up view of the breakwater end of the tank (Fig. 2) shows 
the breakwater section in the center with porous concrete baffles on 
each side to absorb the energy of the unused portion of the wave. 
The upright structures on each side of the breakwater section serve
as guide walls to cause an even 
cross section of the approach­
ing wave to impinge on the 
breakwater. The panel con­
taining the devices for measur­
ing the' wave pressures on the 
breakwater and the wave 
heights is located in the center 
of the breakwater section.
Fig. 3 shows a vertical-face 
breakwater section. The disks 
down the center of the dark 
panel are the diaphragms 
which constitute the faces of a 
very sensitive type of pressure 
cell set flush in the face of the 
breakwater. (These pressure 
cells, although not built by the 
Experiment Station, were spe­
cially constructed by a com­
mercial firm  in accordance 
with specifications established 
by the Station.)
The pressure of a wave 
striking against the diaphragm of a pressure cell causes a slight 
deflection of the diaphragm itself, which, in turn, causes a change 
in the electrical output of a circuit in the body of the cell. This 
electrical output is amplified and then impressed on a recording 
oscillograph, thus furnishing a continuous record of the pressures 
being exerted by successive waves as they strike the face of the 
breakwater.
On each side of the pressure-cell diaphragms is a double row of
F i g . 3 .— V e r t i c a l  B r e a k w a t e r  S e c t i o n  
w i t h  P r e s s u r e  C e l l s  I n s t a l l e d .
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contacts which are used for a simultaneous recording of the height 
of the wave at the breakwater. The individual contacts shown in 
this picture are connected behind the breakwater panel with 
electrical resistance so calculated that an impressed voltage will 
produce an electrical output varying in a straight-line relation with 
the height of the wave. This electrical output is applied to the
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\
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P i g . 5 .— D i a g r a m  o f  W a v e s  a n d  C o r r e s p o n d i n g  
P r e s s u r e s  a t  a  V e r t i c a l  B r e a k w a t e r .
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same oscillograph which measures and records the output from the 
pressure cells, thus providing, on a single strip of oscillograph film, 
a simultaneous record of the height of wave at the breakwater and 
the pressure on several of the cells at various elevations on the 
face of the breakwater, as shown in Fig. 4.
The top curve of the diagram in Fig. 5 shows, for a period of 5 
seconds, the time change in the height of four complete waves as 
they struck the breakwater. The lower four curves represent the 
pressures which were recorded on pressure cells in four vertical 
locations in the breakwater. Of especial interest is the fact that for 
each of the particular waves shown on the top curve there resulted 
a double peak in pressure, one peak occurring just before the crest 
of the wave struck the breakwater and the other occurring just 
after the crest.
F o r t  P e c k  P o w e r  T u n n e l  M o d e l  S t u d y
Another investigation in which wave-height measuring devices 
and pressure cells found useful application was a model study of 
the power tunnel for F ort Peck Dam. The l-to-20-scale model was 
about 300 feet long and included the intake structure, power tunnel, 
control shafts, penstocks, and surge tanks. The headbay, which 
contained the intake structure, and the tunnel are shown in Fig. 6. 
Flow through the penstocks was regulated by automatic valves in 
such a way as to reproduce typical load changes. The study in-
F i g . 6 .— M o d e l  o f  F t . P e c k  P o w e r  T u n n e l .
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SECTION THROUGH RESISTANCE GAGE FOR
SURGE TANK RECORDING SURGE
F i g . 7.— W a v e -h e i g h t  M e a s u r i n g  D e v i c e .
volved, among other things, the recording of both surges and 
water-hammer pressures resulting from movements of the turbine 
gates due to changes in load.
For recording the height of surge in the surge tanks, a slightly 
modified form of the wave-height measuring device already des­
cribed was used, which consisted of a hollow watertight pyralin
WATER HAMMER T E S T S  
IN IT IAL INSTALLATION 
LOAD-OFF TO SPEED-NO-LOAD 
(162 FEET NET HEAD)
F i g . 8 .— W a t e r - H a m m e r  P r e s s u r e s  R e s u l t i n g  p r o m  L oa d  
C h a n g e s .
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rod about 10 feet long, containing (see Fig. -7) small resistances 
spaced at intervals of 0.02 foot, connected in series. The wires con­
necting the resistances were exposed on the outer surface of the rod 
so as to afford contact with the water. Any change in current 
resulting from a change in the water-surface elevation was regis­
tered by an oscillograph.
For recording the water-hammer pressures resulting from 
changes in load, pressure cells similar to those being used in the 
Wave Force Study were installed in the model at selected locations. 
The surcharge pressures resulting from a reduction from 100 per­
cent full load to speed-no-load are indicated in Fig. 8. These 
pressure increases, resulting from water hammer, are shown for 
locations in the penstock just above the turbine, just above the 
Y-branch where the tunnel branches into three penstocks, and in 
the tunnel just below the control shaft (about midway of the 
length of the tunnel).
By the use of the wave-height and pressure measuring instru ­
ments in this study, data were obtained which permitted the evalu­
ation of quantities very difficult to evaluate by rational means.
S t u d y  to  I m p r o v e  t h e  O p e r a t i o n  o f  
P u m p s  f o r  D r a i n i n g  D r y  D o c k s
The pressure cells again found a valuable application in a study 
concerned with the operation of three large-capacity pumps used 
to empty a dry  dock. A fter the dry  dock had been constructed, it 
was found that the pumps, all of which pumped from a common 
suction chamber, operated unsatisfactorily because of the tre ­
mendous vibrations which were set up when all three pumps were 
operated at the same time. Since the efficient use of the dry  dock 
was of obvious importance to the war effort, it was essential that 
means be devised immediately to improve the operation of the 
pumps to a point which would be regarded as satisfactory. This 
problem was assigned to the Experiment Station for solution.
A l-to-10-scale model was built of the dry  dock, its culvert 
system, the pump suction chamber, and the bell-mouth intakes to 
the pump impellers. The suction chamber and other critical parts 
of the model were molded of transparent pyralin  to make possible 
the observation of flow action in the suction chamber.
Prelim inary observations on the model indicated that the rough
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operation of the pumps was caused by strong vortices which were 
initially formed in the suction chamber and which were amplified 
as they extended into the bell-mouth intakes to the pumps. This 
vortex action appeared to be the result of improper hydraulic de­
sign of the suction chamber. Before the problem could be solved, 
however, the Experiment Station engineers had to devise an in­
strument which could be used to measure the rapid  fluctuations in 
pressure within the pump intakes.
The engineer in charge of this investigation conceived the in­
genious idea of combining the pressure cell with a piezometer tube. 
A diagram of this device is shown in Fig. 9. On the right is shown 
a half section of the bell-mouth intake to the pumps. The piezo­
meter tube was inserted into the middle of the flowing water in the 
bell-mouth intake through a packing gland in the pyralin  wall of 
the intake. The outer end of the piezometer tube was connected by 
rigid tubing to an airtight and watertight chamber which was 
fitted around the face of a pressure cell.
By means of this arrangement, fluctuations in pressure within 
the bell-mouth were transm itted undiminished to the water chamber 
and thence to the pressure-cell diaphragm. The fluctuations in 
water pressure caused like fluctuations in the electrical output of 
the pressure cell which again were amplified and recorded on an 
oscillograph.
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This instrument for measuring instantaneous values of pressure 
within a liquid body has been given the name “  dynamic-pressure 
meter, ’ ’ and it has already been found to have many other applica­
tions, some of which are described in this paper. I t  is believed that 
the development of this instrum ent is an im portant milestone in 
the enlargement of the scope of hydraulic laboratory work.
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F i g . 1 0 .— P r e s s u r e  F l u c t u a t i o n s  i n  P u m p  I n t a k e s .
Fig. 10' shows the variations in pressure in each of the three 
pump intakes with all three pumps operating simultaneously and 
to full capacity. The dashed curves indicate the pressure conditions 
within the intake bells as they were originally constructed. I t  will 
be seen that, in the case of Pump No. 3, fluctuations in pressure of 
as much as 25 feet were occurring at frequencies of about once in 
two or three seconds. The obvious result, applied to the prototype, 
was that the impeller of this pump was taking tremendous shock. 
Results from the tests previously made on the dry  dock confirmed 
the fact that, when all three pumps were operating, Pum p No. 3 
vibrated so badly that it had to be stopped in order to avoid the 
possibility of serious damage.
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Having established that the unsatisfactory operation of the 
pumps was caused by vortex action, which in tu rn  produced rapid 
and severe fluctuations of pressure at the pump impellers, the 
solution was quickly obtained. P our wide, vertical fins spaced at 
90° were installed within each pump intake. The purpose of these 
fins was, of course, to break up the vortex action.
The solid line on the charts in Fig. 10 shows the pressure con­
ditions resulting in the three pump intakes after the vertical fins 
had been installed in the model. I t  will be seen that the tremendous 
fluctuations in pressure were almost entirely eliminated and that 
there was produced a practically uniform condition of pressure at 
each of the three pump intakes.
Fins almost identical with those used in the model were im­
mediately installed in the intakes of the dry  dock itself. The results 
of this installation have an almost fairy-tale quality in that tests 
made on the dry  dock after installation of the fins indicated an 
entirely satisfactory operation of the pumps, with complete elimina­
tion of the rough operation formerly experienced.
S t u d ie s  o f  C a v i t a t io n  o n  B a f f l e  P ie r s
Although the damaging results of cavitation on hydraulic struc­
tures are well known, little success has attended efforts to determine 
the basic laws for cavitation action, or the means of preventing or 
reducing such action. Pioneer experimentation in this field has 
been undertaken by Professor Harold A. Thomas at Carnegie 
Institu te of Technology in connection with the design of sluice 
intakes and baffle piers below high overfall spillways. Professor 
Thomas’ experiments are made in a tank in which air pressure is 
reduced to such a point that cavitation is actually produced and can 
be observed.1 As a parallel development, the Experiment Station 
has adapted the dynamic-pressure meter to the measurement of 
pressures accompanying cavitation on baffle piers below high dams. 
The first application was a model study of the Bluestone Dam on 
the New River in West Virginia in the Huntington Engineer 
D istric t; this dam is being constructed to provide additional power 
in this region.
A fter completion of the original design of the stilling basin for
i This apparatus is described in ‘ ‘ Cavitation on Baffle Piers Below Dams ’ ’
by  Thomas and Hopkins (p. 192).
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F i g . 1 1 .— M o d e l  o f  O r i g i n a l  D e s i g n  f o r  B l u e s t o n e  S t i l l i n g  B a s i n .
this dam, concern was expressed for the stability of the baffle piers 
to be placed within the high-velocity je t at the toe of the spillway. 
Velocities in this je t were of the order of 80 to 90 feet per second. 
Prelim inary testing by Professor Thomas in his cavitation tank 
indicated that cavitation would occur on the baffle piers and it was 
his opinion that if the cavitation were sufficiently severe, the baffle 
piers might be torn loose and the structure itself endangered.
I t  was decided that a further study of the Bluestone stilling 
basin should be made at the Experiment Station to determine the 
location of the cavitation pockets, and, if possible, to develop im­
provements in the original stilling-basin design. Accordingly, an 
existing spillway model at the Experiment Station was modified to 
reproduce the Bluestone design to a scale of 1 to 36.
The two rows of baffle piers and the sill constituting the pre- 
viously-adopted design of the energy-dissipating device for Blue- 
stone Dam are pictured in Fig. 11. For the study of cavitation 
tendencies several of the baffle piers in the first row were con­
structed of transparent pyralin, and piezometer openings in the
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piers were connected to rigid tubing which was, in turn , con­
nected to the dynamic-pressure-cell instrument developed in the 
dry-dock study.
The diagrams of Fig. 12 illustrate the pressure fluctuations 
which were recorded on all faces of the baffle piers for a spillway 
discharge of 430,000 cubic feet per second. The top curve shows 
the pressure fluctuations on the front face of the baffle pier. I t  
will be noted that the extreme fluctuation is about 100 feet of head. 
The other three curves show, from top to bottom, the pressure 
fluctuations on the side, top, and back of the baffle piers. P articu ­
lar attention is called to the second curve showing the pressure 
fluctuations on the side of the baffle. Referring to the scale on 
the right side of the chart, it  will be seen that the maximum fluctu­
ation in pressures on the' model itself was about 5 feet, corres­
ponding to about 180 feet at full scale. Attention is also called to 
the horizontal dashed line at —34 feet, which is indicated as the 
limit of transferability of model results. Obviously there is no pro­
totype pressure equivalent to an indicated model pressure of below 
—34 feet. Omitting considerations which are not pertinent to this
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paper, the interpretation of this curve of pressure fluctuation is 
that the pressures on the side of the baffle piers, under conditions 
of maximum discharge, would fluctuate from approximately 40 
or 50 feet to a minimum pressure corresponding to the vapor 
pressure of water, the net result being the formation of severe 
cavitation pockets on the sides of the baffle piers.
The next step in the study was to develop a modified design of 
stilling-basin elements which would reduce the cavitation possibili­
ties around the baffle piers to a point considered safe, and which 
would also insure adequate dissipation of the tremendous quantity 
of energy possessed by the water as it entered the stilling basin. 
A cooperative program was arranged with Carnegie Institu te to 
check the interpretations of the pressures noted during tests of 
several stilling-basin designs on the Experiment Station model with 
observations made on a partia l model of the stilling basin which 
was installed in the Carnegie cavitation tank. I t  is of considerable 
interest and importance to note that the two methods of studying 
cavitation on baffle piers—that is, by measurement of pressure 
with the Experiment Station dynamic-pressure meter on an atmos­
pheric model, and by observation of cavitation flashes in the cavita­
tion tank —  show a remarkable agreement. I t  appears th a t either 
method of studying cavitation phenomena can be accepted as 
reliable.
A modified design of the stilling-basin elements has been de­
veloped which achieves the desired reduction of cavitation to a 
safe point while retaining its energy-dissipating ability.
The Experiment Station is now designing a large cavitation 
tank in which the two methods of studying cavitation will be 
combined. That is, cavitation will actually be produced and ob­
served, and at the same time the pressures in and near the cavita­
tion pockets will be measured with the dynamic-pressure meter.
B l u e s t o n e  P e n s t o c k  S t u d y
The dynamic-pressure meter is now being used in a study of 
the penstocks for Bluestone Dam. The prim ary purpose of these 
tests is to determine whether conditions at the entrance to the 
scroll cases will be such th a t efficient operation of the turbines 
can be assured. Two similar models constructed of transparent 
pyralin (see Fig. 13) are being used in this study; one model
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reproduces the Bluestone penstock design, while the other is a 
replica of one of the penstocks already in operation at Norris Dam. 
Evaluation of the probable effect of turbulence in the Bluestone 
penstocks will be based 
on comparative data ob­
tained from the model 
of the Norris penstock, 
since this latter installa­
tion is known to func­
tion satisfactorily.
Decision as to the de­
gree of turbulence at 
the entrance to the 
scroll case of each model 
will be based largely 
upon the magnitude of 
the fluctuations in pre- 
sure at this point. The 
dynamic-pressure meter 
is being used to obtain 
measurements of the 
pressure fluctuations.
One end of the piezo- ,,
. P i g .  1 3 .— M o d e l s  o f  B l u e s t o n e  a n d  N o r r i s
meter tube is inserted p e n s t o c k s .
in the penstock through
corporation cocks, while the other end is again attached to the pres­
sure-cell head, and the fluctuations in pressure within the penstock 
are measured by means of the recording oscillograph. Other data 
which are being taken include velocity traverses across several sec­
tions of the penstock.
Fig. 14 shows the dynamic-pressure fluctuations for the design 
discharge at one point in the Bluestone penstock. This measurement 
was made in the center of the penstock at the entrance to the scroll 
case. A complete test of pressure fluctuations at any range, how­
ever, consisted of a traverse of the whole cross-sectional area. Tests 
made thus fa r indicate that turbulence in the Bluestone and Norris 
penstocks is of the same general magnitude, from which it may be 
concluded that the Bluestone intake and penstock design will not
http://ir.uiowa.edu/uisie/27
DISCHARGE 
PER UNIT 
C.F.S. 
NET HEAD 
FEET 
MAXIMUM 
FLUCTUATION 
FEET
AVERAGE MAX. 
FLUCTUATION 
FEET
T IM E  IN  SECO ND S (P R O T O T Y P E )
n o t e : p r e s s u r e  f l u c t u a t i o n s  m e a s u r e d  a t  c e n t e r  o f  p e n s t o c k
AVERAGE MAXIMUM FLUCTUATION OBTAINED FROM MEAN OF FIVE 
GR E A T E S T  FL UC TUATIONS
F i g . 1 4 .— D y n a m i c - P r e s s u r e  F l u c t u a t i o n s  i n  B l u e s t o n e  a n d  
N o r r i s  M o d e l s .
adversely affect the efficiency of the turbines. An interesting 
discovery made in check tests which confirms the opinions of many 
hydraulic engineers is that any turbulent flow in conduits is ac­
companied by fluctuations in pressure which are inherent features 
of turbulent flow. The pressure fluctuations in the Bluestone and 
Norris penstocks appear to be of about the same magnitude as the 
inherent fluctuations for flow under similar velocity and pressure 
conditions in a long straight conduit.
S t u d i e s  o f  L o c a t i o n s  o f  B r e a k w a t e r s  i n  H a r b o r s  
The Experiment Station has recently been assigned several 
studies concerned with the proper location of breakwaters within 
harbors. Most of these projects have been intimately connected 
with the war effort. The irrefutable conclusion derived from all 
of these studies is that the only reliable method of determining 
proper locations and heights of breakwaters, in any but the most 
simple cases, is by means of a model study. In  every case the 
following statements were found to be t r u e :
1. The breakwater plans which were originally proposed by 
the offices charged with the improvements in question, 
although designed in accordance with the best available 
theory, information, and judgment, have been shown to be 
susceptible of considerable improvement.
2. The improved plans, developed as a result of the model 
studies, have been less costly than the original plans.
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For this type of study it was necessary to develop a wave-pro­
ducing machine capable of generating waves with characteristics 
similar to those in the prototype. F o r this purpose an apparatus 
consisting of a triangular-shaped plunger driven by a gear-reduced 
variable-drive motor, has been found most suitable. A wave results 
from the displacement of water due to the vertical stroke of the 
plunger, which can be adjusted to produce any size of wave desired. 
(See Fig. 15.) The period of the wave is controlled by varying 
the speed of the plunger. The wave machine is mounted on wheels 
so that it can be shifted to create waves from different directions 
in the model.
P i g . 1 5 .— W a v e - G e n e r a t i n g  M a c h i n e .
The wave-height measuring device which was described in con­
nection with the study of wave force against breakwaters is an­
other essential appurtenance of harbor models. In  order to obtain 
wave heights at various critical locations in the harbor, the elements 
of the device have been incorporated into a small staff which can 
be placed at any desired location on the model. Fig. 16 shows a 
wave staff used in a typical harbor model. Note that in such a 
small-scale study the area of cross section of the staff has become a 
critical factor, making it necessary to mount only the contact 
points on the submerged portion of the staff, the resistors being 
located on the crosspiece above the high-water mark.
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Because of the short wave period (1 to 3 seconds) of most model 
waves, the variations in water-surface elevation or wave height 
are quite rapid. The current in the resistance staff fluctuates 
rapidly, necessitating the use of a high-speed recording device such 
as an oscillograph. Thus, the complete apparatus for measuring and 
recording wave heights in a harbor model consists of the resistance 
staffs, batteries or power packs, a control panel for adjusting volt­
age and sensitivity (used in conjunction with calibration), and 
a multiple-element oscillograph.
The electrical wave-height 
measuring and recording ap­
paratus has been applied suc­
cessfully to the measurement 
of wave heights in a number 
of harbor studies, involving 
the measurement of waves 
ranging from 1 foot down to 
less than 0.01 foot, and no 
difficulty is foreseen in ex­
tending this range in either 
direction. The staff can be 
made of sufficient length to 
extend below the trough and 
above the crest of the max­
imum wave to be measured, 
and the cross section may be 
as large as is necessary to 
secure the desired rigidity.
The resistance staff can be adapted readily to the measurement 
and recording of full-size waves. Measurement of such waves can 
be accomplished preferably by attaching the staff to an existing 
nonfloating structure such as a fixed channel marker or a break­
water, or to a substantial pile or pile clump driven at the desired 
location. I f  excessive depth precludes erection of a fixed structure 
on which to mount the staff, an appropriately anchored floating rig 
will suffice.
P i g . 1 6 .— W a v e  S t a f f  f o r  U s e  i n  
H a r b o k  M o d e l s .
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S t u d ie s  o f  S a l t - W a t e r  I n t r u s i o n  i n  a  R iv e r
An unusually interesting study recently completed at the Experi­
ment Station is that of the intrusion of a wedge of salt water into 
the Lower Mississippi River. At times of low discharge this wedge 
extends a considerable distance up the river.
Prior to construction of the model of the Mississippi River in 
which the study was conducted, preliminary investigations were 
made in a glass flume to determine model laws relative to the 
movement of salt water through fresh water. The laws developed 
from these preliminary studies were used to determine the proper 
design of the model and the proper method of its operation, and 
to establish means by which model results should be transferred 
to equivalent prototype data. These preliminary control tests 
proved definitely that the model should be operated with discharge 
scales, both for fresh water and salt water, in accordance with the 
Froude law, and with a salinity ratio of unity  between model 
and prototype. This last statement is of particular interest, inas­
much as the few earlier experiments on the laws governing the 
movement of salt water through fresh water had indicated that 
the salinity ratio should be greater than unity, its magnitude 
being believed to depend on the model’s geometric scales. The 
reliability of the conclusion derived from the Experiment S tation’s 
preliminary tests (that is, that the salinity ratio should be unity) 
is further confirmed by the verification of the Mississippi River 
salt-water intrusion phenomena in the large model.
The fixed-bed type of model constructed for this study, which re­
produced a 40-mile reach of the Mississippi River between New 
Orleans and the Head of Passes, is shown in Fig. 17. Provisions 
were made for introducing fresh-water flows at the upper end of 
the model and salt-water flows at the lower end of the model. Each 
of these discharges reproduced to scale the observed rates of dis­
charge in the prototype. The sodium chloride solution was colored 
with potassium permanganate to permit visual observation of the 
action of the salt-water wedge. An electrically-operated salinity 
meter, designed and constructed at the Experiment Station, was 
used to determine the location and elevation of the interface of 
the wedge.
The accuracy of the model reproduction of the salt-water move-
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F i g . 1 7 .— M i s s i s s i p p i  R i v e r  M o d e l  f o r  S a l t - W a t e r  I n t r u s i o n  S t u d i e s .
ment which was recorded during the low-water period of September 
and October 1940 is indicated in Pig. 18. The solid lines on the 
chart show the day-by-day position of the interface of the salt-water
MODEL STUDY OF S A LT  WATER INTRUSION LOWER MISSISSIPPI RIVER
MODEL VERIFICATION
F i g . 1 8 .— M o d e l - P r o t o t y p b  C o m p a r i s o n , L o w e r  M i s s i s s i p p i  R i v e r .
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wedge from September 25, 1940 to October 7, 1940; it will be 
seen that the interface moved from about mile 1037 on September 
25 to about mile 1000 on October 7, a progression of about 37 
miles in 12 days.
The dashed line shows the day-by-day position of the salt-water 
interface in the model for one of the verification tests. The ac­
curacy of the model reproduction of the day-by-day positions of 
the salt-water interface is most remarkable. This close corre­
spondence of the model results with those of observations in the 
prototype further confirms the statement previously made that 
the salinity ratio must be unity.
Unfortunately, there is no fairy-tale ending to this story. No 
practicable method has as yet been found to stop or appreciably 
retard  the upstream movement of the salt-water wedge in this 
river.
S u m m a r y
As stated at the beginning of this paper, the descriptions of 
various instruments and the explanations of their use in model work 
do not offer a comprehensive coverage of this subject. Rather 
they serve only to touch the high spots of recent developments at 
one hydraulic laboratory — the U. S. W aterways Experiment Sta­
tion.
I t  can safely be said that the success which a hydraulic laboratory 
has in solving specific problems with which it is confronted, and, 
as a corollary, of expanding the scope of usefulness of hydraulic 
experimentation, depends to a great degree upon the ingenuity 
with which laboratory technicians devise and perfect the necessary 
instruments. Each instrument discussed in this paper was devel­
oped to meet the requirements of one specific problem. In  each 
case it was found that another problem soon arose for which the 
instrument just devised was precisely fitted or for which an adapta­
tion of that instrument offered the means to a solution.
The conclusion can be derived from these facts that the field of 
usefulness of hydraulic laboratory experimentation is continually 
being enlarged, and that in the fu ture many hydraulic problems 
which heretofore have been considered as not being susceptible of 
solution by experimentation will be found to be most easily and 
reliably solved by hydraulic laboratory methods.
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PR IN C IPL E S OF TOWING-TANK RESEARCH
by
L. A. Baier 
University of Michigan 
Ann Arbor, Michigan
N o r t h  A m e r i c a n  T o w i n g  T a n k s
The importance of the contributions made possible by the towing 
tank in the field of naval architecture and to the study of fluid 
mechanics in general is indicated by the number of towing tanks 
now in operation. There are approximately fifty  active tanks 
throughout the world, divided almost equally between strictly 
government-operated naval plants and those under private or 
technical group ownership. Twelve of these tanks are located in 
North America, distributed as follows:
National Research Council, Ottawa, Canada, 1930. This is a 
high speed tank (392 x 9 x 6 feet) originally designed for seaplane 
float and flying boat hull tests. Ship-model work, necessitated by 
the rapid expansion of the Dominion’s naval forces, is being under­
taken, but the narrow basin width restricts the length of the usual 
model to about 5 feet. Propulsion of the towing car is by cable. 
A larger tank is now under construction and will be in operation in 
the near future.
National Advisory Committee for Aeronautics, Langley Field, 
Va., 1930. This tank (1980 x 24 x 12 feet) was lengthened in 1937 
to 2880 feet and the maximum car speed increased from 60 to 80 
miles per hour. The work in this tank is devoted almost exclusive­
ly to model tests on seaplane floats and hulls, although its high 
speed has been utilized by the Navy Department in the testing of 
fast surface craft. The car operates on eight pneumatic rubber- 
tired wheels, each wheel being driven by a 75-horse-power electric 
motor.
Stevens Institute of Technology, Hoboken, N. J., 1935. The 
principal work done at this tank (100 x 9 x 4.5 feet) is with sail
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and power yachts, and models 3 to 5 feet in length can be handled. 
Models are towed by an overhead, monorail combined trolley and 
dynamometer, readings being noted by the operator while keeping 
pace with the travel. By means of multiple drive pulleys and re­
sistance stops selected speeds are available and need not be meas­
ured during the run. The equipment is unique in the use of lateral 
dynamometers for sailboat tests, heeled and with yaw or leeway. A 
75 foot square tank is now under construction for maneuvering 
tests by means of small self-propelled models.
Newport News Shipbuilding and Dry Dock Company Hydraulic 
Laboratory, Newport News, Virginia, 1933. In  this small tank 
(56 x 8 x 4 feet) ship models are towed by means of falling weights, 
insuring constant propelling forces. Auxiliary weights shorten the 
time required for acceleration and automatic records are taken of 
model speed. Prelim inary investigations of hull form are facili­
tated and the final design confirmed by tests with a 20-foot model 
at the Navy Department tank. The standard length of model is 
4 feet and considerable work has been done with friction planes of 
this length.
TJ. S. Navy Experimental Model Basin, Navy Yard, Washington, 
D. C., 1899. This is the oldest tank in the country (472 x 42.7 x 14.6 
feet) and, together with the University of Michigan tank, has con­
tributed to the profession much of the pioneer research data. The 
models are of wood, 20 feet in length, and may be self-propelled. 
Research work on rolling, eddy-making, etc., is conducted in a small 
tank ( 8 0 x 7 x 4  feet) built in 1933, using the gravity type of pro­
pulsion.
U. S. Navy, David W. Taylor Model Basin, Garderock, Md., 1941. 
This $3,500,000 laboratory has just been completed and now is in 
operation with one towing carriage. I t  includes a shallow-draft 
(303x51 x10  feet) and a deep-water tank (963 x 51 x22  feet) in 
tandem, totaling 1266 f ee t ; an additional high speed tank 
(1168.3 x 21.1 x 10 feet) parallel to the deep b asin ; a smaller utility  
tank (142 .5x10x5.5 feet, gravity drive) in the substructure; 
these together with a large tu rn ing  basin, variable-pressure tu n ­
nels, material-testing and applied-mechanics laboratory, shops, and 
offices, make this establishment the last word in testing facilities.
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University of Michigan Naval Tank, Ann Arbor, Michigan, 1906. 
While primarily part of the educational equipment of the Depart­
ment of Naval Architecture and Marine Engineering, this tank 
(350 x 22 x 9.5 feet) has been continuously active in research work 
and in fulfilling the commercial requirements of ship designers 
and operators. Models are of paraffin wax or wood and usually 10 
feet to 12 feet in length. Some 25 papers have been contributed 
by the staff and form an important source of design data. An 
adjustable false bottom 140 feet in length is available for shallow- 
water tests, and extensive research work in this field for the govern^ 
ment and private firms has been concerned with barges, flotillas, 
towboats, and paddle wheels. In 1938 the Department of Naval 
Architecture and Marine Engineering proposed an organization 
of American tank directors which is now known as the American 
Towing Tank Conference. The annual meetings have been suc­
cessful in stimulating professional progress and standardizing 
technical details, and its reports are published in the Transactions 
of the Society of Naval Architects and Marine Engineers.
H is t o r ic a l  R e s u m e
The possibility of using models to study phenomena of interest 
in the full-scale prototype has long been known and utilized by 
scientists and engineers. In the late 16th century Sir William 
Gilbert, the English physicist, investigated the directional forces 
of the earth’s magnetic field through study with a small sphere 
of lodestone. In the field of ship resistance, experiments by de 
Bordo in 1763 established the square law of velocity, and further 
experiments were undertaken by the Marquis de Condorcet and the 
Abbé de Bossut in 1775, using a gravity-type rig in a basin 100 x 52 
x 6 feet. A few years previously in 1768 our own versatile Ben 
Franklin satisfied his curiosity concerning the increase in resistance 
of barges operating in shoal water through the use of tank tests. 
Small models were towed the length of a miniature tank by means 
of the gravitational pull on a shilling attached to a line from the 
bow, and running over a sheave at the tank end. By comparing 
the increase in time required by the model to traverse a given 
distance, as the water was successively shoaled, he obtained reliable 
estimates of shallow-water amplification of drag. During the next
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100 years Beaufoy, Chapman, Scott Russell, and others experi­
mented and theorized in the field of ship resistance, but little was 
achieved until the advent of the elder Froude. In  1868 William 
Froude propounded the Law of Comparison and laid the founda­
tion for our present technique. In 1870 the British Admiralty 
authorized the construction of the experimental tank at Torquay in 
accordance with Froude’s proposals, and under his direction and 
imagination came forth the seeds from which have been harvested 
the solutions of complex problems of hull form, appendages, and 
propellers. In  this country pioneer development was carried on 
and stimulated by Admiral Taylor at Washington and Sadler and 
Bragg at Ann Arbor.
R e q u i r e m e n t s  f o r  S h i p -M o d e l  T e s t i n g
The essential requirements for ship-model testing may be summed 
up briefly as follows:
Proper Relationships Between the Dimensions of the Model and 
the Length and Cross Section of the Basin.
The length of the tank depends on the designed car speed, acceler­
ation, and deceleration. The distance of steady run during which 
readings are taken is a function of the time required by the various 
observers and the time necessary for the flow pattern to become 
stabilized. The minimum width of the tank is frequently con­
sidered as 15 times the beam of the model, and the cross section as 
100 times the model midship area. Assuming d  as representing the 
mean depth of a towing basin, the relationship V  =  V gd may be 
used to approximate the maximum speed at which waves can be 
propagated.
Standardization of the Model Surface.
This is an important function frequently neglected. Paraffin 
wax models are particularly subject to considerable change in 
surface characteristics due to “ weathering,”  and some paint 
finishes show decided differences in resistance after two or three 
hours of immersion.
Uniform Movement of the Model Through the Water.
Slight irregularities in track levels, variations in voltage, and 
temperature changes in drive motors produce local accelerations
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and decelerations which seriously affect dynamometer measure­
ments.
Control of the Physical Condition of the Tank Water.
The several factors to be emphasized under this heading a re : 
first, elimination of currents and waves; second, freedom from 
surface dust and oil scum, algae growth, and temperature strata; 
and third, the maintenance of an internal condition conducive to 
turbulent flow. The latter problem has received considerable 
attention from tank directors in recent years and various methods 
are used to stimulate turbulent flow at the lower speeds. I t  has 
long been assumed that the Reynolds number, R =  V L /v ,  alone 
served as a criterion to indicate the point at which a natural turbu­
lent flow could be expected. Abroad, the minimum value of R is 
generally taken at 3 x 10e. Experience at Michigan, however, 
suggests that the volume of the tank water also is a critical factor. 
As tank size is decreased, the value of R at which turbulent flow 
becomes general is also reduced. In  addition, methods used to 
encourage turbulent flow artificially can be successfully employed at 
much lower values of R in small tanks than is possible in the larger 
basins.
Suitable Dynamometers to Measure and Record Pertinent Data. 
Shop Facilities for the Accurate Construction 
of Models and Fitt ings.
P r e s e n t - D a y  F u n c t i o n s  o e  T o w i n g  T a n k s
Before considering the theory of model testing, it might be well 
to note some of the present-day functions of the basins. The prin­
cipal concern of these establishments, of course, is with problems 
involving fluid mechanics in the broad field of ship design. In 
general the investigations can be grouped into research work and 
specific commercial problems.
Resistance
1. Prediction of power for a given form and speed.
2. Systematic research over a comprehensive range of forms 
and speeds to accumulate data suitable for future estima­
tion of resistance.
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3. Determination of the effect on resistance of variation in one 
or more form characteristics.
4. Measurement of the resistance of hull appendages.
5. Study of the influence of shoal water and canal walls.
6 . Production of artificial waves and the study of their effect 
on power, propulsive efficiency, steering, and stability.
7. Investigation of the frictional resistance of planks, and the 
augment of resistance due to various types and conditions 
of roughness.
8 . Tests on the suitable arrangement of barges into fleet 
flotillas.
Propulsion
1. Open-water tests of propellers and paddle wheels involving 
a wide range of characteristics.
2 . Self-propelled model tests covering the interaction of 
propeller and hull.
3 Cavitation studies through use of variable-pressure hydrau­
lic tunnels.
4. Measurement of basic wake behind models.
5. Influence of Kort nozzles, eontra-rudders, and fins on 
propulsive efficiency.
6. Backing tests at various speeds of advance.
Miscellaneous
1. Location of stream-line flow to facilitate proper location 
of struts, bilge keels, bossings, and condenser scoops.
2. Investigation of torque, turning moments, turning circles, 
heel, decelerations, and other rudder and steering data.
3. Determination of wave profiles along model sides to aid in 
location of side paddle wheels and proper design of forward 
sections.
4. Rolling experiments to evaluate effect of form and append­
ages on the period and amplitude.
5. Calibration of current meters.
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6 . Correction of yaw in towed barges.
7. Change of trim and squat underway.
8. Vibration of hulls.
9. Dynamic balance of sailboats, heeled, and making leeway.
10. Measurement of lift, drag, trim, longitudinal hydrodynamic 
stability, and spray characteristics of model seaplane hulls 
and pontoons.
11. Submerged tests of submarines, double superstructures, 
wing sections, etc.
12. Odd experiments in some detailed phase of fluid mechanics 
requiring the available asset of controllable speed of advance 
through a reasonable length of undisturbed water.
13. Correlation of model predictions and ship-trial results. 
M o d e l  L a w s
The laws of model testing are but a part of the general principle 
of similitude, which underlies the science of physics. The treat­
ment and analysis of model tests involving dynamic loading are 
far more complicated than in the case of statically-loaded elastic 
structures, since perfect similarity of motion occurrences is very 
seldom obtainable. The mechanics of similitude, however, can be 
applied within practical limitations compatible with the required 
accuracy of results.
The following three conditions must be fulfilled for any two 
systems of model and prototype:
(a) Geometrical Similarity . This concerns form and is independ­
ent of time-motion occurrences or involved forces. The ratio of all 
homologous linear dimensions must be constant, and all correspond­
ing angles equal. The scale factor is usually identified by A, and the 
relationships of the familiar ship form characteristics are listed 
below, denoting model and ship by the subscripts ‘m ’ and ‘s ’, re­
spectively (see p. 68 for list of symbols) :
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Based on dimensional homogeneity, the following dimensionless 
quantities or ‘ numerics ’ can be derived from the above:
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The various form coefficients of the hull are likewise non- 
dimensional. In  addition, the ratio of the cross-sectional area of 
the basin to must be held constant or at least numerically equal 
to 100 or greater to ensure freedom from scale effect.
(b) Kinematic S imilarity . Comparing two geometrically similar 
systems, kinematic similarity for two motion occurrences is attained 
when, under the influence of physical forces, the various similarly- 
situated particles involved freely trace similar flow patterns in 
corresponding time periods, the ratio of all homologous time 
periods being constant. Hence, in addition to L s/ L m =  X, it is re­
quired that T„/Tm =  A
(c) Dynamic Similarity. I f  the flow patterns around two geo­
metrically similar bodies are kinematically similar, then the two 
flows also are dynamically similar if the corresponding fluid forces 
on the model and prototype are proportional at any instant. Hence, 
the ratio of the physical forces acting on any two homologous mass 
particles must be proportional to the products of their respective 
homologous masses and their corresponding accelerations, since the 
basic dynamic law of Newton states that force is equal to mass 
times acceleration. The resultant accelerating force may be com­
posed of a system of several forces of different degrees of in-
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fluenee, which indeed prevents the exact solution of the majority of 
hydraulic occurrences by means of models.
From the above we have the following relationships:
M ,  , A* , Fsj .  — Xm . \ A and \ F
iVlm /lm -a m
— ^A/X A^
or
X ^ ■ X7. ( j )
This is the qualifying equation between the four fundamental non- 
dimensional ratios involved in the treatment of similar motion 
occurrences. Now if A is arbitrarily fixed and \ M is determined by 
the choice of fluid mediums, then A^, the time ratio, depends on the 
value of AF for the particular force under examination. Hence, 
it is necessary to set up an empirical expression for \ F in terms of 
each particular force:
F> F u _F 2s ,9n
\ f -- ET --  T71 --  ET ......................* etc.f  1 m 2m
However, from Eq. (2) additional non-dimensional ratios result 
as follows:
(3), _  F. F mXfi F 1s~  F lm
s _  Fa _  F m
^F2 -  -------p— (4)
F 2g *  2m
These formulae can be rearranged as shown below:
_  XM X A
af --------—2 (1 )XT’
Af =  F ‘------  (5)
Flm X AF1
Fs
XF =  - ---- -- (6)
F2m X \ f2
Equating Eqs. (1) and (5),
A m X A
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Equating Eqs. (1) and (6 ),
Assuming that, of the four fundamental ratios in Eq. (1), A and 
\ M are fixed, it becomes apparent from Eqs. (7) and (8 ) that if 
more than one type of physical force (F 2, F 3, etc., in addition to 
the inertia force F)  influence the motion occurrences, then diffi­
culties will arise in the use of models due to the contradictory re­
quirements of the time ratios. This will become evident as the 
principal forces involved in hydraulic experiments are considered.
The principal hydraulic forces a re :
F  =  Inertia force =  p X L 2 X V 2 M LT'2
F x =  Viscous force =  /jl X L 2 X V / L  M L T 2
F 2 =  Gravity force =  p X L 3 X g M LT'2
F 3 =  Elastic force =  E  X L 2 M LT'2
F i  =  Surface-tension force =  <r X L  M LT  2
Eq. (2) can now be employed to pair the above forces.
(a) Considering first inertia and viscous forces:
Equating Eqs. (9) and (10) and collecting all model magnitudes 
on the right side and those for the prototype on the left,
(9)
(10)
or
lrs L's Vm Lm
------- ---------- - =  a constant or numeric (11)
Vm
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From Eq. (3) this same constant can be derived dimensionally: 
F MA ML V L
_ _ __ ______ __ ________  __ __
1 F x ~~ nL2V / L  —  pvT2L 2V / L
This constant, known as the Reynolds number, or R, therefore 
must be maintained for dynamic similarity. For large values of R, 
inertia forces predominate in comparison with viscous forces. When 
R is small the reverse is true.
I t is now possible to determine the model characteristics if the 
size of model (A) and the type of medium (A ) are chosen, when 
viscous forces are dominant:
L a
L m =  —  (12)
A
V m =  XVS X  —  (14)
F lm =  £=■ X ^  (15)
* I s
Tm =  ~  X  —  . (16)
A Vm
When inertia force predominates, the model characteristics can 
be likewise determined. Eqs. (12) and (13) will again apply, but
V m =  \ V . < J ^ X - ^  (17)
" -F s Pm
T  - -J £ 2  V / in\
• V X F.  <19>
(b) In a like manner inertia and gravity forces can be paired:
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Equating Eqs. (9) and (20) and collecting terms,
V  2 V  2V s V m r . ,
“  =  ~  “ =  a constant or numeric (21)
L sQs IjniCJm
Or, from Eq. (4) by dimensional analysis,
F MA V 2
aF2 =  — =  -----=  —  =  a constant
F> M g gL
This constant is known as the Froude number F  and must be 
maintained for dynamic similarity when gravitational forces are 
involved. The model characteristics in terms of the prototype are, 
in addition to Eqs. (12) and (13) :
* 1/2 l  g„
=  (23)
Ps g s
Tm = V i t  (24)
Since g is essentially constant it is commonly assumed that
V s
Vm =  (22a) 
I \ m =  ^  X —  (23a)
ys
n ,  =  (24a)
It should now be noted that if both viscous forces and gravity 
forces are involved in addition to the inertia force, the earlier 
prediction of incompatibility in the time-rate demands is clearly
VL
shown by Eq. (11) wherein---- is required to be held constant and
V
V 2by Eq. (21) wherein —- must likewise be held constant. Again, Eq. 
gL
T  v(16) demands that T m =  - |X  — whereas Eq. (24) requires that
A  V m
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Tm — ¡^"7" \ l  ~~  * This problem was first solved practically by
'  gm
Froude in his application of the Law of Comparison.
(c) In like manner inertia and the elastic force due to compressi­
bility will be considered. Since the elastic force is of little im­
portance in ship model testing, it will be sufficient merely to 
derive its ‘numeric’ :
_  F  MA FT-L  
Fs F 3 ~  E  X area ~  L T 2L 2E
A™ =  (25)
This ‘numeric is known as the Mach number M and is frequently 
stated as V / V c or (V / V c) 2 where V c is the velocity of sound in the 
fluid medium at a given temperature. This follows from the 
physical law that E  =  pVc2; hence
pV2 V 2J~=~ = — = a constant (25a)
E  V c
(d) The next pair of forces is inertia force and surface-tension 
force. Surface-tension, designated by <r, is involved in the energy 
loss due to “ tension” in the elastic skin over curved surfaces; if 
the radius of curvature is small, as in very small models, this factor 
may influence motion phenomena:
^  (26)
<T
This constant, or ‘numeric’, is known as the Weber number W 
and the model characteristics become, in addition to Bqs. (12) and
(13),
v m = A* V s Gm ps (27)
* (T8 p m
F  4m
F is
A X —<Ts
(28)
Tm = i k y
1 Pm 0\<? 
Ps % (29)
The total-resistance ‘numeric’ of a motion occurrence will be a 
function of all the contributing ‘numerics’ :
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This can readily be shown by applying the principle of dimensional 
analysis to a statement of the factors involved:
R t =  <£ (p, L, V, n, g, <j, E, L / K s, r 1; r2, r3, . . .)
If  V  does not approach V c and if the model size is not too small, 
the elastic and surface-tension forces can be neglected. Other 
minor energy losses, such as dissipation of heat, can also be neg­
lected and their effect absorbed in the experimental factor. There­
fore,
M L T 2 =  (ML-3Y  ( L ) h (L T -1) '  (ML'1 T '1) d [LT~2) e 
(M ) 1 =  a +  d
(L ) 1 =  — 3 a, —(— Z> —(— c — d  +  e 
(T) — 2 =  — c — d  — 2e
from which
a — 1 — d  
b =  2 -  d  +  e 
c =  2 — d  — 2e 
and d  and e can be determined only by experiment:
R t =  %K {p1-'1 L 2-a+ e V 2-d-2e p.* ge)
This drag coefficient is non-dimensional with respect to units, but 
in practice is no longer so with respect to the scale factor A, since 
no fluid is available for the model with a sufficiently low value of v 
to reconcile the conflicting requirements that the Reynolds number 
and the Froude number be simultaneously held constant for both 
model and prototype.
Rt =  %K ( ^ L 6 V e ndge) (31)
or
Substituting p/2  for p and S  for L
(32)
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A p p l ic a t io n  of  T h e o r y
The application of the foregoing theory to three types of hydrau­
lic models will now be considered.
(a) Submerged forms. Since the predominate physical force is 
viscous,
and dynamic similarity is possible. If  the model is tested in a 
fluid having the same density and viscosity as the prototype 
medium, however, an inspection of Eq. (14) indicates practical 
difficulties, for
(b) Submerged Plates, 90° to the Motion. Obviously the eddy-mak­
ing forces predominate and the viscous forces are negligible; hence 
Eq. (33) reduces to
where r represents aspect ratios of the plate. Referring to Eq. (18), 
when Ps =  Pm and V m =  V  s, then
and the forces are proportional to the respective areas.
(c) Surface Vessels. The motion of partly submerged forms is 
affected by all the forces previously discussed. Neglecting, for 
convenience, the minor forces, Eq. (32) applies to the total resist­
ance of these bodies. The method invoked to make this formulation 
of practical value was first proposed by William Froude, and is 
universally used.
The first assumption is that the total resistance function can 
be broken down into two independent functions
ri, r 2, r 3, . . .) (33)
V m — XV s 
F m =  F s
(34)
(35)
p  — ‘
* 9S V  2/2 =  <f> ( r 1; r2, r3, . . .) (36)
El
x2 (37)
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Ct =
R,
pSV2/ 2  
Ct =  C, +  c
H r
PS V 2/ 2
(39)
(40)
or
R t =  R , +  R r (41)
The second assumption is that Cf can be calculated for any form 
and surface condition. Having measured R t, and hence Ct, for the 
model in the tank, Cf for the model can be deducted, leaving Cr, or 
the coefficient of residual resistance.
The third assumption is that Cr is a constant for both model and 
ship at corresponding speeds or equal values of V/^JgL.  That is, 
the Law of Comparison is applied to the residual resistance of the 
model in order to obtain R r for the ship or prototype.
At corresponding speeds
V m =  V S/ \ K
and
then
and since 
then
C r =  (C t )»  -  ( c , ) m =  (Ct)» -  (Cf) ,  
(C t ) m -  (C t) .  =  (C,)m -  (C ,)s  
R
(42)
pSV2/ 2
TD
—  =  M°L°T°
A
(t)--(f);-(!)-“(
The total resistance of the ship can be derived from
(R t ) s = P i S s Vs‘
9
Rt m ( ( C , ) m -  ( C f ) )
Z P m o  y  2
2  ° « ’ Y m
\  /
(43)
(44)
or
( Rt ) m ~  ( R , ) m\ p^ -  a31 (44a) /  Pm Qm J
The significance of Eq. (42) is clearly indicated in the ideal­
istic graph shown in Fig. 1. I t  will be seen that, in order to obtain 
Ct for the ship from the Ct of the model, any curve parallel to the 
Cf curve will serve equally as well, since the absolute value of Cr is 
unimportant in this extrapolation. I t  is therefore obvious that the
( R t ) e =  (Rf)s  + [(<
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slope of the Cf curve is the controlling factor for accurate extra­
polation. It would be desirable, however, if a single Cf curve were 
universally adopted by all tanks in order to facilitate test com­
parisons.
It is not within the purpose of this paper to discuss the questions 
of frictional resistance, surface roughness, self-propulsive tech­
nique, scale effect, or the final determination of power for ships. 
It might be useful, however, to list those Cf formulations which the 
author has found most accurate as extrapolators. In  the following, 
the terms ‘ ‘ laminar, ” “  transition, ’ ’ and ‘ ‘ turbulent ’ ’ indicate flow 
conditions in the boundary layer, and Cf is the mean and C'/ the 
local coefficient :
Blasius — laminar flow
Cf =  1.327 R -% (45)
Prandtl -— transition flow
Cf =  0.074 R -°-20 -  1700 R -1 (46)
Schoenherr — turbulent flow 
0.242
- = -  =  log10 ( R + C f )  (47)
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c , _  0.558 C,
1 0.558+ 2 
Prandtl-Schlichting — turbulent flow 
C,  =  0.455 (log10 R )-2-58 
C’f =  ( -  0.65 +  2 log10 R )-2-30
Schultz-Grunow — turbulent flow 
Cf =  0.427 ( -  0.407 +  log10 R) ' 2-64 
C'f =  0.370 (log10R )-2-584
I t  may be that the ultimate friction formula for vessel 
be of the type
Cf — (¡>i (R. L / K t ) +  <j>2 (iRi) +  <j>3 ( R 2) (53)
where the first function is based on plank tests, and the other two 
functions augment the resistance for form and edge effect.
N ota tio n
* dimensionless for a consistent system of units
n a numeric *
L unit of lefiigth foot
M unit of mass slug
T unit of time second
F unit of force =  MA MLT-2
L length on water line L
L e f f effective length of underwater form
area of submerged centerline plane L
mean draft
B maximum moulded beam at water line L
H moulded draft L
area of maximum transverse section L 2
8 wetted surface area of under-water form L 2
V volume of displacement L 3
A displacement or buoyancy in long tons, salt water, 
(subscript F.W. for fresh water.)
M L T 2
V mean velocity in feet per second L T 1
v c velocity of sound L T 1
(52) 
forms will
(48)
(49)
(50)
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v Froude number (F) n
V 9  L e  f f
VLeFF 1 .  /  T-» \
■-------  Reynolds number ( R ) IT
V
A  linear acceleration LT~2
g acceleration of gravity L T '2
P mass density ML'3
¡x coefficient of absolute viscosity M L 1! ' 1
v coefficient of kinematic viscosity =  p . /p  L 2T X
a coefficient of surface tension M T 2
y specific weight =  pg ML'2T'2
E  coefficient of elastic modulus (stress) M L 1! ' 2
X linear ratio of ship to model *
R t total resistance M LT'2
Rf friction resistance M LT'2
R r residual resistance =  R t — Rf M LT'2
R /A resistance per ton displacement *
Ct coefficient of total resistance =  -----— *
PSV2/2
R
Ct coefficient of mean friction resistance =  - --- -— *
PSV2/ 2
C f coefficient of local friction resistance
L E F F
K s
d R f
P ds V2/2
Cr coefficient of residual resistance
=  C t — Cf =  
pSV2/ 2
K s measure of surface roughness
coefficient of roughness
<f> any function
K  any constant
R e f e r e n c e s
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GENERAL ASPECTS OF WIND-TUNNEL 
INVESTIGATION
by
A. M. Kuethe 
University of Michigan 
Ann Arbor, Michigan
The aeronautical engineer, like the hydraulic engineer, is con­
fronted with a bewildering array of similarity parameters. The 
wind tunnel in its various forms provides a means of determining 
the separate effects of each parameter and the effects of inter­
dependence between the parameters on the flow about a body. 
The most important of these are the Reynolds number V L /v ,1 the 
Mach number V /a ,  the turbulence number \ /  u2/V ,  a roughness 
parameter e\ / t/ p/ v, a frequency parameter V /n L ,  and others, 
which, under various circumstances, have an appreciable effect 
on the flow over a body.
The object of this paper is to describe means by which the aero­
nautical engineer determines in the laboratory the flight character­
istics of the full-scale aircraft, how he meets the requirements im­
posed by the most important similarity parameters, some of the 
difficulties he encounters, and the means he uses to study the details 
of the flow about bodies.
W in d  T u n n e l s
The wind tunnel was conceived by E. H. Wenham in 1871. 
Since that time its development has been no less remarkable than 
that of aircraft. Early types produced a blast of air of question­
able uniformity and the models and measuring techniques were 
extremely crude.
1 V  =  velocity of the airstream 
L  =  characteristic length of the model 
v =  kinematic viscosity 
a =  velocity of sound 
u =  fluctuation velocity 
e =  length characteristic o f roughness 
r  =  shearing stress a t the wall 
p =  density of air
n =  frequency of oscillation or rotation
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F i g . 1 .— S k e t c h  o f  W r i g h t  F i e l d  W i n d  T u n n e l .
Perhaps the most spectacular development in use today is the 
large wind tunnel at Wright Field, a diagram of which is shown 
in Fig. 1. The working section is 20 feet in diameter, and the 
maximum section of the return passage is 45 feet. A 40,000-horse 
power electric motor, driving two 16-blade propellers 40 feet in 
diameter, furnishes the power. Wind speeds around 400 miles per 
hour are expected. Though this is not the largest wind tunnel in 
existence, the power used is far in excess of that used in any other. 
The Mach numbers attained are very near those reached in flight 
and the Reynolds numbers are within a factor of 3 or 4 of full 
scale.
A noteworthy feature of the tunnel is the air-exchange system, 
by which the air which has become heated by the friction at the 
surfaces is discharged into the atmosphere and fresh air is drawn 
in to replace it. This is a necessary feature of closed-section high- 
velocity wind tunnels if the temperatures and the rate of change 
of temperature with the time are to remain reasonably low. This 
system is shown in Fig. 1 directly upstream from the propellers.
The variable-density wind tunnel, the N.A.C.A version of which 
is shown in Fig. 2, was conceived by Dr. Max Munk in the early 
twenties. The outer shell is circular in cross section and is con­
structed to withstand internal pressures up to 20 atmospheres. 
The direction of airflow and the working section are designated in
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the figure. The advan­
tages of this type of 
tunnel are three-fold:
(1 ) Since under con- 
stant-temperature con­
ditions the velocity of 
sound and hence the 
Mach number are in­
dependent o f  t h e  
density, high Reynolds 
numbers can be obtained while keeping the Mach number at a low 
value. (2) Either the Mach number or the Reynolds number can be 
varied independently on the same model. (3) Since the power used 
is proportional to pY3 and the Reynolds number is proportional to 
pY, it follows that the power used to reach a given Reynolds num­
ber will be inversely proportional to the square of the density of the 
air.
A disadvantage inherent in the type 
of variable-density wind tunnel shown 
is that, in general, it is difficult to pro­
portion a tunnel inside a tank so that 
turbulence will be a minimum. Small 
and obstructed return passages are 
practically unavoidable. For that rea­
son the more modern variable-density 
tunnels are roughly similar to the 
Wright Field tunnel shown in Fig. 1.
Because of structural difficulties, it is 
not feasible to build this type to with­
stand very high internal pressures, but 
the turbulence can be kept to a very low 
value.
Wind tunnels providing wind speeds 
in the vicinity of the sound velocity 
have been used to a limited extent for 
determining airfoil characteristics at 
high speeds. The N.A.C.A. high-speed 
tunnel is shown in longitudinal section 
in Fig. 3. I t  is circular in cross section and is of the induction
F i g .  3.—N. A. C. A. H i g h  
S p e e d  W i n d  T u n n e l .  
(From N. A. C. A. 
T e c h n i c a l  Report 
No. 664.)
F ig. 2 .— N.A.C.A. V a r i a b l e  D e n s i t y  W i n d  
T u n n e l .  (From N.A.C.A. Technical 
Report No. 416.)
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type—i.e., air from the tank of the variable-density wind tunnel 
shown in Fig. 2 discharges in an upward direction through an an­
nular slot a short distance above the working section, thus inducing 
a flow from the atmosphere through the working section. The 
working section is 24 inches in diameter, so that, while the Mach 
numbers may approach unity, the Reynolds numbers are quite low. 
Comparative tests indicate, however, that for Mach numbers above 
0.5 the influence of the Reynolds number is small compared with 
compressibility effects. Hence, the extrapolation of the results to 
high Reynolds numbers can be carried out with small error.
Wind tunnels in which speeds greater than the velocity of sound 
are to be attained must be specially proportioned. The one shown 
in Fig. 3 is entirely unsuitable for this purpose since the velocity 
at the throat can never exceed the local velocity of sound. The 
supersonic wind tunnel has the special function of providing a 
means for investigating the aerodynamic characteristics of propeller 
sections for high-speed aircraft.
The wind tunnels described represent in general arrangement 
and function the great majority of those in use today. There are 
in addition many other types of tunnels designed for the investi­
gation of particular aspects of flow or particular attitudes of flight, 
such as icing conditions, streamlines of a flow, spinning of air­
planes, curved flight, control characteristics of airplanes, etc.
I n t e r f e r e n c e  E f f e c t s
I f  the free-flight values of various parameters mentioned above 
can be duplicated in wind-tunnel tests, there still remains the 
necessity of correcting the results for flow interference. One source 
of interference includes the various effects traceable to the finite 
extent of the wind-tunnel airstream. First, the placing of the 
model in the stream has a blocking effect which alters the mean 
speed in the throat and, if the cross-sectional area of the model is 
more than a few per cent of the cross-sectional area of the wind 
stream, the velocity distribution over the various parts is altered 
appreciably from its value in free flight. Second, the boundaries of 
the stream impose conditions on the flow which alter the forces 
experienced. For a closed-section wind tunnel the condition im­
posed is that the normal component of the flow must vanish at the 
walls; for an open-section wind tunnel the condition is that the
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F i g . 4 .— P h o t o g r a p h  o p  M o d e l  M o u n t i n g  i n  
U n i v e r s i t y  o f  W a s h i n g t o n  W i n d  
T u n n e l  [ 1 ] ,
pressure at the boundary of the stream-must be constant. The 
magnitude of the corrections due to the above effects amounts to 
a few percent in carefully planned tests.
The model supports 
are another source of 
interference. The flow 
near these supports is 
necessarily altered con­
siderably by their pres­
ence. The guiding fea­
tures of support de­
sign must therefore be :
(1) To make them as 
small as possible, com­
patible with t h e i r  
functions of holding 
the model at a definite 
attitude with a negli­
gible deflection under the action of the air forces, of providing a 
convenient means for changing the attitude of the model, and of 
transmitting the forces and 
moments to balances where 
they can be weighed; and 
(2 ) to attach them to the 
model at points where flow 
interference will have a mini­
mum effect on the over-all 
aerodynamic characteristics 
of the model.
Until recently, wire sup­
ports were used, but these 
have given way to strut sup­
ports such as that shown in 
Figs. 4 and 5. The arrange­
ment shown is that used in 
the University of Washington 
wind tunnel [ l ] .1 Wind-tun­
nel balance systems used at 
the N.A.C.A., the California a n d  B a l a n c e  S y s t e m  o f  U n i v e k s i t y  
o f  W a s h i n g t o n  W i n d  T u n n e l  [ 1 ] ,
1 References appear a t the end of the article.
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Institute of Technology [2 ], and the Massachusetts Institute of 
Technology are also of this general type.
M odel  T e s t s  o n  A ir p l a n e s
In  order to carry out representative tests on a model airplane 
one must answer the question: “ How closely must the details of 
the model conform in scale to those of the full-scale airplane?” A 
complete and general answer is not possible. Those parts which 
are apt to exert a critical influence on the flow must be duplicated 
in great detail on the model. Every effort must be made, for 
instance, to form the wing contour as closely as possible. Com­
parable care must be exercised on the tail surfaces.
Only in recent 
years has the im­
portance of power- 
on tests been real­
ized [3]. Model pro­
pellers are fitted to 
the model and a 
small electric motor 
is placed inside the 
nacelle or fuselage 
to operate the model 
propeller. Since the 
greatest effect of 
the rotating pro­
peller on airplane1 
characteristics is at-> 
tributable to the 
slipstream, the main 
problem is to duplicate slipstream effects on model scale. This 
is accomplished approximately by making
Thrust  \  _  /  Thrust \
p ^  ~d~ )  model \  pi ~d2 ) prototype
where V  is the wind speed and d  is the propeller diameter.
Fig. 6 shows the marked effect of running propellers on pitch- 
ing-moment coefficients and on static longitudinal stability.
F i g . 6 ___E f f e c t  o f  R o t a t i n g  P r o p e l l e r s  o n
M o m e n t  C o e f f i c i e n t s  v s . L i f t  C o e f f i c i e n t .
A negative slope indicates static longitudinal 
stability [3]. J  =  V /n d , where V —  velocity, 
n —  propeller r.p.m., d =  propeller diameter.
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M e a s u r e m e n t  o f  F l o w  D et a il s
The general trend of wind-tunnel research is toward the more 
and more detailed investigation of the flow about bodies and the 
effects of the various similarity parameters on the flow, rather 
than on the over-all forces experienced by the body. I t is obviously 
possible in a short space to give only a few of the more important 
techniques used in wind-tunnel measurements. The balance sys­
tems used for measuring forces on a model, for instance, cannot 
be described herein, for the reason that they are too complicated 
to be adequately treated in a short account. The momentum 
method of drag determination is another important aspect which 
must be omitted. The following phases of wind-tunnel studies, how­
ever, are of general importance in fluid mechanics.
Turbulence in W ind Tunnels
An important source of error or uncertainty in wind-tunnel 
measurements is connected with the degree of turbulence in the 
main stream. All attempts to measure the turbulence in the free 
atmosphere indicate that its magnitude, in so far as it affects the 
boundary layers on aircraft, is very small, if not essentially zero. 
Therefore, representative model tests should be made in an air- 
stream of low turbulence. This guiding principle is recognized 
today and modern wind-tunnel designs are greatly affected by it.
A measure of the magnitude of turbulence is the ratio of the 
root-mean-square value of the fluctuations in wind speed to the 
mean speed. These fluctuations originate at the surfaces over 
which the air must pass—i.e., propeller, guide vanes, etc.
The effects of turbulence on the aerodynamic forces acting on 
a body are known in general and are directly or indirectly attrib­
utable to its influence on the location on the body of the transition 
from laminar to turbulent flow in the boundary layer. The effect 
on skin friction is that the transition from laminar to turbulent 
flow in the boundary layer moves forward on the plate as turbu­
lence increases. The result is an increase in skin friction. Dryden 
[5] reported some results obtained at the Bureau of Standards in 
which the Reynolds number of the transition point from the 
laminar to the turbulent boundary layer changed from 1 x 105 to 
1.1 x 106 as a result of a decrease in the turbulence number of the 
main stream from 0.03 to 0.005.
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For a body which has extensive and severe adverse pressure 
gradients, earlier transition, as caused by increased turbulence, is 
likely to cause the separation point to move rearward, thus de­
creasing the size of the turbulent wake and decreasing the total 
drag. This phenomenon is demonstrated by curves of the drag of 
circular cylinders and spheres versus  the Reynolds number. On 
an airplane wing at high angles of attack, delaying the separation 
results in an increase in the maximum lift coefficient.
Hot-Wire Anemometer
Measurements of the magnitude of turbulence are made by means 
of the hot-wire method. A fine wire is placed in the airstream 
normal to the flow and heated electrically. The fluctuations in 
wind speed cause fluctuations in the temperature and voltage drop 
across the w ire; these fluctuations are transmitted to an amplifier. 
The output from the amplifier may be impressed across an oscillo­
graph for a visual record, or the mean-square value of the fluctua­
tions may be read by means of a thermogalvanometer.
The frequencies present in a turbulent airstream at reasonable 
speeds range from very low values to several thousand per second. 
The temperature fluctuations of the hot-wire will not follow high- 
frequency fluctuations accurately, and it is therefore necessary to 
compensate for the drop in the response with frequency. This is 
done electrically by a filter circuit in the amplifier which causes 
the high frequencies to be amplified more than the low frequencies 
in the same ratio as they are cut down by the lag of the hot wire. 
The working of this filter circuit is such that it introduces an at­
tenuation factor which may be as low as 0.01. In practical circuits 
the voltage fluctuation may have an amplitude of 0.0001 volt; the 
amplifier plus compensation has a voltage gain of about 50,000. 
Without the compensation circuit with its attenuation factor of 0.01 
the gain would be 5,000,000. The additional requirement that the 
amplifier must have a flat response (constant amplification) from 
about 10 to several thousand cycles per second imposes another 
difficult condition. As a result, the apparatus is not a standard 
laboratory instrument but rather a research tool requiring close 
attention and frequent checking.
The lag of the response of the hot wire can be made small by
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using hot wires of small diameter. Those in use today are around 
0.0002 inch in diameter and about 0.10 inch long.
The single hot wire measures fluctuations in wind speed; wind 
direction can be measured by placing two hot wires at an angle to 
each other and to the mean wind direction and amplifying the 
difference between the response of the two.
The hot-wire instrument is applicable to the measurement of 
practically all of the significant velocity fluctuations and correla­
tion coefficients involved in present turbulence theories. The cor­
relation coefficient, defined as the relative mean value of the prod­
uct of two or more instantaneous values of the velocity fluctua­
tions at different points, is used extensively in the turbulence 
theories evolved by Taylor and von Karman. Two or more hot 
wires placed at variable distances apart can be adapted to these 
measurements.
Various investigators have tried to use the hot wire in water. 
These attempts have not been successful for the reason that so 
much electrical energy is required to heat the wire that hot spots 
develop when dust particles or air bubbles strike the wire. As a 
result the wires frequently burn out.
Transition from Laminar to Turbulent Flow in 
the Boundary Layer
Transition from laminar to turbulent flow in the boundary layer
may be effectively detected 
in two ways. Both methods 
depend upon the fact that 
as we move backward along 
a surface the velocity at a 
small distance from the sur­
face rises when we pass 
through the transition re­
gion. This results from the 
fact that the velocity gradi­
ent at the surface in tu r­
bulent flow is many times 
greater than it is in lami­
nar flow. Fig. 7 shows the 
laminar and turbulent layer
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and the change in pV2/ 2 
at various stations in 
the transition region.
The instrument for uti­
lizing this phenomenon 
to detect the transition 
point is shown in Fig. 8.
I t  consists of several 
total-head tubes at vari­
ous distances from the 
surface. The tubes are 
flattened and in the di­
rection of the flow one 
of them presses against 
the surface. The regis­
tration of the instrument when connected to a manometer and 
moved along the surface is shown in Fig. 7.
The hot wire has also been employed to utilize this effect. The 
transition region is characterized by an increase in the mean ve­
locity near the plate. However, the transition region is in many
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The four tubes with slit openings measure 
the total head a t various stations through 
the boundary layer. The tube with round­
ed end measures static pressure.
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cases more easily detected by observing the fluctuations in velocity. 
Fig. 9 shows fluctuations in the transition region, as well as in the 
laminar and turbulent boundary layers and in the free stream. 
The increase in the frequency of the fluctuations from the laminar 
to the turbulent regimes is particularly noticeable. The transition 
region (see positions 3 and 4) is characterized by relatively sud­
den “ bursts” of high frequency fluctuations. These results in­
dicate that the transition to the turbulent regime is sharp but its 
position moves back and forth along the plate.
The magnitude of the fluctuations is also a reliable indication 
of the location of the transition region. The fluctuations are high 
in the transition region and drop off appreciably ahead of as well 
as behind the transition.
Unsteady-Flow Problems 
Problems in unsteady flow are particularly adapted to the hot­
wire method. One of the most important of these is the stalling of 
airfoils. Some of the factors governing the stall are susceptible to 
analysis—for instance, the separation point of the laminar bound­
ary layer—but the prediction of the stalling point of an arbitrary 
airfoil is not possible on the basis of present theories. A detailed 
study of the unsteady flow conditions at angles of attack near the 
staff would provide valuable data for the formulation of such a 
theory.
The problem of the stalling of a finite wing is being attacked 
at the University of Michigan. Spanwise flow develops at high 
angles of attack of a swept-back or swept-forward wing and results 
in a convergence of the flow in the boundary layer over some parts. 
The details of this flow are being studied with a view to determin­
ing conditions near and at the stall. The instrumentation and 
techniques thus developed should be applicable to a study of the 
stalling of the two-dimensional wing section.
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MEASUREMENT OF SEDIMENT TRANSPORTATION
by
E. W. Lane 
State University of Iowa 
Iowa City, Iowa
Sediment moves in fluids in three manners: suspension, rolling- 
sliding, and saltation. Everyone is familiar with muddy streams, 
in which sediment is being transported in suspension, and with 
dust being carried in the air, but it is only in the last few years that 
any satisfactory scientific analysis of this phenomenon has been 
made. In suspension the particles of sediment are kept up by the 
vertical components of the velocity of the fluid while being moved 
forward by the horizontal components. In general it is only the 
finer particles which are moved in suspension in air or water.
The larger particles of sediment move by rolling or sliding along 
the bed of the fluid streams, practically always in contact with it. 
Strangely enough there is no commonly-accepted term to designate 
the material thus moving, but it is believed that the best term is 
‘ ‘ contact load. ’ ’ Material moving in this manner sometimes reaches 
the size of large boulders.
The third class of movement is saltation, a sort of bouncing along 
of the particles on the stream bed. This phenomenon has not been 
as thoroughly studied as the other two forms of motion. Its action 
in air has been investigated by a British engineer, Bagnold [ l ] ,1 
and Gilbert [2] has reported a similar action in water. In water, 
however, it is very difficult to distinguish saltation from suspen­
sion, and recent studies by Kalinske [3], adapting the quantative 
studies of Bagnold to water by means of fluid-mechanics relations, 
seem to indicate that saltation is probably of little importance in 
water streams. In  air, however, it is often of major importance.
In most rivers sediment is moving at the same time in two or 
three of these modes. On the bottom large particles are moving
i References appear a t the end of the article.
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along in contact with the bed. Just above the bottom there is a 
layer in which the concentration of the moving material is relative­
ly high, and comparatively coarse material is transported in suspen­
sion or saltation or both. Above this is a thick layer extending to 
the surface in which the sediment is carried in suspension and is 
generally fine. In  most streams the fine material is the greater 
part of the total, but the coarse material is usually more important 
from the standpoint of the formation of the bed and banks.
Observations at a great number of places have shown that the 
fine material in suspension is very uniformly distributed in the 
water from the surface to the bottom, but the coarse material, 
usually sand, travels at much higher concentration near the bot­
tom. In suspension, the coarser the material the greater the part 
of it which travels close to the bottom.
If  it is desired to determine the total quantity of sediment dis­
charged in a unit time, a difficulty arises because the different 
parts of the load cannot be measured with the same instrument. 
To determine the amount of material being carried in suspension it 
is necessary to sample the flowing water in such a way as to obtain 
a representative sample of known weight and measure the weight 
of sediment in it in proportion to the weight of the sample. I t  is 
also necessary to determine the water discharge. From these data 
it is possible to compute the weight of sediment discharged per 
unit time. I t is not possible to measure in this manner the amount 
of the heavy material moving on the bed, however, as it does not 
move at the same velocity as the water. For this material the pro­
cedure is to measure the quantity of sediment moving per unit 
time for a known width of the stream, at enough points across the 
stream so that the total quantity can be computed. For this pur­
pose a sort of a trap is used which catches the material moved for 
a known length of time over a definite width of the river bed. It 
will thus be seen that there are two types of device for measuring 
sediment discharge, one called a suspended-sediment sampler, 
which secures a typical sample of the water in the stream with its 
suspended sediment, and the other called a bed-load sampler, which 
secures a sample consisting of the sediment carried along the 
stream bed and for a short distance above it over a definite width of 
channel in a known time.
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In measuring both bed load and suspended load there are two 
general divisions of problems: (1 ) those concerned with selecting 
the points of measurement in the stream at which the sediment load 
can most accurately be related to the mean of the stream, and
(2 ) those involving the design of the device to obtain the truest 
possible sample of the material at these measuring points. For bed 
load little seems to have been done to develop a science of locating 
sampling points. The customary procedure is to observe the rate 
of movement at a sufficient number of points across a. stream to 
observe with reasonable accuracy the variation between the sam­
pling points. The rate of sediment discharge per unit width of 
stream is then plotted as ordinate and the position of the observ­
ing point across the stream as abscissa, and the total sediment dis­
charge is determined from the area under the curve thus obtained.
Most of the work on bed-load measurement has been done in 
Europe and the. devices for sampling have been largely developed 
there. The simplest form con­
sists of a sort of basket or box of 
screen material, open at the end, 
which is placed on the bed of the 
stream with the open end up- jk J
stream to catch the coarse sedi- ✓
merit which is swept into it.
by "a Swiss Government agency. 
with three sides and top covered
mesh-like chain mail, which will 
fit closely on the bottom. The 
side opposite the open one is 
hinged so that the material col­
lected may be discharged through it. The sampler is raised and 
lowered by means of a portable derrick and is held in place in the
F i g . 1 .— B e d - L o a d  S a m p l e r  o f  t h e  
B a s k e t  T y p e  D e v e l o p e d  b y  t h e  
S w i s s  F e d e r a l  A u t h o r i t y  f o r  
W a t e r  U t i l i z a t i o n .
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stream by cables extending upstream. I t is permitted to remain on 
the bed of the stream for a time of known length, sufficient to col­
lect a considerable quantity of sediment, and is then raised and the 
weight of the sediment determined. Experiments have shown that 
this device does not collect all of the material which would ordina­
rily pass the space it occupies, and it must therefore be calibrated 
to determine the relation of the material collected to that moving. 
This form of sampler is adapted to measurement where the load is 
coarse, such as pebbles and cobbles.
A second group of bed-load samplers are of what is known as 
the pressure-difference type. Of these the Arnhem sampler, de­
vised by the Dutch Government (Fig. 2) is the most highly de­
veloped. I t consists of a collecting assembly held in a large frame, 
the function of which is to place this assembly carefully into posi­
tion on the stream bed with 
the mouth resting on the bot­
tom and pointing upstream. 
Downstream from the mouth 
is a flexible rubber connection 
to an expanding section 
which leads in turn into a 
wire-mesh bag. The expand­
ing section sets up a suction 
which is designed to balance 
the resistance to flow through 
the device and thus enable all 
the material approaching the 
mouth to pass into it without 
obstruction and be screened 
out by the mesh bag. As de­
veloped, this device used a 
0.3-millimeter mesh in the 
screen, indicating that it is 
suitable for all material larger than fine sand.
In measuring the discharge of suspended sediment, considerable 
study has been given to finding the best points in the stream cross 
section to take the samples. The methods worked out resemble 
those used in measuring stream discharge, in that they involve the
F i g .  2.— B e d - L o a d  S a m p l e r  o f  t h e  
P r e s s u r e - D i f f e r e n c e  T y p e  D e v e l o p e d  
b y  t h e  H y d r a u l i c  S t r u c t u r e s  
B u r e a u  o f  t h e  D u t c h  
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location of the sampling sections both across the stream and in a 
vertical line at each of these stations. The method used may be 
better understood from Fig. 3. In  measuring streams, the velocity 
is distributed across the stream as shown by the vectors of part 
(a), the length of the vectors representing the magnitude of the 
velocity. The discharge is represented by the volume bounded by 
the surface passed through the vector points, the plane of the cross 
section, and the bottom and surface of the stream. In (b) is repre­
sented the variation of concentration across the stream, with the
F i g . 3 .— V e l o c i t y  a n d  S e d i m e n t  D i s t r i b u t i o n  i n  a  F l o w i n g  S t r e a m .
length of the vectors representing the concentration of sediment. 
In  (c) the vectors represent the product of the velocity and the 
concentration and are proportional at each point to the discharge of 
sediment per unit area. The sediment discharge of the stream is 
proportional to the volume of the “ solid” bounded by the surface 
formed by the vector points, the plane of the cross section, and the 
surface and bed of the stream.
As in water-discharge measurements, sediment discharge is 
usually obtained by collecting samples considered to give the mean 
sediment concentration in the vertical, and these are weighted ac­
cording to the values indicated by the position selected for the 
verticals. Depending on the accuracy desired, the number of 
verticals at which samples are taken is varied from one to many. 
In general they are located so as to make the verticals typical of 
equal portions of the stream discharge, or equal proportions of the 
solids in (a) of Fig. 3. Where high accuracy is not required, they 
are taken at arbitrary distances from the banks, such as the center 
and the quarter points, or the center and the sixth points from the 
ends, which are assumed to give samples of equal weight. For 
greater accuracy, however, they should be spaced at the center of 
equal increments of discharge, the points being located from the 
results of stream discharge measurements previously made at the
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measuring station. The selection of measuring points in the verti­
cals is also a matter for consideration. The simplest method is to 
take them at one point, usually 0.6 depth. Other simple methods 
involve surface and bottom, and surface, mid-depth and bottom, 
with the mid-depth weighted either one or two. One of the best 
methods is that proposed by Dr. Straub of taking samples at two- 
and the 8/10 depth at 3/8. Another is the Luby method in which 
and the 8/10 depth at 3/8. Another is the Luby method in which 
samples are taken at the centers of increments of depth for which 
the discharges are equal. The method of locating these centers is 
similar to that used in locating stations across a stream as previous­
ly described. Probably the most convenient method is to have a 
sampling device which will sample throughout the vertical. By 
using a sampler which will take water in continuously while being 
lowered from the surface to the bottom of the stream, with the 
amount being taken in proportional to the velocity at each point, 
it is possible to secure a sample which is the average for the entire 
depth. As will be described later, samplers of this type have been 
devised.
The development of a device for securing a true sample of the 
sediment in suspension in water has been going on for many years, 
and a great deal of ingenuity has been exercised by a large number 
of individuals. In  the study of this problem, which has been car­
ried on at the University of Iowa in cooperation with the U. S. Gov­
ernment agencies having sediment problems, (Tennessee Valley 
Authority, Corps of Engineers, Department of Agriculture, Geo­
logical Survey, Bureau of Reclamation, Office of Indian Affairs) 1 
descriptions have been found of more than seventy different forms 
of samplers. A number of these are shown on Pig. 4. Time will 
not permit more than a very brief summary of these devices.
Most of these forms of sampler fall into one of three genera!
i  The results of this work are presented in nine reports: Report No. 1, 
“ Field Practice and Equipment Used in Sampling Suspended Sediment” ; 
Report No. 2, "E quipm ent Used for Sampling Bed-Load and Bed M aterial” ; 
Report No. 3, “ Analytical Study of Methods of Sampling Suspended Sedi­
m en t” ; Report No. 4, “ Methods of Analyzing Sediment Samples” ; Report 
No. 5, “ Laboratory Investigation of Suspended Sediment Samplers” ; Report 
No. 6, “ The Design of Improved Types of Suspended Sediment Samplers” ; 
Report No. 7, “ A Study of New Methods for Size Analysis of Suspended Sedi­
ment Samples” ; Report No. 8, “ The Measurement of the Sediment Discharge 
of Stream s” ; Report No. 9, “ The Density of Sediments Deposited in 
Reservoirs. ’ ’
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classifications: (1) instantaneous, (2) integrating, and (3) inter­
mediate. The instantaneous types take a sample over a very short 
time interval and therefore reflect the conditions which exist in 
the vicinity of the sampler at that time. If  these conditions
F i g . 4 .— A  N u m b e r  o f  F o r m s  o f  S u s p e n d e d - S e d i m e n t  S a m p l e r s .
fluctuate rapidly, as they do in many instances, and if what is 
desired is an average sample, a sampler which will sample over a 
considerable period and thus integrate the fluctuating conditions 
is preferable. This is accomplished by samplers of the integrating 
type. The intermediate type consists largely of samplers in which 
there is a bottle which is lowered to the desired point and the 
stopper removed to take in the sample. As some time is required 
to fill the bottle, to some extent the sample is an integrated sample. 
Frequently the opening in the bottle is closed by a stopper through 
which there is a small hole, which causes the bottle to fill more 
slowly and thus integrate over a longer time period. These sam­
plers can integrate either at a single point over a period of time or 
in a single vertical, from the surface to near the bottom of the
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stream. The integration can therefore he either time integration 
or depth integration. Fig. 4 shows a group containing a number 
of the better samplers of the intermediate and integration types 
developed in this country.
To practically all samplers which have been devised some ob­
jection can be made. Some of these objections are major and others 
minor, but until an adequate quantitative study has been made the 
relative importance of these objections cannot be accurately ap­
praised, and is therefore subject to the judgment of individuals, 
giving rise to unending argument. To obtain some of the facts 
necessary to settle these arguments and to develop the most ad­
vantageous types of samplers, the cooperative study with the 
Government agencies was undertaken.
One of the objections to many samplers is that they deflect the 
stream lines of the flowing water which enters the sampler in 
such a way that the sediment particles tend to separate from the 
water and make the sample either more or less concentrated than 
it should be. As part of the cooperative studies the effect was 
investigated of drawing samples at different rates into the end of 
a tube pointed upstream in a current of water in which sediment 
was suspended. I t was found that when the water directly ap­
proaching the end of the tube was drawn in, so that there was no 
deflection of the stream lines, the sample secured was a correct one, 
but that when either more or less than this amount was drawn in 
an error was introduced. For sediment composed of clay or silt 
particles this error was unimportant, but for larger particles it was 
appreciable, and for sizes about V2 millimeter, if the amount taken 
in was a small part of that directly approaching the end of the 
tube, an error of over 100% was possible. These results are shown 
quantitatively on Fig. 5. A number of other cases of intake condi­
tions were investigated, and substantial errors were found in all 
cases in which the stream lines were seriously deflected at the in­
take and the material was coarse.
Another source of error in many forms of sampler results from 
what may be called “ initial inrush.”  If the sample is taken in a 
rigid container which is kept closed until the sampler is lowered 
to the desired sampling point and is then opened, there is a con­
siderable difference in pressure between the air inside the container
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and the water outside, the magnitude of which depends on the 
depth to which the sampler is lowered. When the container is 
opened, there is an 
initial inrush due 
to this pressure 
difference which 
goes on until suf­
ficient water has 
flowed in to com­
press the air in the 
s a m p l e r  to an 
amount equal to 
the pressure out­
side. The remain­
der of the space in 
the container is 
filled at a much 
slower rate, as the 
air in it escapes.
O b s e r v a t i o n s  
which were made 
on existing sam­
plers showed that' 
the initial inrush period was one second or less, and that the volume 
of this inrush could be computed by Boyle’s Law. Under the 
severe currents set up in so short a time, not only would the de­
flecting action previously mentioned in the case of the intake tube 
occur, but the greater inertia of the solid particles would tend to­
ward still further lessening of the concentration of the sample. If  
the sampler was used to integrate the concentration in a vertical 
of the stream, and was opened at the bottom, too large a part of 
the total volume of the sampler would be taken from the bottom 
and thus the integration would be imperfect.
Another source of error, when the average concentration at a 
point is desired, may result from the fluctuations of sediment con­
centration as previously mentioned if a so-called instantaneous 
sampler is used. The magnitude of this error depends upon the 
magnitude of the fluctuations which occur and the extent to which 
the sample approaches being instantaneous. Unfortunately, a de­
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termination of the magnitude of such errors requires observation 
under a wide range of conditions in actual rivers, and as this has 
not been carried out, it is still largely a matter of opinion and 
argument.
Another source of error exists when the sample is poured out 
of the sampler into a vessel, rather than being taken directly in a 
vessel which is sent to the laboratory. A few tests were made of 
the errors involved and under some conditions discrepancies of 
considerable magnitude were found. Further study of this error 
should be made.
The study of the various forms of samplers indicated that no 
single sampler could be designed which would be suitable for use 
under all the wide variety of conditions encountered in sediment- 
bearing streams. I t does not appear feasible to develop a form of 
sampler which would give both instantaneous or integration 
samples. Because in most cases the data desired is the total sedi­
ment discharge of a stream rather than the discharge at a point 
at a certain instant, and because of the uncertainty of the error in­
volved in determining the sediment discharge by means of samples 
taken in an instantaneous type sampler, it was decided to work out 
first the most desirable form of integration sampler for the most 
widely encountered conditions in streams. I t was expected that 
the most desirable form of instantaneous sampler for similar con­
ditions could later be developed and a study be made of the magni­
tude of the errors involved in instantaneous samplers, to see if this 
best form would have sufficient advantage over the integration 
type to more than offset any disadvantage from such inaccuracies 
as might occur due to concentration fluctuations.
Two types of depth-integrating samplers were developed, one 
suitable for moderate depths and one for large depths. Both use 
a milk bottle enclosed in a torpedo-shaped weight as shown in Fig.
6. From the nose of the torpedo, an intake tube extends upstream 
and an exhaust is located on the side of the head, from which the 
air escapes. The exhaust is so designed that the water is taken in 
at the rate which will produce no deflection of stream lines, and 
therefore a true sample will be obtained. For moderate depths the 
sampler is lowered to the bottom and immediately raised to the 
surface again, taking in the sample on both the lowering and the
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rising trip. The movement is at such a rate that the bottle is nearly 
but not entirely filled, in order to insure that a portion of the 
sample was obtained from all depths. For greater depths a sampler 
was devised which takes in the sample only on the downward trip, 
and is closed when the bottom is reached by a foot-like trigger 
which actuates a valve on the intake tube.
F i g . 6 .— I m p r o v e d  D e p t h - I n t e g r a t i n g  F i g . 7 .— I m p r o v e d  P o i n t - I n t e - 
T t p e  o f  S u s p e n d e d - S e d i m e n t  g r a t i n g  T y p e  o f  S u s p e n d e d -
S a m p l e r . S e d i m e n t  S a m p l e r .
For taking a sample at a point, a sampler was devised which is 
opened at the desired point by a weight dropped down the suspen­
sion cable, and is closed, when desired, by a second weight. The 
initial inrush is prevented by a “ diving bell’’ air chamber inside 
the weight, which compresses the air in the sample container as the 
sampler descends, and therefore the initial inrush does not occur 
(Fig. 7).
I t  should be stated that these samplers are largely the result of a 
combination of features found in many other samplers. Time is 
not available to enumerate each of these features, but indebtedness 
must be acknowledged. It was felt that a bringing together of the 
best ideas of a large group, insofar as they could be combined in a 
single device, would result in a more perfect instrument than would 
be produced by any single person or group.
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ON THE STUDY OF SHAPE RESISTANCE
by
Max M. Munk 
Catholic University 
Washington, D. C.
I have been invited by the Iowa Institute of Hydraulic Research 
to render my views on the subject of hydraulic shape resistance. 
This subject struck me right away as being particularly timely 
and wisely chosen. For in the fluid-motion research of the last 
decade we have been treated to so much progress on many other 
fascinating subjects — such as compressibility, and boundary lay­
ers (even several kinds of the latter making their appearance both 
separately and in combination), not to mention shock waves and 
laminar boundary wing sections — that, in the excitement about 
all this, I am afraid shape resistance has somewhat been forgotten. 
I t is right that there again appear a paper about it, be it only to 
remind us that there is still such a thing as shape resistance. For 
when the need is greatest and the pilot takes to his parachute and 
bails out as a last chance to save his life, he can in no way do with­
out it.
The aerodynamic brakes of dive bombers depend likewise on 
shape resistance. Without it, on the other hand, streamlining 
would be unnecessary and the friction drag could be greatly cut 
down. The profile drag of airfoils could likewise be reduced, for 
the limitation of the lift capacity of wings is closely tied up with 
their shape resistance. For all of this, shape resistance stands in 
Utter contempt with the engineers, notwithstanding its useful­
ness just alluded to. Here, as so often happens, good services are 
more quickly forgotten than unfriendly actions. The physicist has 
no excuse for such bad feeling. To him, the phenomenon of shape 
resistance is, or should be, attractive and instructive, a thrilling and 
inspiring manifestation of the laws of fluid mechanics.
Before going further into this, shape resistance has to be formal­
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ly introduced. It is not always easy to separate it strictly from 
friction effects. There are border cases where this is very difficult 
indeed. But what could we accomplish if we would permit.the 
abandonment of proper and useful distinctions and classifications 
on account of inconvenient border cases? There are enough cases 
where the shape resistance is clearly defined. It is this portion 
of the entire problem of flow resistance, often its major portion, 
which is directly associated with the interaction of the mass effects 
and the pressure effects of the fluid, to the exclusion of its im­
mediate friction effects. That is to say, shape resistance is an 
incident of such features of the flow of actual fluids as resemble 
and are dominated by the laws of the motion of perfect fluids.
This definition gives the lie to the so-called hydrodynamic para­
dox. The discoverer of that paradox failed to receive any assist­
ance from his mathematical analysis of the motion of perfect fluids 
in an attempt to compute the flow resistance, in that he succeeded 
only in computing the absence of such resistance. So he made the 
best of it, and reported his failure to the world as a paradox. But 
absence of resistance does not follow at all if we do not expect the 
fluid to be too perfect, but are satisfied with a perfection within 
reasonable limits.
All physical fluids exhibit viscosity, and it is going rather far to 
stipulate that their frictional effects shall be considered unnotice- 
able within the fluid, so that the forces transmitted from one fluid 
particle'to an adjacent particle are always and necessarily at right 
angles to the common boundary through which they are trans­
mitted. That is the assumption defining perfect fluids. The 
framer of the hydrodynamic paradox went beyond that and further 
assumed the law to be retroactive and extreme. He also assumed 
the friction effect to be negligible at the external fluid boundaries, 
at the walls of immersed objects or of the fluid container. This, 
however, is not a good representation or idealization of what hap­
pens or can reasonably be expected to happen, for the friction 
forces are proportional not only to the magnitude of the viscosity, 
but also to the crowding of velocity differences within the fluid. 
Near the walls is great crowding of velocity differences, and the 
smaller the viscosity the larger the crowding, so that very notice­
able friction forces must be expected at the walls regardless of 
whether the viscosity is ever so small or not.
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Aerodynamics, at an early stage of its development, abandoned 
therefore the exaggerated assumption of absence of friction even 
along the walls, and in that manner obtained numerical results 
correctly representing important features of the facts, and of 
great value for practical application. The fluid is permitted to 
glide layer over layer where it has once been separated by an ob­
stacle, or, more generally, where it once has been in contact with a 
solid surface. Such gliding has, however, always to be a sideways 
gliding only, or, as the mathematicians put it, the vortex lines 
have to coincide with the stream lines in steady flows, and in 
unsteady flows they have to move with the fluid. Any other kind 
of gliding would require friction effects within the fluid, which ef­
fects are still assumed negligible.
In some cases the flow may be steady, offering at all times the 
same picture to the eye of the observer. The airfoil flows which 
have been so intensely and successfully studied during the last 
decades form outstanding examples of this. Their trailing vortex 
system represents a gliding of adjacent air layers of the type refer­
red to in the preceding paragraph. In this particular case the shape 
resistance has received the name of “ induced drag,” and the in­
duced drag of technically employed airfoils is not much larger 
than the absolute minimum consistent with the lift of the airfoil 
under the prevailing conditions.
The total induced drag of more than one airfoil has not neces­
sarily to be associated with a total lift or side force of any definite 
amount. Consider, for instance, the combination of a pair of oppos­
ing airfoils, the one in normal position and the other inverted, both 
airfoils being otherwise equal and in symmetric position. The two 
lifts, one positive and the other negative, then cancel each other, 
so that no total lift remains. But the two induced drags sum up. 
Here then we have a genuine shape resistance not accompanied by 
any total lift or side force.
The two airfoils may be bodily connected with each other by 
members not producing any lift. Also, an airfoil may be bent into 
a loop such as a circle, forming then a wing-section-contoured ring, 
with variable angle of attack. The angle of attack may vary peri­
odically, according to a sine law say, changing sign every 90 degrees, 
circle. Such an airfoil ring does not have to remain a child of 
or every sixty degrees, or any other even fraction of the complete
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phantasy. It can easily be made and studied experimentally. I t  
will give rise to a substantially steady fluid motion and will exhibit 
a genuine shape resistance of measurable magnitude.
The fluid motion and its shape resistance can be predicted for 
the wing-section-contoured ring with moderate angles of attack 
because it is possible to see beforehand where the split fluid stream 
will reunite again. Experience and common sense agree that this 
will be at the trailing edge. With a blunt solid forming an obstacle 
in a flowing medium, the situation is different. In this case it is 
not known where the place of reunion of the fluid will be. Unless 
all fluid reunites practically at one point, this must be a line. With 
a simple solid, without perforation like a ring, this line must not 
enclose any area. Otherwise there would be fluid forming a flow 
system by itself with loop-shaped streamlines, like fluid moving 
within a closed container. That would not be in harmony with 
energy considerations. A body of immovable fluid behind a solid 
would, on the other hand, not be in equilibrium, and might also 
involve vortex lines at its boundary which did not move with the 
fluid.
The question arises at this point whether every such line, simple 
or branched, but not enclosing any area, is a theoretically possible 
line of reunion. The question arises, whether a distribution of 
vortices exists which trails from such a line and makes it in turn 
the reunion line. From analogy with the wing theory, it is likely 
that this question has to be answered in the affirmative. A mathe­
matical investigation of the question would lie welcome.
Assuming for the time being that all such lines can be reunion 
lines, and that their shape and location determine the distribution 
of the strength of the trailing vortices, it would appear that an 
infinite variety of such steady quasi-potential flows is possible, each 
being associated in general with a different shape resistance. This 
kind of shape-resistance flow is dependent on the presence of local 
lift or side forces. They cannot be very large. I t  is therefore not 
likely that a simple blunt body derives a considerable shape resist­
ance from a steady quasi-potential flow.
Before proceeding to unsteady quasi-potential flows, it remains 
to be mentioned that any quasi-potential flow relies on friction 
effects for coming into being. Once the flow has been established,
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it can maintain itself in the absence of any further friction effects, 
but not in the presence of each and every friction effect, as we 
shall immediately see.
The relation between friction as the cause and quasi-potential 
flow as the effect fits very imperfectly into the usual picture of 
physics. Unlike the usual workings of the ordinary laws of physics, 
cause and effect are here too disproportionate; friction forces and 
mass forces are not in team work but rather in the relation of the 
driver to the horse. Physics deals ordinarily and preferably with 
happenings which are altogether in proportionate relation. Not­
withstanding the classical simplicity of the basic laws of fluid 
motion, the fluids seem to exhibit in the most primitive way the 
working of cause and effect as we are accustomed to find in biology, 
not to go as far as human actions or the fate of nations. Even 
there, cause and effect are never suspended, but are a necessary 
ingredient of conception and thinking. But, the higher the order 
of manifestation, the more do cause and effect recede to the 
humble station akin to afterthought, a principle of arrangement 
not to be relied on for the prediction of events. Strange, that 
the motion of dead, homogeneous fluid so distinctly exhibits the 
weak significance of cause and effect.
Not too much hope should therefore be entertained for ever 
learning how to genuinely compute the shape resistance in all cases. 
Its simple physical laws do not do much good, because they do not 
work in a simple manner. Physics is successful only where both 
the laws and occurrences are simple.
If the fluid friction is essential in electing out of the infinitely 
many theoretically possible steady potential flows about a blunt 
body the particular one that takes place, it may easily continue to 
play its role of controlling large forces through very small ones. 
A series or plurality of quasi-potential flows may alternate more or 
less gradually. If  the rate of change is fast enough, the unsteady 
quasi-potential flows are different from the steady ones, and the 
number of the possible motions is thus again infinitely increased.
Any change would be impossible as long as all vortex lines 
strictly move with the fluid at all places, for the velocity at the 
reunion points is zero, and, strictly speaking, the surface fluid 
particles cannot cross this point. This is a mathematical truth 
which is not in keeping with common sense. To reconcile conditions,
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it is not necessary to give up Helmholtz’s theorem entirely. A very 
feeble relaxation is sufficient, the fluid velocity in the vicinity of 
the reunion line being practically zero, and vortex transit there 
requiring next to no friction forces. This is therefore the region 
most and genuinely exposed to the working of small friction effects. 
That is to say, the line system of the reunion of the fluid may 
easily move, steadily and continuously, from one position to the 
next. The line must be supposed to wander, yielding to friction 
effects hard to follow up. Unsteady quasi-potential flows with 
wandering reunion lines is therefore the picture which has been 
formed for the description of the essential character of fluid motion 
associated with shape resistance.
This most general type of quasi-potential shape-resistance flow 
is still to be considered perfect, in that in the first place no energy 
dissipation or creation of frictional heat is considered to take 
place. All energy is primarily used for supplying kinetic energy. 
There come into being local and more often total side forces or lift 
forces, periodically changing in direction and magnitude. Their 
components in the direction of flow form the shape resistance. 
The effective fluid motion relative to the blunt body is inclined to 
the path of flow, and hence the side forces and lift forces, being at 
right angles to the local flow, are not at right angles to the path of 
motion, but have resistance components of the nature of the 
ordinary induced drag.
If  we consider that for a circular cylinder or a flat strip moving 
sideways, for instance, the shape resistance is great enough to give 
average resistance pressures larger than the dynamic pressure, it 
appears that the local and temporary lift coefficients must be 
enormous. They must be much larger than a drag coefficient of 
unity because in the first place they act during only a portion of 
the entire time, say during one-half of it, and because in the second 
place only a component of the lift or side force forms the resistance, 
say one-half again in magnitude. Such rough estimate would 
suggest lift coefficients having a magnitude of 4 or more. A wing 
section having permanently or steadily a lift coefficient of 4 would 
exceed in lift capacity all wing sections technically used. Here 
then the shape-resistance flow shows something outstanding, com­
manding our astonishment. The mechanism of momentum exchange
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between a simple fluid and a blunt body seems to be very worthy 
of intense study.
The great discoveries in physics of the past came from the study 
of phenomena which seemed utterly unprofitable and unusable. 
No such study failed to contribute something useful and instructive. 
Weighing, measuring, observing along paths already trodden hard 
is surely necessary, but that is not science nor is it basic, and the 
efficiency of such routine work is relatively small. I t  is often 
fishing where most of the fishes have already been caught, grazing 
where most of the grass has already been eaten. The true places of 
fluid research in this country should divorce themselves more than 
they do now from such routine measurement, often performed with 
new and costly equipment which nevertheless was already out of 
date before it was completed, and had long ago served its purpose. 
Basic and scientific experimental research knows no permanent 
and standard test equipment. Let idle and academic scientific 
curiosity have its way more than it now does. As to shape resistance 
and quasi-potential flow, find out what happens under controlled 
laboratory conditions, for which the sensitive and nervous flow 
pattern, ever so ready to change and to accommodate itself to ex­
ternal influences of small magnitude, is a most interesting subject 
of study.
Of course, unscientific and thoughtless weighing and measuring 
will not get anybody very far. Bach test has to be prepared and 
followed up by profound scientific and mathematical analysis. 
That is hard and thankless work, but its outcome may be profound. 
One apparently minor discovery may change an entire continent. 
The outcome of the present war may be vitally influenced or even 
decided by a development relating to fluid motion which started 
from such apparently unprofitable playfulness of some genuine 
scientists and physicists.
With that in mind, and being unwilling to come before you with 
empty hands, so to speak, with nothing but generalities (true, 
perhaps, but unfruitful by themselves) may I, by way of closing 
this paper, ask for a little more of your attention. May I take the 
opportunity to present an improvement of a mathematical tool 
helpful in dealing with shape resistance, as a minor but more 
tangible contribution to the science of hydraulics.
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Shape resistance is intimately interwoven with interchange of 
momentum, or of moment of momentum, and of energy. There 
exist theorems or mathematical rules by the use of which the 
momentum, the moment of momentum, and the kinetic energy of 
bodies of fluid in motion can be computed by an integration 
through such regions only where the motion has vorticity. That is 
a great simplification and there should be opportunity for using 
these integrals in the study of shape resistance.
Only recently did I arrange these theorems, and allied ones, in 
systematic order, and also a few new ones that may be of use [ l ] .1 
The following relates specifically to that paper.
These theorems give the quantity in question in the form of 
simple integrals, the integrand containing the radius vector “ r ” 
as factor—namely, the vector connecting a point of origin with the 
point to which the integration refers. These are three-dimensional 
integrals, space integrals, and surface integrals through surfaces 
that may extend in any fashion through the three-dimensional 
space. The fluid motion is supposed to be general throughout; no 
assumption restricting the motion to a two-dimensional flow is 
made.
In the application of these integrals, two-dimensional problems 
readily make their appearance. They are much simpler, and still 
may be general enough to bear out an essential point. Two- 
dimensional flows can easily be depicted 011 paper; they can be 
more easily comprehended mentally by the optical picture they 
present. The question arises, therefore, whether the three- 
dimensional integrals just referred to possess or lead to analogous 
two-dimensional theorems for use with two-dimensional flows, and, 
if so, to which, because the application of a three-dimensional 
integral to a two-dimensional flow is cumbersome, and the 
advantage of the restriction to two dimensions becomes immediately 
lost.
These integrals in question were obtained by tentatively writing 
down expressions containing the radius vector and the rotation or 
the divergence of the velocity, being otherwise of correct geometric 
dimensions. The differentiation occurring was then executed on r. 
Previous to executing the differentiation, the correctness of the
1 Reference appears at the end of the article.
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transformation occurring does not depend on whether r denotes the 
radius vector or any other vector field.
Let it now be assumed that the vector field v  of the velocity 
be plane and two-dimensional, and that a new quantity r be intro­
duced as a substitute for r, r, denoting the corresponding axial or 
two-dimensional radius vector—namely, the projection of any 
radius vector r on the plane of the two-dimensional flow. Three 
different kinds of differentiation occur, the dyadic, the vectorial, 
and the scalar product of A  by r or by r, giving respectively the 
derivation dyadic (or its conjugate), the rotation, or the 
divergence.
The rotation of the common radius vector is zero. So is the 
rotation of the axial or two-dimensional radius vector. In this 
respect, therefore, there is no difference between the three-dimen­
sional and the two-dimensional case.
The dyadic differentiation of the common radius vector gives 
the identity dyadic, which, when multiplied by any vector, more 
particularly by the vector v, gives that vector, or v  again. The 
derivation dyadic of the axial radius vector is not the identity 
dyadic, but it can serve as such with respect to the two-dimensional 
flow in question, because when multiplied thereby it likewise gives 
v  again. In that respect then, too, the inquiry looks promising.
The divergence, at last, of the radius vector r is equal to 3. The 
divergence of the axial radius vector r is only 2. The mathematical 
development has accordingly to be scrutinized, paying particular 
attention to how far the change from 3 to 2 will affect the result.
Beginning with the expression of the momentum by means of 
the divergence
dS v =  f d S  V' t )  r +  f d o - v r  
only the dyadic product of r  and V occurred. Hence the theorem 
can be directly applied to two dimensions, without any change in 
form. There too, the momentum is equal to the static moment of 
the divergence and of the flux.
I t is different with the vector moment of the rotation. 
( V ■, r  • v — v  \ /  ■ r) is — v and is not — 2v, because the diver­
gence is now 2 and not 3. It follows that in two dimensions the 
momentum equals the entire vector moment of the rotation and of 
the roll and not one half of that, is in three dimensions.
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The surface integrals of the two end planes cancel each other 
for both momentum integrals.
The several theorems about the computation of the moment of 
momentum do not make use in their derivation of any divergence 
of r. I t follows that the substitution of the axial radius vector for 
the general radius vector is permissible without modification of the 
theorems. The two-dimensional integration does not include the 
two plane end faces, and the outcome is the component of the 
moment of momentum at right angle to these faces.
Preceding at last to the integral for the kinetic energy, there 
occurs, in Eq. (23) of the above paper, the following difference:
— v ■ y  ; r  • v  +  i/2 ( V ' r ) v ' v
the first term containing the identity diadic and giving simply
— v • v, the second term containing the divergence and giving 3/2 
v ■ v ■ Summing up the factor of v • v  appears therefore 1/2, the 
difference between 3/2 and 1.
Changing now to the two-dimensional flow, and to the axial 
radius vector, both terms of the above difference become equal. 
The first term remains the same, and the second term receives the 
factor y 2 times 2, or likewise unity. Hence the proof is not trans­
ferable to the two-dimensional case, and it follows that the energy 
theorem (26) of the above paper holds only in three-dimensional 
statement.
I t results then that one of the two momentum theorems changes 
its factor, the moment of momentum theorems survive in form, but 
the energy theorem cannot be used at all with the axial radius 
vector.
R e f e r e n c e
[1] Munk, Max M., “ On some vortex theorems of hydrodynamics.”  Journal 
o f the Aeronautical Sciences, Jan. 1942.
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EVALUATION OF BOUNDARY ROUGHNESS 
by
Hunter Rouse 
State University of Iowa 
Iowa City, Iowa
Somewhat over a decade ago Professor von Karman published 
an extremely significant analysis of the velocity distribution and 
resistance of turbulent flow past smooth and rough boundaries. 
This analysis has had a profound influence upon fluid mechanics 
throughout the world, but, despite considerable publicity in engi­
neering journals, it has seen little application to hydraulic design. 
Current literature, for instance, continues to reflect adherence to 
exponential resistance formulas, and evidences at times a complete 
misunderstanding of the roles played by viscosity and boundary 
roughness.
There is probably a three-fold reason for this situation. First, 
the apparent complexity of the analysis does not of itself attract 
the interest of the practical mind. Second, the experiments sub­
stantiating the analysis involved artificial boundary roughness 
which was not geometrically similar to the roughness of commercial 
material. And, third, the analysis did not originally include that 
phase of resistance which is most frequently encountered in 
practice, in which the boundary is, in effect, neither completely 
smooth nor completely rough. In  this paper the writer seeks to 
overcome each of these three difficulties, in the hope of providing 
information of immediate value to the engineer.
It matters little whether the resistance equation for uniform flow 
is written in the Darcy-Weisbach form
L V 2
h' ~ fT R  Hg (1)
or in the Chezy form
V =  C y/TtS (2)
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for the resistance coefficient /  and the discharge coefficient C are 
evidently related through the expression
V/
The factor /  (and therefore C as well) has long since been shown 
to depend only upon the Reynolds number of the flow and the 
geometry of the conduit boundaries. In the case of uniform flow 
through a conduit of circular cross section, the relative roughness 
of the boundary is the only geometrical parameter involved. If 
such roughness is very slight—as is true of glass or drawn metal 
tubing—the Reynolds number R =  VDJv  is the sole resistance 
parameter, and above the critical limit Rÿ» 2 0 0 0  the coefficients /  
and C will vary according to the relationship
\  =  - 0.8 +  2 log R V / =  . (4)
V/
This (see Fig. 1) is the von Kârmân resistance function for smooth 
pipes [1], the constants having been determined by Nikuradse
F i g . 1 .— T h e  N i k u r a d s e  E x p e r i m e n t s  o n  U n i f o r m -S a n d ' 
R o u g h n e s s .
[2] and closely checked by other experimenters [3], If  the rough­
ness is relatively great, on the other hand, viscous effects in the
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boundary zone will be negligible at high Reynolds numbers, and 
the coefficients /  and C will depend only upon the relative rough­
ness—i.e., the ratio of a linear measure k of the boundary irregu­
larities to the radius r of the pipe :
C
-4= =  1.74 +  2 log T =
V f  k V %
(5)
This is the von Karman resistance function for rough pipes [1], 
the constants having been determined by Nikuradse [4] by means 
of pipes artificially roughened through coatings of uniform sand 
grains of diameter k. Since the Reynolds number is not involved in 
this equation, it evidently refers to the horizontal portions of the 
resistance curves shown in Fig. 1.
The validity of Eq. (5) for Nikuradse’s artificial roughness 
was shown by plotting against r / k  on semi-logarithmic paper the 
values of l / V /  f°r  the horizontal portions of the curves of Fig. 1, 
the six points falling along the straight line of the equation as seen
F i g . 2 .— C o r r e l a t i o n  o p  T e s t s  o n  A r t i f i c i a l  a n d  N a t u r a l  R o u g h n e s s .
in Fig. 2. The validity of the same equation for the case of natural 
roughness was first indicated in this manner by Kalinske [5] 
through an analysis of Kessler’s tests [6] on new wrought-iron 
pipe of various sizes (see Fig. 2). As further indication of the 
correctness of this function for commercial roughness of comparable
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types, the writer has adapted to this form of diagram values 
obtained by Colebrook [7] in an analysis of measurements by a 
great number of experimenters on new wrought-iron, galvanized- 
iron, and asphalted east-iron pipe. Despite the appreciable scatter 
of the results shown in Fig. 2 (probably due in large measure to 
variations in fabrication, experimentation, and evaluation of test 
results), the points unquestionably follow the trend of the original 
functional relationship.
If the familiar Manning formula is written in the Chezy form, 
it will be seen that
1
V7
1.49 R'- C
( 6 )y/8  g n \ / 8 g
The factor n  is evidently a measure of boundary roughness, since it 
is invariably tabulated solely as a function of boundary composi­
tion ; in the case of wood-stave penstocks, for instance, n  is normally 
assumed to have a value between 0.010 and 0.013, and for concrete 
between 0.012 and 0.016. As a matter of fact, the ratio R v°/n  is a
relative - roughness parameter 
similar to the ratio r / k  of Eq. 
(5), n having the dimension 
(feet) 1/4 and the factor 1.49 the 
dimension of \ fg.  Were Eq. (6 ) 
as nearly correct as Eq. (5), 
values of r /k  plotted against 
R'^/n for the same magnitude of 
/  or C would yield a straight 
line having a 6 :1 slope on 
logarithmic paper. From the 
nature of the two equations, this 
is obviously out of the question, 
and the deviation of the Man­
ning formula from the actual 
function may be judged from 
Fig. 3. Although empirical 
formulas of the Kutter-Man- 
ning-Bazin type may well con­
tinue to fill a useful purpose in
TT
F i g . 3 .— R e l a t i o n s h i p  o f  t h e  v o n  
K a r m a n  a n d  M a n n i n g  R o u g h ­
n e s s  E q u a t i o n s .
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the field, two facts should now be apparent: Such formulas from 
their very nature embody the influence of boundary roughness 
alone, and hence do not apply to that zone of motion in which 
viscous effects are of appreciable magnitude. And since they are 
far from exact except over a limited relative-roughness range, 
they may be expected, when used in connection with research in 
allied fields, to introduce inherent errors not present in Eq. (5).
In reducing measurements of commercial pipe resistance to the 
form of Eq. (5), one must evaluate an effective absolute rough­
ness k in terms of Nikuradse’s sand-grain diameter, extrapolating 
when necessary to the zone in which the function becomes inde­
pendent of R. This has often been considered impracticable because 
of apparent differences in functional form in the intermediate 
zone. In the case of the uniform-sand roughness, to be sure, each 
of the family of curves shown in Fig. 1 is essentially similar to 
the others, beginning to deviate from the smooth-pipe curve as the 
nominal thickness 8 of the laminar boundary film (8 =  65.6 r /R \ / / )  
approaches the order of magnitude of the boundary roughness k. 
Evidently, the boundary irregularities contribute in no way to the 
resistance so long as they are fully contained within the boundary 
zone of laminar motion. This is clearly seen by plotting the quan­
tity 1 /V /  — 2 log r / k  against the ratio of R \ / f  to r /k  for all 
curves of Fig. 1, as shown in Fig. 4; the horizontal portions of these
H CiW: uniform fine sand + Z.5% coarse
III C4W: uniform fine sand + 5 7 . coarse
IS C < W: 487. smooth,477.fine sand, 57. coarse
Y CiW: 9570 smooth, 57» coarse sand
C Colebrook-.^- -2 loq-£ -1.74 -  2 log(l+187
10° 10' R£_ I02
“r/k
F i g . 4 .— T r a n s i t i o n  F u n c t i o n s  f o r  D i f f e r e n t  R o u g h n e s s  P a t t e r n s .
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curves are superposed at the ordinate 1.74, from which limit a 
single curve extends to the sloping line representing the following 
adaptation of Eq. (4), the smooth-pipe function :1
1 9 - 0.8 +  2 log k V 7  (7 )
v 7 “ 2108 k r /k
On the other hand, experiments by Colebrook and White [8 ] on 
artificial roughness of non-uniform character yield a different 
transition curve for each roughness pattern, as shown by curves 
I—V on the same plot. I t  is only reasonable, of course, to expect 
the larger boundary irregularities to disturb the laminar motion 
at the wall long before the smaller ones become effective, leading 
to the conclusion that each statistical combination of surface pro­
tuberances should produce its own characteristic transition func­
tion. Nevertheless, it was shown by Colebrook [7] that all three 
types of commercial pipe listed in Pig. 2 are characterized by es­
sentially the same transition curve, for which he obtained the re­
lationship
oio
•  Freeman: 4" old W.I.
® Freeman: 2 oldW.l.
• 5aph-Schoden I'qalv.
• Hey wood; 2 qalv. 
e Dorcy: 3" Cl.
® Freeman: 4"C.l.bellt spiqot
\ Rv7~
r/k
w —
400
- “ 1
\
\ , ^ 7
\ ' N
\ f \ s
•s
\ s
• Greve-nartiri: 6  spriv. steel 
Kessler: 3MW.l. 
Freeman. 3"WI.
\
\
X
* Mills: 12" tarre C.I.
Smooth
>
0.06
0.04
0.0Z
001
P i g . 5 .— R e s i s t a n c e  D a t a  f o r  V a r i o u s  C o m m e r c i a l  
B o u n d a r y  M a t e r i a l s .
1 Noteworthy is the fac t tha t Nikuradse found the transition curves to have 
as asymptote the Blasius equation f  =  0.3164/ R Vi when plotted as in Pig. 1, 
and the von Kârmân smooth-pipe equation when plotted as in Pig. 4. The 
magnitude of the discrepancy may be judged from the deviation of the broken 
line from the full line in Fig. 1.
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1 /  1 18-7 \
—=  =  1.74 -  2 log —r  +  r —=  (8 )
V /  * \ r / k  R V / /
This expression will be found to approach Eqs. (4) and (5) as 
limits as r j k  and R y / ,  respectively, become very large; it is plotted 
in Pig. 4 in the alternative form
—= — 2 log —  =  1.74 — 2 log ( 1  +  18.7 -—^ = \  (O') 
V /  k \  R V / /
These equations are obviously too complex to be of practical use. 
On the other hand, if the function which they embody is even 
approximately valid for commercial surfaces in general, such 
extremely important information could be made readily available 
in diagrams or tables.
Contrary to Colebrook’s conclusion, O’Brien, Folsom, and 
Jonassen [9]—far from finding the same transition curve for 
different boundary materials—asserted that they could not obtain 
a represenative curve for even the same material in different 
pipe sizes. In the effort to show that such variation is beyond 
practical significance, however probable its existence may be, the 
writer has plotted in Fig. 5 a series of measurements by various 
authorities on various types of commercial conduit [3, 6, 10, 11, 12,
13, 14, 15], the data having been selected on the one hand for range
http://ir.uiowa.edu/uisie/27
of Reynolds number and 011 the other for range of /. On this 
familiar / : R type of diagram, the several curves show to some 
extent the variations in form so characteristic of the maze of
mi
col
F i g . 7 .— P r o p o s e d  R e s i s t a n c e  D i a g r a m  f o r  C o m m e r c i a l  P i p e .
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experimental values often published in the past. However, it is at 
once evident that all curves tend to become more and more nearly 
horizontal as they approach the line R V / k / r =  400, which cor­
responds to the value on the abscissa scale of Fig. 4 at which the 
rough-pipe law may be considered to begin. Indeed, when the 
several series of points are reduced to the form of Fig. 4 through 
extrapolation according to Eq. (8 ), their deviation from the plotted 
curve of Colebrook is evidently not much greater than the experi­
mental scatter of the individual measurements in any one series, 
as may be seen from Fig. 6. Only in the case of the spiral-riveted 
pipe, which is of a basically different nature from the other bound­
ary materials, is a somewhat different transition (such as Curve V) 
apparent, yet even here the departure from the general trend is 
not serious.
In the light of such results, the writer recommends the use of 
Eq. (8 ) as a close approximation to the actual resistance law. And 
in the light of the roles played therein by the parameters 
1JyJf  and RV? of von Karman’s original analysis, the writer fur­
ther recommends the use of these parameters as graph-paper co­
ordinates in place of the customary /  and R. A diagram of this 
nature is shown in Fig. 7, in which the latter scales have been in­
cluded for convenience, the basic vertical and horizontal scales 
nevertheless determining the form of the system of transition 
curves. These, it will be noted, are all geometrically similar—an 
obvious advantage over the /  :R type of plot. Moreover, as shown by 
the alternative forms of the ordinate and abscissa parameters, 
values on the left-hand scale are directly proportional to (in Ameri­
can units about 1/16 of) the Chezy C, while in the bottom scale 
the velocity of flow does not appear. Such a diagram therefore 
permits the evaluation of either the velocity of flow or the hydraulic 
gradient in either the Darcy-Weisbach or the Chezy equation. In ­
volving, if not the actual transition function, at least a close approx­
imation thereto, this diagram may hence be used for design pur­
poses with greater confidence than a purely empirical system of 
curves (such, for instance, as that formerly proposed by Pigott 
[16]). In addition, its efficacy in determining the magnitude of k 
from experimental data on new types of pipe will be apparent from 
the fact that it is no longer necessary either to extrapolate or to 
reduce the data to the forms of Figs. 2 and 6—but simply to plot
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the points on Fig. 7 and read directly the magnitude of r/k.
The engineer, in considering the general applicability of such a 
diagram, will probably ask at least one of the following questions: 
What value of k should be used for this or that specific surface? 
Does the diagram apply only to continuous sections of conduit, or 
is the effect of joints included? Is the transition function valid for 
pipes which have long been in service? And what application can 
the diagram have to conduits of other than circular cross section— 
in particular to open channels ? Although full and precise informa­
tion is by no means yet at hand, qualitative indications safely 
permit the following encouraging answers to be given at this time.
As may be noted from the table on Fig. 7, values of k (except 
for steel, approximately after Colebrook [7]) have been determined 
for five common types of pipe surface in new condition. Listed 
thereafter are three boundary materials which are likewise in com­
mon use, but which, unlike the others, vary considerably in absolute 
roughness with method of fabrication. More precise tabulation of 
the corresponding values of k is not consistent with existing ex­
perimental data [17]. However, lest the engineer, accustomed to 
the relatively small variation in the Kutter-Manning n for such 
surfaces, regard the tabulated ranges of k as exorbitant, the fact 
must be emphasized that a three-fold change in n (say from 0.01 to 
0.03) corresponds roughly to a thousand-fold change in k. In other 
words, appreciable inaccuracies in the evaluation of k will not 
seriously affect either /  or C.
So far as the influence of joints is concerned, it must be noted 
that connections of various types and frequencies are represented in 
the data of Figs. 2, 5, and 6, without marked variation in the form 
of the transition function. Both spacing and form of coupling 
may conceivably alter the effective magnitude of k to an appreci­
able degree, however, and systematic experimental study of this 
phase of the resistance problem is highly desirable.
Aging of the pipes, on the other hand, generally involves a con­
tinuous increase of the effective relative roughness k /r ,  correspond­
ing to a continuous upward progression across the family of curves 
of Fig. 7 at a rate depending upon the conduit material and the 
fluid transmitted (it should be noted that such a trend will follow 
a vertical course if the hydraulic gradient remains constant, but
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will follow the Reynolds-number curves in the ease of constant dis­
charge). F or evaluating the effect of age upon pipe capacity, Cole- 
brook and W hite [18] have proposed an exponential expression 
which, in terms of boundary roughness, reduces to the following 
simple form [7] :
k =  k0 +  at  (10)
The term k0 represents the initial roughness of the new conduit, k 
the roughness to be expected after the time interval t, and a the 
rate of roughness growth. Determination of k0 and a  evidently in­
volves at least two successive series of resistance measurements, 
their evaluation proceeding most conveniently according to the 
method herein recommended.
F or reasons not at onee obvious, the foregoing pages of this paper 
have dealt entirely with flow through uniform conduits of circular 
cross section. As shown by Keulegan [19], nevertheless, the von 
Karman relationships for smooth and rough boundaries are fully 
as applicable to both closed and open conduits of other cross-sec­
tional forms, provided only that the proper adjustment for form 
effect is made in the numerical coefficients. Such adjustm ent is, 
to be sure, never considered in using a formula of the Manning 
type, and is actually very small, unless the section departs consid­
erably from the circular. The diagram of Fig. 7 should therefore 
yield as a first approximation the resistance characteristics of chan­
nels of moderate width-depth ratios, and should in any event in­
dicate the general form of the resistance law for all conduits of uni­
form section.
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TH E FLOW  OF SOLID-LIQUID M IXTURES
by
H. E. Babbitt and D. H. Caldwell 
University of Illinois 
Urbana, Illinois
The purpose of this paper is to discuss the theory of the flow 
of homogeneous mixtures of solid particles suspended in liquid. 
By the term “ homogeneous m ixture” is meant a suspension of 
solids in liquid with the ratio of solid phase to liquid phase con­
stant throughout the mixture. This rather restricted definition 
excludes those mixtures of solid particles in liquids in which the 
rate of settling of the particles is great enough to cause an 
appreciable solids-concentration gradient in the vertical direction. 
The types of materials which fit the definition include sewage 
sludge, sludge from lime-soda water-softening plants, mud from 
desilting works, rotary drilling mud, ceramic clays, some wet con­
crete mixtures, and other similar materials.
I t  has been known for some time that a solid-liquid mixture mov­
ing in a pipe exhibits either one of two distinct types of flow 
depending upon the mean velocity of flow. At low velocities a 
type of flow similar to laminar flow of true fluids has been found 
while at high velocities, the laminar nature of the flow changed to 
turbulent. Fig. 1 illustrates the two types of flow as obtained 
experimentally [ l ]1 in a %-inch pipe. The figure is a logarithmic 
plot of head loss against the mean velocity of flow. I t  will be 
noticed at the higher velocities—i.e., above 20 feet per second— 
that the relationships between the friction loss and the velocity of 
flow for the various sludges tested plot as straight lines which are 
approximately parallel to the line representing the flow of water. 
This is in the turbulent region of flow and it is apparent that 
the same laws govern the flow of a solid-liquid mixture in this 
region as govern the flow of water, a true fluid. As the velocity 
of flow is decreased, a point is reached where the plotted line
1 References appear a t the end of the article.
117
http://ir.uiowa.edu/uisie/27
departs from the straight portion representing turbulent flow. 
The point of departure is called the critical velocity and is 
analogous to the critical velocity occurring under similar condi­
tions for a true fluid. The lower portions of the curve represent 
the laminar region of flow, which has been called by various 
authors “ plug flow” and “ plastic flow.”
F i g . 1. F r i c t i o n  L o s s e s  f o r  V a r i o u s  S l u d g e s  F l o w i n g  i n  a  % - i n c h  P i p e
In  the analysis of the phenomenon of plastic flow it is necessary 
to investigate the various classes of materials which have been 
classified according to their behavior while flowing. Fig. 2 rep­
resents the four recognized classes of materials. Curve I represents 
the flow of a true fluid, the slope of the line being proportional to
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the coefficient of viscosity. The equation for the flow of this 
class of material in circular pipe is known as Poiseuille’s equation. 
Curves II , I I I  and IV  represent the flow of plastic materials. 
Material following the general form of Curve I I  is known as a 
pseudo-plastic material, while material with a stress-flow diagram 
similar to Curve I I I  
is called a t r u e  
plastic or Bingham 
plastic. Curve IV 
represents an in­
verted plastic or 
rheopactic material.
All classes of ma­
terials represented 
here, with the ex­
ception of the true 
fluids, exhibit vari­
able pseudo-viscosi­
ty  depending on the 
rate of shear at 
which the shearing 
stress is measured.
F o r example, the apparent viscosity of the plastic at any point A 
on Curve I I I  if measured in the usual way for fluids is propor­
tional to the slope of the line OA. I t  is evident, therefore, why 
the apparent viscosity is not constant for different velocities or 
rates of shear. I t  is seen that two different velocities A and B 
correspond to entirely different viscosity lines OA and OB, the 
slopes of which are proportional to the apparent viscosity.
I t  has been found from the results of tests on different homo­
geneous solid-liquid mixtures that in the m ajority of cases they 
fall into Class I I I —i.e., many commonly-encountered mixtures are 
true plastics. The dictionary defines a plastic substance as any 
substance capable of being continuously and permanently deformed 
in any direction without rupture under a stress exceeding the 
yield value. The yield value is defined as that shearing stress 
under which deformation is impending. Returning to Fig. 2, the 
point C is the yield value of the true plastic illustrated. After
F i g . 2 .— M a t e r i a l s  C l a s s i f i e d  A c c o r d i n g  t o  
t h e i r  B e h a v i o r  W h i l e  F l o w i n g .
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deformation has started, equal increments of stress produce equal 
increments in velocity of deformation or flow. The slope of the 
line for the true plastic is, therefore, a measure of its resistance to 
deformation and is proportional to the coefficient of rigidity in the 
same manner that the slope of the true fluid line is proportional 
to the coefficient of viscosity. Expressed mathematically, the equa­
tion defining the flow of a true plastic may be written
where ?; is the coefficient of rigidity, r  is the shearing stress, r „  is 
the yield value, v is the velocity of flow, and k is a constant of 
proportionality.
The reciprocal of the coefficient of rigidity has been termed the 
mobility by some authors. Mobility is analogous to the fluidity of a 
fluid. The coefficient of rigidity becomes identical to the coeffi­
cient of viscosity when the yield value becomes zero.
I t  has been shown by the authors [1, 2] that the coefficient of 
rigidity and the yield value are characteristics of a particular solid- 
liquid mixture just as the density and solids concentration are 
characteristics of that mixture, and that all are constants for that 
mixture.
Using Eq. (1) as a basis and applying it to steady flow in 
straight circular pipe, the following equation has been developed
where V  is the mean velocity of flow, I) the diameter of the pipe, 
g the acceleration due to gravity, rj the coefficient of rigidity, t„ the 
shearing stress at the pipe wall, and t v  the yield value. Neglecting 
the last term of Eq. (2), it is possible to rewrite it as follows:
When 8V /D  is plotted as abscissa and t„ is plotted as ordinate, 
Eq. (3) is in the form of a straight line with a.slope of rj and an 
intercept on the tp axis of 4/3 r„. Since rv and rj are constant for 
a particular mixture, the resulting straight line should represent 
the plastic flow of a particular mixture in a pipe of any diameter
87  , 4
T p  —  I? —  +  -  T, (3)
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F i g . 3 .— P l o t  o f  E q s . ( 2 )  a n d  ( 3 )  f o r  P a r t i c u l a r  M i x t u r e .
except when the ratio t v / t p  approaches unity. Fig. 3 is a plot 
of both Eq. (2) and Eq. (3) for a particular mixture having a 
yield value of 0.25 pound per square foot and a rigidity  of 0.00093 
pound seconds per square foot. The error in neglecting the last term 
of Eq. (2) is thus shown graphically. The slope of the asymptote is 
the coefficient of rigidity and the intercept of the asymptote on 
the t p  axis is 4/3 t v ,  as is readily seen from Eq. (3).
Fig. 4 shows some of the results of experiments made to verify 
Eqs. (2) and (3). I t  will be noticed that the experimental pipe 
sizes varied from 1/2 inch to 3 inches and the sludges tested had
3/uc/ge //a Z (Bo// C/ay)'
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-
 —  S  Judge A/a 3  (ë> o // C/ay)^
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F i g .  4 .— C o m p a r i s o n  o f  E x p e r i m e n t a l  R e s u l t s  w i t h  
E q s .  ( 2 )  a n d  ( 3 ) .
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yield values ranging from nearly 0 to 0.08 pound per square 
foot. I t  is evident from Fig. 4 that the flow of the solid-liquid 
mixtures tested follows closely the theoretical equation for the 
flow of a true plastic in circular pipe. Since the plotted points 
for a particular mixture flowing in the pipes tested all fall on the 
same curve, it is evident that the magnitudes of the yield value and 
the coefficient of rigidity for a particular mixture are independent 
of the diameter of the test pipe. When 8 V /D  is small, the plotted 
points are seen to depart from the asymptote which is represented 
by Eq. (3). Hence at these lower values of 8V /D  in order to de­
termine magnitudes of either the head loss or the velocity it is 
necessary to use Eq. (2). However, for most practical purposes, 
and for the common pipe sizes encountered, it is safe to use the 
simpler form of Eq. (3). This is especially true near the critical 
velocity and for sludges or mixtures having a large coefficient of 
rigidity. F or small velocities and large pipe the value of the term 
8V /D  becomes small and in these cases Eq. (2) must be used.
Various factors affect the yield value and the coefficient of 
rigidity. Among these may be listed the concentration of sus­
pended matter, size and shape of the suspended particles, nature 
of the liquid phase, temperature, agitation, and thixotropy.
The determination of the relation between the yield value and the 
concentration of suspended particles in a mixture has been the 
object of many recent investigations. The yield value is generally 
fairly  sharply defined when the particles do not exhibit too large 
a Brownian movement and are not highly hydrated. Bingham [3] 
describes a plastic material as a suspension in which the particles 
touch each other. He states, “ Flow necessitates the sliding of these 
particles the one over the other according to the ordinary laws of 
friction, so long as their Brownian movement is negligible. I t  is 
by no means necessary that the particles be touching at the maxi­
mum number of places according to ‘close packing’. As a m atter 
of fact, close packing prevents flow from taking place. I t  is merely 
necessary that particles touching each other form arches capable 
of carrying the load.”  I f  B ingham ’s hypothesis is correct, the 
appearance of a yield value should be noted at a volume concen­
tration of suspended spherical particles of 52.36%. This concen­
tration corresponds to “ open packing”  or cubic packing of spheres 
and is theoretically the concentration at which spherical particles
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«would just begin to touch and form arches capable of carrying 
stress. However, as observed by the authors and by Bingham [3] 
and others [4, 5, 6], a measurable yield value is encountered at 
concentrations of solids as low as 2 percent by volume. Fig. 5 
has been prepared from the results of pipe-flow tests by the authors. 
The material represented on the figure was a colloidal-ball clay. 
The figure indicates that the yield value varies logarithmically
with the concentration 
of suspended matter. 
These results tend to 
show that the existence 
of a yield value might 
be expected at very low 
concentrations of sus­
pended matter. In  di­
lute lyophobic systems 
the existence of a yield 
value cannot be explain­
ed on the basis of mu­
tual touching and inter­
locking of the particles. 
V arious explanations 
for this have been given 
in the literature. These 
may be grouped as fol­
lows: (1) presence of a 
sheath of adsorbed wa­
ter or other medium, 
called the lyosphere, (2) presence of electrical forces between the 
particles which cause them to assume a quasi-pattern arrangement, 
and (3) production of networks of particles which are capable of 
carrying stress by bridge action.
Some lyophobic particles are capable of adsorbing water mole­
cules. Under certain conditions the thickness of the adsorbed 
sheath, called the lyosphere, can be calculated. The effect of the 
lyosphere is to cause the particles to occupy more space than with­
out the lyosphere. Norton and Hodgton [7] by experimental in­
vestigation on the water-adsorbing power of clay have shown that 
the thickness of the water layer between the particles was of the
F i g .  5 .— P i p e  F l o w  T e s t s  o n  a  
C o l l o i d a l - b a l l  C l a y .
http://ir.uiowa.edu/uisie/27
order of 103Á (one Á =  0.0001 micron) when the material exhibited 
a yield value. In  particular they found a value of 3.1 X 10" Á for 
brick clay. Houwink [8] has shown by calculation that the maxi­
mum possible thickness of the lyosphere cannot exceed 25 Á. These 
apparent contradictions suggest that the hypothesis of the existence 
of a lyosphere does not adequately explain the existence of a yield 
value at low concentrations of solids in a solid-liquid mixture.
Electrical forces acting between particles in suspension may 
either attract or repel. A ttracting forces which vary inversely as 
the cube of the distance between the particles may be due to the 
van der W aals [9] forces. The diffuse double layer first pro­
posed by Gouy [10] may account for the repelling forces.
I t  has been found that the yield value of clay suspensions in 
water is affected by the addition of certain electrolytes. This can 
be explained by the fact that the nature of the diffuse double lay­
er is greatly affected by the Zeta-potential. Hence anything af­
fecting the Zeta-potential will affect the diffuse double layer. 
Houwink [8] states, with respect to these repelling forces, “ When 
two particles are very fa r  apart, the electric charge of each particle 
is largely neutralized by the charge of equal and opposite magni­
tude of the ionic cloud [diffuse double layer] 1 around it. However, 
as soon as the particles approach each other sufficiently near in 
order that these clouds will m utually penetrate, a perfect neutral­
ization is no longer possible and mutual repulsion of the particles, 
having charges of the same sign (in the case of clay: negative) 
will become observable.”  The net result of the attracting  and re­
pelling forces between the particles is to create a quasi-struetural 
arrangement which produces a yield value at concentrations far 
below that concentration at which the particles themselves are in 
contact. For example, the yield value of clay was found by Wilson 
and Hall [11] to be reduced by the addition of OH.
I t  is entirely possible that a yield value may be developed at low 
concentrations of suspended m atter as the result of the formation of 
open nets of the particles capable of transm itting shear [12, 13]. 
Houwink [8] states, “ An im portant argument in support of such 
a conception is that suspensions of carbon black, possessing a yield
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value, showed electrical conductivity, which was not observed as 
soon as a yield value was absent. ’ ’
The size and character of the solid particles also greatly affect 
the coefficient of rigidity and the yield value. F or a given con­
centration of suspended particles the yield value increases as the 
size of the particles decreases. Bingham [3] states, “ There is 
abundant evidence that as the diameter of the particles is decreased, 
the opportunity for the particles touching is increased, which en­
hances the friction [yield value]1, but this effect reaches a limit 
eventually when the particles are so small that their Brownian 
movement becomes appreciable and strains in the material are not 
perm anent.”  The result'of stress relief by Brownian movement is 
a stress-flow curve similar to Curve II, Fig. 2—i.e., a pseudo- 
plastic material. The yield value is not well defined and the ap­
plication of Eq. (2) under such conditions may lead to serious 
errors.
Both the coefficient of rigidity and the yield value, as well as 
other factors, affect the critical velocity at which plastic flow 
changes to turbulent flow. From the results of a theoretical 
analysis the authors have proposed the following equation for com­
puting the critical velocity:
where V c is the critical velocity, y is the specific weight of the mix­
ture, and /  is the friction factor in the Weisbach equation:
in which H  is the friction loss in head of the flowing material for a 
pipe of length L  and diameter D  and V  is the velocity of flow.
Table I presents some results of experiments which corroborate 
Eq. (4). The last three columns show the observed and computed 
values of the critical velocity together with the percentage error 
between them. Under field conditions the agreement between com­
puted and observed values of the critical velocities cannot be ex-
Vo = fyD
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TABLE I
OBSERVED AND COMPUTED VALUES OF CRITICAL VELOCITY
Sludge
No.
Tn
lb. per 
sq. ft.
V
lb. sec. 
per sq. ft.
y
lb. per 
cu. ft.
Diameter Friction 
of pipe factor 
in. /
Critical 
ocity, 
ft. per
Vel-
Vc 
■ sec.
Error
per
cent
(com­
puted)
(ob­
served)
1 0.90 0.00047 75.7 1 0.0216 17.4 17.5 - 0.6
2 0.0196 16.4 16.0 2.5
3 0.0172 16.6 15.5 7.0
2 0.60 0.00047 75.0 y 2 0.0316 14.0 14.2 - 1 .4
i 0.0220 14.9 14.7 1.4
2 0.0204 13.5 13.5 0.0
3 0.0180 13.8 13.8 0.0
3 0.44 0.00034 73.8 % 0.0324 11.3 12.0 - 5 .8
1 0.0224 12.2 12.9 - 5 .4
2 0.0208 11.2 11.0 1.8
3 0.0180 11.6 11.5 0.9
4 0.29 0.00031 72.5 1 0.0236 10.1 10.1 0.0
2 0.0216 9.2 9.0 2.2
3 0.0188 9.5 9.5 0.0
5 0.19 0.00025 72.0 % 0.0340 7.5 7.7 - 2.6
1 0.0240 8.0 7.9 1.3
2 0.0208 7.6 7.6 0.0
3 0.0176 8.0 7.7 3.9
6 0.082 0.00019 70.0 y2 0.0352 5.2 5.4 - 3 .7
i 0.0264 5.2 5.3 -1 .9
2 0.0216 5.1 5.1 0.0
3 0.0192 5.1 5.1 0.0
pected to be so precise as in these tests, because, in general, the 
friction factors for pipes in the field are not so precisely known.
In  the use of Eqs. (2), (3), and (4) it is necessary to know in 
addition to other factors the yield value and the coefficient of 
rigidity of the solid-liquid mixture. These constants can be de­
termined in a modified Stormer viscometer, in an existing pipe 
line, or by the use of an appropriate formula relating the factors af­
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fecting the yield value or the coefficient of rigidity. These methods 
are described by the authors in Bulletin 319 of the University of 
Illinois Engineering Experiment Station [1], A rapid method of 
determining the yield value of a mixture is to observe the depth to 
which a thin metallic strip will sink, due to its own weight, into 
the mixture. The yield value is obtained by equating the down­
ward and upward forces acting on the metal strip. The downward 
force is the weight of the metal minus the buoyant force of the 
sludge on the submerged portion, and the upward force is the fric­
tion on the sides of the strip due to the yield value of the sludge. 
A t equilibrium these forces are equal and can be equated, and the 
yield value computed.
The turbulent flow of sludge follows closely the same laws that 
govern the turbulent flow of true liquids. From  the results of 
about 900 tests on 8 different solid-liquid mixtures [2] it has been 
found that the viscosity of the dispersion medium can be used in 
the Reynolds number to obtain a friction factor for use in Eq. (5). 
The practical result of this observation is that any friction-factor 
chart designed for use in computing friction losses in the turbulent 
flow of liquids may be used in computing the head loss due to the 
turbulent flow of a solid-liquid mixture.
In practical applications it has sometimes been found more ad­
vantageous to use an approximate exponential type of formula for 
predicting head loss due to the flow of liquids such as water. An 
example of an equation of this type is the one devised by Kessler 
[ 14] for the flow of water in black steel p ip e :
I f  the liquid phase of the solid-liquid mixture is water, Eq. (6) 
can be used to comjrate the velocity of flow or friction loss of a 
liquid-solid mixture when the flow is turbulent. Table I I  presents 
data taken from Bulletin 323 [2]. The data show the degree of 
precision with which a formula of this type may predict friction 
losses for the flow of sludge. The yield value of the sludge in this 
example (sludge No. 2) is of such magnitude that the critical 
velocity in the 1-inch black steel pipe was computed and observed to 
be 14.9 feet per second.
I t  cannot be emphasized too strongly th a t the foregoing con-
V  =  80.2 7) (6)
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TABLE I I
C o m pa r iso n  o f H ead  L osses  C o m p u t e d  b y  K e s s l e r ’s F o r m u la  
w it h  O bserv ed  H ead  L osses  fo r  S lu d g e  F l o w in g  i n  a 1-in c h  
B la c k  S t e e l  P ip e
t y — 0.60 lb. per sq. ft. ; i] =  0.00047 lb. sec. per sq. ft. ; 
y =  75.0 lb. per cu. ft. ; V c =  14.9 ft. per sec.
Head Loss
ft. per 100 ft. Head Loss
Velocity (computed by ft. per 100 ft. P er Cent
ft. per sec. Eq. (6) ) (observed) Variation
15 86 87 +1.32
18 117 120 +2.65
20 145 145 0.00
22 175 175 0.00
24 200 200 0.00
26 232 232 0.00
28 265 270 +1.88
30 300 310 +3.33
32 339 349 +2.95
34 380 390 +2.65
36 420 430 +2.38
38 465 475 +2.15
40 510 520 +1.96
elusions apply only so long as the flow is turbulent. The critical 
velocity should in all cases first be computed by Eq. (4). If  the 
actual velocity is below the computed critical velocity, then the 
plastic-flow relationship of Eq. (3) should be used in computing 
friction loss. I f  the actual velocity is larger than the critical ve­
locity then a friction-factor chart and Eq. (5) may be used.
I f  the settling rate of the particles in suspension is appreciable 
as compared to the mean velocity of flow, then it is necessary to 
take account of the energy required to keep them in suspension. 
Wilson [15] has shown that the following theoretically-derived 
equation fits observed data when the rate of settling of the particles 
is appreciable :
where p  is the weight of solids per unit weight of solid-liquid mix­
ture, K  is a constant associated with the efficiency of settling, 
V s is the rate of settling of the particles, and the other terms have 
been defined elsewhere in this paper. I t  will be noted that in this 
equation the last term may be neglected when the value of V s is
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small or the value of V  is large. In  either case the magnitude of the 
first term is much larger than the magnitude of the second term. 
Here again let it be pointed out that Eq. (7) is valid only when 
the flow is turbulent.
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FLUID FLOW  THROUGH POROUS M EDIA
by
Morris Muskat 
Gulf Research & Development Co.
Pittsburgh, Pa.
As a conduit for fluid flow, a column of porous material might 
well be considered as a perfect example of what a conducting 
channel should not be—for if the conduit is to represent mainly 
the means for confining the fluid stream to a restricted path, the 
addition of the porous medium will superimpose such an enormous 
flow resistance as to change even the order of magnitude of the 
head required to maintain a predetermined flux through the system.
Nevertheless, porous bodies constitute media for fluid trans­
mission in so many phases of industrial activity that they merit 
thorough study. The science of fluid filtration is nothing more 
than a direct application of the principles of fluid flow through 
porous media. Certain methods of oil refining involve the same 
type of problem. The chemical industry is using towers and 
columns of packings of granular materials in an increasing range 
of applications. Textile scientists are finding a knowledge of the 
fluid-transmission properties of woven materials to be of major 
significance in evaluating their products. The fluid conductivity 
of ceramic materials has long been recognized as an important 
characteristic requiring close control. The failure of the civil 
engineer properly to provide for the leakage of water through or 
underneath a dam which he may construct is conclusive and damn­
ing evidence of his incompetence. The hydrologist who does not 
clearly understand the percolation of water through soils can 
properly evaluate neither water run-off conditions in watersheds, 
nor the requirements of irrigation projects. And the petroleum 
engineer who does not fully appreciate the role played by the 
porous rock in controlling the production of oil and gas from 
petroleum-bearing sands may well convert a key to economic and 
military victory into the sealed doom of irreversible defeat and 
human misery.
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From  the strictly scientific point of view, the problem of fluid 
flow through porous media seems to offer but little interest, since, 
at least in the region of viscous flow, the whole subject is covered 
in principle by the well-known Stokes-Navier equations of classical 
hydrodynamics. The fact that the solution of these equations for 
the multiply-connected maze of capillary channels and interstices is 
a hoplessly futile analytical task is a reflection of the limitations 
of the mathematician, rather than an indication of a flaw in the 
physical description of the problem.
From  the practical standpoint, however, the physical implications 
of this mathematical complexity—namely, the intricate geometrical 
network of zero-velocity boundaries—constitute the unique feature 
of the flow through porous materials. Indeed, it is because of the 
tremendous internal boundary surface of a porous medium as com­
pared to its volumetric capacity that the fluid resistance is so much 
greater than in open channels of equivalent cross section. An esti­
mate of these relative fluid resistances is provided by the follow­
ing considerations:
Poiseuille’s formula for the average velocity of flow of a liquid 
of viscosity /x through a tube or pipe of cross section A  under a 
pressure gradient d p /d x  i s :
rr _  _  A dp
°~~ ~  8~ ^ d x
In  the case of flow through a porous medium, D arcy’s law states 
that the average macroscopic velocity is independent of the total 
cross section of the channel, if linear, and is given simply by
k dp  
I“u=~-£ (2)
where k is the ‘ ‘ permeability ’ ’ of the medium, which is, in fact, best 
defined by Eq. (2) itself. Now physical and dimensional considera­
tions indicate that the permeability k should be expressible as r1
(3)
where e is the porosity (fractional void space of the medium), d  is
1 This is the original Kozeny relation. I t  is not presented here as a quantita­
tive expression for the value of k, but rather merely as a means for predicting 
its order of magnitude.
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an average diameter of the constituent particles, and c is again a 
constant of proportionality. Experiments on unconsolidated granu­
lar materials substantiate the approximate validity of Eq. (3), 
and give for c a value of the order of 0.01 when the units in Eqs. 
(1) and (2) are expressed in the absolute c.g.s. system. Hence,
where A  is the effective particle cross section. Thus for a porosity 
of 0.4, Uo/T) 17 A / A  =  17 d,,2/ d 2, where d„ is the diameter of the 
open pipe. Hence if a 1-inch-diameter pipe be filled with particles 
of 0.1-inch diameter to a porosity of 40 percent, the flow resistance 
will be increased by a factor of 1700. Clearly the contrast will 
become even greater if the pipe diameter used in the comparison 
be increased or the grain diameter of the equivalent porous medium 
be taken smaller. In  fact, in many of the practical situations in­
volving fluid flow through porous media the average particle 
diameters are even less than 0.01 inch.
A practical illustration of the tremendous difference in flow re­
sistance between open pipes and equivalent columns of porous 
materials is provided by a situation frequently arising in the pro­
duction of oil from loose or easily-disintegrating oil-bearing sands. 
I f  a well drilled into such formations is not properly completed or 
provided with strainers, sand may flow into the well bore. Be­
cause the well bore then becomes in effect a column of porous 
material, ra ther than an open conduit, in series with the producing 
formation, the flow from the latter may become seriously reduced. 
In  particular, calculation shows that even if the permeability of 
the sand in the well bore is 10 times as great as that of the main 
sand body, the resultant flow resistance of a 25-foot-thick stra­
tum will be increased by a factor of 10 merely by the sanding up of 
the open hole opposite the producing section.
By considering the porous aggregate macroscopically as a con­
tinuous medium for fluid transmission, a very im portant simplifica­
tion results. The detailed microscopic structure with its enormous 
internal surface area can then be averaged or smoothed out, as it 
were, and replaced dynamically by a continuous and uniform 
medium with a fluid transmission coefficient, or permeability k, 
as defined in Eq. (2). The effective flow boundaries of the system
U0 A ( l —e) 
W ~  8irC£3a!2
3A(1 —e)
I e 3
(4)
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are then no longer the myriads of internal particle surfaces, but 
ra ther those defining the overall extension of the porous medium. 
D arcy’s law, as given by Eq. (2), can then be generalized from its 
one-dimensional analogy with that for pipe flow—namely, Eq. (1) 
—and expressed in vector form as
k
V =  ~  p  V  P (5) 
where for simplicity the medium is assumed to be isotropic, and 
the fluid is not subjected to body forces.
This equation represents the macroscopic equivalent of the 
Stokes-Navier equations, in which the porous body is considered as 
a continuum, and v  represents the vector volume flux per unit area 
of the medium. The structure of the medium is characterized by 
the integrated transmission coefficient or permeability k. Although, 
in principle, it is to be considered as a function of the space coordi­
nates, it is locally independent of the nature of the fluid as long 
as the latter is in a single phase. The only property of the latter 
which is of dynamical significance is segregated in the viscosity 
factor, /x.
The validity of these considerations has been verified by 
numerous direct and indirect experiments. However, two basic 
limitations are to be noted. The first relates to the concept of k 
as an invariable constant, for a particular medium, independent of 
the nature and state of the single fluid phase. Recent careful ex­
periments have revealed that, in the case of gases flowing at low 
pressures through ‘ ‘ tight ’ ’ media, the observed value of k is higher 
than that for liquids. This is apparently due to molecular slippage 
at the solid particle boundaries, and, as is to be expected, decreases 
with increasing pressure and decreasing molecular mean-free-path. 
Indeed, on extrapolation of the experimental data to infinite pres­
sures, the apparent permeability reduces to that observed for the 
liquid phase. However, from a practical point of view these effects 
are generally of little importance and do not need to be taken into 
account.
A more fundamental question pertaining to Eq. (5) concerns 
its range of validity. By analogy with well-established hydraulic 
experience, the proportionality between the velocity and pressure 
gradients—i.e., the so-called “ viscous”  region—breaks down at
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high velocities. When this occurs, the flow is said to be “  tu rbu ­
lent, ’ ’ and the pressure or hydraulic gradient varies approximately 
as the square of the velocity. As in the case of the usual hydrau­
lic systems the transition between the viscous and turbulent regions 
is determined by the Reynolds number, dvp/p,, where p is the fluid 
density and d  the average pore or grain size. However, whereas 
for pipes the transition occurs at Reynolds numbers of between 
1000 and 2000, in the case of porous media the continual alter­
nation from converging to diverging microscopic flow channels re­
sults in a transition beginning at Reynolds numbers of the order 
of 1. Moreover, the change to turbulent flow develops gradually, 
ra ther than abruptly, because of the broad range in pore sizes 
occurring in porous media. Data [ l ]1 illustrating this behavior for 
both consolidated and unconsolidated sands are plotted in Fig. 1. 
Fortunately, in most problems arising in the oil industry the fluid 
flow through oil-or gas-bearing strata is in the viscous region.
W ith the basic dynamical equation, such as Eq. (5), established, 
one need only add the equation of continuity and equation of state 
defining the thermodynamic character of the flow to obtain a 
complete system of hydrodynamic equations. For incompressible 
liquids, in isotropic and homogeneous media, one thus finds La- 
P lace’s equation in the pressure distribution. This simple result 
has permitted the solution of a great variety of specific problems 
of practical interest. In  cases where the liquid compressibility be­
comes of importance and transient effects must be considered, the 
combination of D arcy’s law and the equation of continuity leads 
to the Fourier heat-conduction equation with the liquid density as 
the dependent variable. Because of the extensive investigations of 
this equation already available, it is here, too, possible to carry 
through a large number of applications to problems of practical 
interest. On the other hand, when the fluid phase is gaseous, a 
parabolic non-linear equation in the gas density or pressure is ob­
tained, and closed analytical solutions cannot readily be found. 
Nevertheless, for many cases of practical importance it is possible 
to derive approximate solutions of the governing differential equa­
tion of sufficient accuracy to be of value in making predictions and 
controlling industrial operations and development.
As a whole, therefore, the subject of viscous flow of single­
i References appear a t the end of the article.
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phase fluids through porous media may be considered to be reason­
ably well worked out [2], Of course, many special problems still 
remain to be solved, as, for example, certain types of free-surface 
flow systems, with or without the influence of capillary effects. 
These, however, involve mainly questions of analytical manipula­
tion ra ther than the development of new physical principles.
While it is difficult to imagine, on the basis of the general pro­
gram of this conference, why any one other than the author would 
be interested in the flow of multiphase or heterogeneous fluids 
through porous media, this subject will be briefly reviewed for the 
sake of completeness. From  the point of view of the oil industry 
the subject of homogeneous fluid flow has represented mainly an 
unfortunately necessary preliminary to the problems of the flow of 
gas and liquid mixtures through porous media. The basic fact 
underlying the mechanics of oil production is that in the great 
m ajority of oil-producing reservoirs the oil is expelled from the 
oil-bearing rocks prim arily by virtue of the evolution and expansion 
of the gas originally dissolved in the oil. One of the major goals of 
research on fluid flow through porous media by the oil industry 
has therefore been the understanding of the flow of gas, oil, and 
water mixtures through sands so as to aid in the efficiency of oil 
recovery. That this goal is of commercial significance will be 
readily appreciated when it is realized that the expulsion efficiency 
of the dissolved gases is so limited that even when all the gas 
originally dissolved in the oil is exhausted and dissipated, only 25 
to 50% of the oil initially present in the rock will have been re­
covered. A situation such as this certainly merits serious study 
and attention.
At first thought, the development of a dynamical description of 
the microscopic chaos permeating a porous medium carrying a 
multiphase fluid as a gas and liquid would certainly seem to be a 
futile and hopeless ambition. A t least an appeal to classical hydro­
dynamics would imply here an even higher order of naivete  than 
in the case of the flow of a single fluid phase through the complex 
of interstices of a porous rock. And indeed the lesson of the latter 
problem teaches th a t only the macroscopic approach can offer 
promise of obtaining practical results.
Even when accepting the macroscopic point of view in the trea t­
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ment of the general problem of fluid flow, the question immediately 
arises, in the consideration of multiphase fluids, as to how the state 
of such a fluid is to be defined and described. While the question 
as posed in this form may appear to be quite natu ra l from an in­
tuitive standpoint, it turns out that a more fru itfu l procedure is to 
consider the individual fluid phases of the mixture separately. 
That is, instead of combining the separate phases into a single com­
plex pseudo-gas or pseudo-liquid with a composite or effective 
viscosity and equation of state, the identity of each phase is retain ­
ed and its passage through the medium is followed in detail as if it 
were merely flowing in parallel with the other phases. The inter­
action and interplay between these parallel fluid streams is given 
expression by generalizing the original concept of the permeability 
as representing a fixed, integrated transmission coefficient de­
termined solely by the microscopic grain structure of the porous 
medium. Rather, even the local microscopic permeability of the 
medium is now visualized as being dependent on the local volu­
metric distribution of the separate phases. This volumetric distrib­
ution is expressed in terms of the fractional saturations of the free 
pore space of the medium contributed by the individual phases. To- 
each individual phase is then attributed a variable permeability 
which depends on the local phase saturation distribution.
These physical considerations may be crystallized analytically 
into a set of simultaneous representations of D arcy’s law for the 
various phases, namely:
Vi =  - ^ - V P  (6)
Mi
where Vi is the vector volume flux of the i tn phase, of viscosity /*», 
and lii is the permeability to the i th phase. The permeabilities ki are 
functions of all the phase saturations Si, which in tu rn  are now to 
be considered as functions of position and as dependent variables, 
in addition to the common fluid pressure p. The application to 
Eqs. (6) of the equation of continuity for each individual fluid 
component then completes the construction of the hydrodynamic 
equations.
This procedure may be illustrated by the case of a mixture of 
gas, oil, and water flowing through a sand. F or convenience it will
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be assumed that the gas retains its molecular identity whether 
dissolved in the liquid phases or flowing as a free-gas phase. The 
three components will be indicated by the subscripts, g, o, and w. 
The expansion of the oil and water due to the gas dissolved in them 
will be denoted by ¡30 and /?w, and the solubility of the gas in the oil 
and water by S 0 and S w. The gas density will be represented by p, 
the porosity by e, and the time variable by t. I t  may then readily 
be verified that the combination of Eqs. (6) with the three equa­
tions of continuity for the individual phases leads t o :
I t  will be clear that the Eqs. (7) can be readily extended to in­
clude even more than two immiscible liquid phases. The analytical 
complexity will then, of course, become even greater than that 
already inherent in the three Eqs. (7). On the other hand, many 
cases of practical interest may permit simplifications. Thus, as the 
solubility of na tu ra l gases in w ater is much lower than in oil, the 
former may generally be neglected (S w set =  0 ) when both oil and 
water are present in the system. Or, only one liquid phase may be 
present, and the equation for the other liquid phase may be 
dropped entirely.
Before Eqs. (7) or their equivalents can be considered to repre­
sent a complete formulation of the hydrodynamics of multiphase 
fluid flow through porous media, the form of the permeability co­
efficients hi must be specified. This is, in fact, the central prob­
lem of the experimental study of such flow systems, from the point 
of view presented here. Because of the difficult and laborious 
technique involved in this type of experimentation, complete in­
vestigations have been carried through for only a small number of 
porous media. From  a study of these it appears that while the
Sg +  So +  SW - 1
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quantitative details will depend on the exact structure of the 
medium, the broad features will be essentially the same, at least 
for large groups of materials.
An illustration of the type of relationship obtained between the 
permeabilities kt and the fluid saturation is that shown in Pig. 2 
for unconsolidated sands carrying water and carbon dioxide [3]. 
Here the ordinates are the observed permeabilities for each of the 
two phases, expressed as percentages of the homogeneous or single­
phase fluid permeability. The abscissas indicate the local liquid 
saturation as a percentage of the pore space. I t  will be observed 
that the permeability to the liquid phase k t drops rapidly as the 
gas begins to displace it, and, in fact, falls to half of the single­
phase value when the gas content of the sand is only 19 percent. 
Moreover, it becomes quite negligible when the liquid saturation 
falls to 30 — 40 percent of the pore space. The gas permeability, 
however, remains zero un til the free-gas saturation rises to a cer­
tain  minimum value, the gas remaining locked, in effect, within 
the pores of the rock. This minimum saturation has been termed 
the “ equilibrium saturation for the gas”  and the corresponding 
liquid permeability as the “ equilibrium permeability.”  The latter 
is thus the maximum value which can be maintained in steady-state 
conditions of flow, and the equilibrium gas saturation represents 
the minimum value under which steady-state conditions can be 
maintained.
When the gas saturation exceeds its equilibrium value, the gas 
permeability becomes non-vanishing, and moreover grows rapidly 
with continued increase in gas saturation. Finally, when the 
liquid saturation has fallen to 10 — 20 percent, the gas permeability 
becomes substantially equal to that of the liquid-free rock.
These empirical results can be readily interpreted in terms of 
the nature of the microscopic flow channels established and main­
tained by the individual phases. The differential behavior between 
the gas and liquid phases is largely the consequence of the fact that 
with respect to the internal surface of the porous medium the gas 
is a non-wetting phase and the liquid is the wetting phase. I t  is 
therefore to be expected that the gas bubbles will tend to occupy 
and block off the open parts of the pore space and thus markedly 
cut down the permeability to the liquid phase even when it is pres­
ent in quite low concentrations. On the other hand, the liquid
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phase will tend to fill out first the small and sharp-angled recesses 
of the medium, which, even when free of liquid, do not contribute 
appreciably to the flow of gas through the system. I t  is for this 
reason that the gas permeability substantially reaches its homo­
geneous fluid value even though 10 — 20 percent of the total pore 
space is occupied by liquid.
F i g . 2 .— R e l a t i v e  P e r m e a b i l i t i e s  f o r  t h e  G a s  a n d  L i q u i d  P h a s e s  F l o w ­
i n g  S i m u l t a n e o u s l y  T h r o u g h  a n  U n c o n s o l i d a t e d  S a n d .
(K  =  permeability to gas phase, Kj =  permeability to liquid 
phase. Relative permeability is expressed in percentage of homo­
geneous fluid value. Dashed curve gives resultant 
permeability for both phases.)
These considerations are substantiated by the fact that the gen­
eral features of the curves of Fig. 2 characterize any pair of wet­
ting and non-wetting phases, such as oil and water. I f  the latter
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preferentially wets the sand, it will play the role of the single­
liquid phase in the above discussion. And the role of the gas in the 
latter will be taken here by the oil. W ith this analogy the varia­
tions of the permeabilities for the oil and water will be similar to 
and can be interpreted in the same manner as those for gas and 
liquid.
I t  is to be noted that the 'sum of the permeabilities of a porous 
medium to the individual phases of the multiphase flow system is, 
in general, less than that of the same porous medium to a single 
phase or homogeneous fluid, except for low saturations of the 
wetting phase, which, as already mentioned, does not materially 
obstruct the flow of the non-wetting phase. This is shown directly 
by the dashed curve of Fig. 2, which is a plot of the sum of the two 
solid-curve ordinates. The compressibility of the gas is not a 
prim ary factor in determining the additional energy dissipation 
and increased fluid resistance in the multiphase systems, for, as 
previously indicated, the same type of permeability-saturation 
curves is obtained with oil and water as with gas and liquid. The 
major factors are the pore structure of the medium and the in-
F i g . 3 .— R e l a t i v e  P e r m e a b i l i t y  t o  W a t e r  a s  a  F u n c ­
t i o n  o f  t h e  W a t e r -S a t u r a t i o n  i n  a  P o r o u s  M e d i u m  
C a r r y i n g  O i l , G a s , a n d  W a t e r .
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herent immiscibility of the two phases, which, in turn , results in 
the complex and fluctuating network of fluid interfaces.
Unfortunately only one type of porous medium—a group of un ­
consolidated sands—has been studied experimentally with hetero­
geneous fluids consisting of three phases—namely, gas, oil, and 
water [4]. While the quantitative results of these experiments un ­
doubtedly have no general validity, it  seems very likely that the 
qualitative features will be typical of many porous media. Fig. 3 
shows the observed variation of the permeability of the water phase, 
which was found to be essentially independent of the distribution of 
the other two, and hence is plotted directly against the water satur­
ation. This independence of the water permeability of the com­
position of the other phases is undoubtedly due to the fact that it
100% GAS
F i g . 4 .— C u r v e s  o f  C o n s t a n t  R e l a t i v e  P e r m e a b i l i t y  t o  t h e  
G a s  P h a s e  f o r  a  P o r o u s  M e d i u m  C a r r y i n g  O i l , G a s , 
a n d  W a t e r .
is here, too, the wetting phase. In  fact, these data for the three- 
phase systems agree closely with those shown in Fig. 2 for the water 
in two-phase systems.
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In  the case of the gas phase there is some variation of the gas 
permeability with the composition of the other two. This is in­
dicated by the curvature of the constant-permeability curves in the 
triangular diagram of Fig. 4. I t  will be noted that the gas perme­
ability decreases as either of the other two is added to the system. 
The reverse effect, together with an asymmetry, was observed for 
the permeability to the oil phase, as shown in Fig. 5.
100% GAS
F i g . 5 .— C u r v e s  o f  C o n s t a n t  R e l a t i v e  P e r m e a b i l i t y  t o  t h e  
O i l  P h a s e  f o r  a  P o r o u s  M e d i u m  C a r r y i n g  O i l , G a s , 
a n d  W a t e r .
W ith respect to the fluid distribution within the composite flow 
system, these studies show that if the free-gas saturation exceeds 
some 35 percent, the flow stream will be almost entirely gas. Ap­
preciable w ater flow will generally develop when the water satur­
ation becomes greater than about 50 percent, and for a clean oil 
flow to result the oil saturation must be at least 50 percent. To 
obtain an appreciable flow of each component simultaneously, the 
saturation distribution must lie within a narrow range, with gas 
saturations below 30 percent. In  this range the composite flow
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00%  GAS
F i g . 6 .— C u r v e s  o f  C o n s t a n t  T o t a l  P e r m e a b i l i t y  E x p r e s s e d  a s  P e r ­
c e n t a g e s  o f  t h e  H o m o g e n e o u s  F l u i d  V a l u e  i n  a  P o r o u s  M e d i u m  
C a r r y i n g  O i l , G a s , a n d  W a t e r .
resistance may be seven times as great as that for a single phase 
fluid, as shown by the contours of constant total permeability 
plotted in Fig. 6. In  the case of two-phase flow, the maximal flow 
resistances were less than three times as great as for the single­
phase system, as indicated in Fig. 2.
These are the essential empirical results of investigations on 
fluid flow through porous media. I t is realized that the subject at 
the best lies only on the fringe of what is generally considered to 
be the field of fluid resistance. Moreover, the terminology that has 
been used in this paper is admittedly unorthodox from the point 
of view of the hydraulic engineer. Nevertheless, it is hoped that 
this review will stimulate additional interest in a technical subject 
which, regardless of its exact classification, is of vital importance 
in many of our daily activities, both in war and peace.
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CAVITATION PROBLEM S AND T H E IR  E F F E C T S  UPON 
TH E DESIGN OF HYDRAULIC TURBINES
by
J. M. Mousson 
Rustless Iron and Steel Corporation 
Baltimore, Maryland
I n t r o d u c t io n
At the present time, a new peak in hydraulic-turbine production 
has been reached. The key note is un it capacity, ra ther than 
hydraulic or mechanical perfection. I t  should be emphasized, how­
ever, that units recently installed or now in process of manu­
facture may be expected to have also better performance char­
acteristics than those attained but a few years ago. Progress of 
propeller turbines in particular has been stimulated through the 
successful exploitation of many low-head sites, previously thought 
undesirable from an economic point of view. Since 1931, when 
axial-flow turbines of high capacity were first introduced in this 
country, units totaling more than 2 million horse power have been 
built by American manufacturers. W ith this rate of production 
as an incentive for extensive laboratory practice, a stage in de­
velopment has been reached at which the limitations previously 
imposed by general cavitation are no longer as critical. While but 
a few years ago cavitation made a compromise between efficiency 
and capacity inevitable, research has provided the essential basis 
for improvement to such an extent that this once-typical char­
acteristic may no longer be regarded as an inherent weakness.
Since the limits of general cavitation, and the laboratory pro­
cedures for their determination, have been discussed only recently 
[ l ] 1, the object of this paper is to show the progress made in tu r ­
bine design, construction, operation, and maintenance to eliminate, 
or at least minimize, cavitation phenomena and their varied, detri­
mental effects.
1 References appear a t the end of the article
146
http://ir.uiowa.edu/uisie/27
C a v it a tio n  a n d  T u r b in e  D e s ig n  F e a t u r e s
General Trend in Propeller-Turbine Construction 
While at the outset the higher speeific-speed characteristics of 
propeller turbines were exploited to the limit, with a consequent 
tendency to over-speed the units, a more conservative policy is now 
being pursued. The compactness of blade-operating mechanisms 
for units of the movable-blade type has also advanced to such an 
extent that runners may now be equipped with as many as seven 
or eight blades. This feature has materially widened the range 
of head under which these turbines may be operated satisfactorily. 
W ith increasing head, the possible number of blades becomes a 
decisive factor, as more adequate overlapping must be provided to 
hold the water to the suction faces of the blades. Design char­
acteristics now generally accepted are summarized in Table I.
TABLE I
T y p i c a l  D e s i g n  C h a r a c t e r i s t i c s  o f  P r o p e l l e r  T u r b i n e s
Operating
Head
ft.
Number
of
Blades
Range of 
Specific 
Speeds: N g
Values
of
Sigma
10- 65 3-5 110-215 0.5-1.3
70-115 6 85-160 1.1-1.6
150-180 8 80-110 1.3-1.9
For the typical range of low heads, it is usually found that with 
three-bladed propeller runners some sacrifice in efficiency is neces­
sary. Furtherm ore, three-bladed runners invariably show a higher 
cavitation coefficient than units equipped with four or five blades. 
Hence, also lower settings with respect to tail water are required.
Although units for the highest range of head referred to in Table 
I  have not as yet been installed in this country, they have found 
repeated application abroad. Due to their success, more serious 
consideration should be given to propeller units under similar con­
ditions of available head in preference to the conventional Francis 
turbines with less favorable operating charactertistics and larger 
space requirements for identical unit capacities.
Conduciveness to cavitation has also been diminished by means 
of improvement in flow conditions immediately ahead of the ru n ­
ners. One of the desirable features, only recently fully recognized, 
is the possibility of off-setting the center line of intakes from the 
center line of units. There has been considerable reluctance to
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adopt this practice due to the inevitable increase in construction 
costs imposed by more complicated contraction joints and concrete 
forms. However, since with adequate dimensioning of the offset 
unfavorable vortex conditions in the intakes can be avoided through 
a more complete development of the scroll, the higher costs can be 
justified due to the possible gain in efficiency over the entire load 
range and the decrease in the tendency to cavitate when operating 
at high capacity.
Recent developments in the design of speed rings and wicket-gate 
mechanisms are noteworthy. Plow obstructions have been reduced 
to a minimum by decreasing the number of stay vanes to half that 
of the guide vanes. Furthermore, both of these vanes are no longer 
designed with straight longitudinal axes, but are curved in plan to 
im part the entrance whirl with a minimum of turbulence. The 
formation of large unstable low-pressure zones on one side of these 
vanes may thus be prevented, or at least reduced in size, and the 
danger from vortex trains originating in these zones and aggravat­
ing general and local cavitation conditions becomes less acute.
Another improvement in design provides for less overhang of 
the wicket gates. By “ overhang”  is meant the distance be­
tween the downstream edge of the wicket gates and that point 
where the lower distributor surface tends to fall away from the 
bottom of these gates. Although this feature necessitates wider 
and flatter distributor rings, it gives the advantage of eliminating 
cavitation in the wake of the wicket gates when in wide-open posi­
tion. Specifications, now being prepared for one of the largest 
low-head plants ever to be built, contemplate a design with no over­
hang of wicket gates whatever.
Most important, of course, are developments in runner design. 
The adoption of conical hubs benefited efficiency as well as cavita­
tion characteristics. Attempts to eliminate leading-edge cavitation 
have also been successful. This phenomenon has been troublesome, 
as it caused pitting on the pressure and suction faces of the turbine 
blades immediately downstream from the leading edges. These 
edges are particularly conducive to cavitation, as they constitute 
the uppermost portion of the rotating element, and consequently 
the cavitation coefficient applicable to these locations is bound to 
be more critical as compared with that of the installation as a whole. 
In  addition, the proper selection of the blade angle at the entrance
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to the runner is of paramount importance in obtaining a minimum 
of shock. Experience has also shown that the leading edges must 
be carefully shaped to avoid cavitation. Blade noses found suitable 
under service conditions are shown in Fig. 1.
Experience has taught 
that reversals or dis­
continuities in radial 
blade sections are liable 
to cause serious pitting, 
despite the fact that 
these zones may be only ¿ ProfMwP6,t<r •• l~l
of limited extent. While - j — S u i t a b l e  P r o f i l e s  f o r  B l a d e  N o s e s .
the first high-capacity
units of the adjustable-blade type manufactured in this country 
were particularly subject to this weakness, the progress made in 
the understanding of this problem has been helpful. More careful
shaping of blades to 
E  J k  conform to those of the
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l i as  b e e n  s t i m u l a t e d
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: W  I i o n  o f  m a e l i i l i e d  b l a d e s .
H r  <>l" ’ A m er i c a n  m a n u ­
f a c t u r e r  has  a d o p t e d  
’K]  tlit* Ke l l e r  t y p e  of  mill- 
m " equipiiKMit lo r  th i s  
§ ,"SSlfv‘jjPgH R pr p u r po se .  wh ich  h a n d l e s
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H  Fig .  2 ) .  P r o f i l i n g  ma-
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t y p e  wi th  hor i zonta l  
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-  F  b l ades  si m u It ane ou s l y
e m p l oy e d  a b r oa d .
.............— T h e  a v a i l a b i l i t y  of  ma-
chining equipment to 
photo, courtesy s. Morgan Smith Co. certain manufacturers
made others refine theirT i g . 2 .— K e l l e r - T y p e  P r o f i l e  M a c h i n e .
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shop methods through closer spacing of templates to keep a more 
accurate check on the blade profiles. Although machined blades 
have been widely used abroad, nevertheless there are not as yet suf­
ficient data available to fully justify  their adoption.
In  some instances, shroud bands on runner blades have been 
introduced to eliminate or at least minimize pitting caused by gap
cavitation [2] (see Fig. 
3). For the same p u r­
pose, clearances be­
tween runner-blade pe­
ripheries and throat 
rings have been ma­
terially reduced. I t  
should be recognized, 
however, that there is a 
definite desirable mini­
mum of clearance, be­
low which one may not 
dare to go. On the other hand, there are no restrictions imposed on 
the depth development of the peripheral shroud which could pre­
vent full effectiveness. The meager comparative data at hand 
would make a decision as to the preferable solution premature.
Rational Approach to Further Improvement in Propeller  
Turbines
In  view of the substantial progress made, additional improve­
ments become more and more difficult. This has been fully real­
ized by the industry, as is apparent from the various laboratory 
procedures now being employed to achieve fu rther refinement. 
Some of these methods are extremely cumbersome and expensive, 
as, for instance, the testing with painted runner blades to detect 
local cavitation zones through paint removal, visual examination 
by means of stroboscopes, and spark photography. There is serious 
doubt, moreover, as to the merit of these methods. Unless cavita­
tion is active or visible, the results are bound to be negative, de­
spite the fact that the pressure distribution may not be uniform and 
fa r from ideal. Therefore, a more rational approach which may 
give promise of useful results, even though the pressure at any part 
of the turbine has not been lowered below the vapor pressure, is
Shroud on £>)ade 
Periphery
Pressure Face^ 
5uc+ion Face
¿¿A
^-JTbroert 
Z King
Turbine Blade
F i g . 3 .— S h r o u d  B a n d  o n  R u n n e r  B l a d e  
P e r i p h e r y  t o  M i n i m i z e  G a p  C a v i t a t i o n  
a n d  P r e v e n t  P i t t i n g  o n  S u c t i o n  F a c e .
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deemed essential. In  other words, it is no longer a question of only 
eliminating cavitation, but turbine designs must be refined to such 
an extent as to avoid low-pressure zones out of line with the desired 
average pressure distribution.
In  view of the above, nothing short of actual measurement of the 
pressure on the various parts of a model turbine in operation can 
give promise of a satisfactory solution. Past experience has demon­
strated that hydraulic model tests are out of the question, because 
piezometer readings would not be of sufficient accuracy. The only 
possible approach, therefore, is aerodynamic testing. This method 
has been employed with great success by one m anufacturer for the 
detailed study of individual turbine parts [3] set in a wind tunnel 
and also by actually substituting a ir for water to operate turbine 
models [4, 5]. As air is compressible, it is essential to evaluate any 
possible effect upon the pressure readings and the reactions on the 
blades. Analysis shows that for an air velocity of 300 feet per 
second the density differs less than 4 percent from that of motion­
less air. This would indicate that corrections on pressure readings 
will be small, provided actual and relative velocities are kept within 
reasonable limits. Regarding the reaction of the turbine blades, it 
can also be demonstrated that at the same air velocity of 300 feet 
per second the corrections required to bring results on the basis of 
an incompressible fluid will not exceed 3 to 4 percent.
Model testing of any kind is, of course, predicated on the assump­
tion that similitude prevails between the laboratory apparatus and 
the prototype installation. This prerequisite must be fulfilled by 
the mechanical parts and the flow passages, and also by the char­
acteristics of the flow itself. In  consequence, the ratio of the Rey­
nolds numbers for model and prototype installations should equal, 
or at least closely approach, unity. I t  is, therefore, interesting to 
note that this requirement can also be met in using air for pro­
pulsion of models instead of water.
Two general arrangements suitable for aerodynamic turbine test­
ing are shown in Fig. 4. While for one of these air is sucked 
through the turbine, it is pressed through the unit in the other 
where a scroll case is installed ahead of the speed ring. In  both of 
these laboratory set-ups, the quantity of air is measured by a cali­
brated nozzle placed downstream from an equalizing tank. One of
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the main advantages of aero­
dynamic laboratory equipment 
lies in the small space require­
ments. Less than half the room 
is needed when compared to low- 
head hydraulic model equip­
ment. Furthermore, the easy 
accessibility of all flow passages 
and their light construction 
simplify many problems.
Equipment of this kind lends 
itself favorably to the explora­
tion of the velocity distribution 
immediately u p s t r e a m  and 
downstream from the runners, 
and, which is more important, 
to the actual determination of 
the pressure distribution on the 
turbine blades under operating 
conditions. In  this connection, 
it has been found advantageous to place piezometers on radial 
sections and to assign one section to each blade. I f  the pressure at 
any location reaches a value below the vapor pressure, cavitation 
would actually occur in this region on the prototype. From  the 
aerodynamic tests, the hydrodynamic pressure distribution can be 
calculated. Whereas for areodynamic installations there is no limit 
to the negative pressures, the vapor pressure for hydrodynamic 
tests sets a minimum. This makes it necessary to cut away the 
negative pressure peaks indicated in the course of the aerodynamic 
tests.
As favorable results have been obtained with wind-tunnel ex­
periments and air-propelled model turbines, it is believed that this 
method should now be more generally considered to assure further 
progress in the design of hydraulic prime movers.
A ir I n j e c t i o n  to  I m pr o v e  T u r b in e  O pe r a t io n
Mo t t  le f o r  
A ir Gauging
Straightening Vanes
Blower
t — r ^ & lo w e r  
^  ^Equalizing Tank
Nozzle f o r
'A ir gauging.
Straightening Vanes
F i g . 4 .— Two G e n e r a l  A r r a n g e ­
m e n t s  o f  A e r o d y n a m i c  T e s t i n g  
o f  H y d r a u l i c  T u r b i n e s .
A ir Injection to Dampen Vibration Due to Cavitation 
Operating experience with propeller units of the fixed- and acl- 
justable-blade type has shown that vibrations may. occur in the
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range of from near full-load to over-load conditions. The intensity 
of the observed phenomena depends in a large measure upon the 
location of the cavitation limits with respect to the physical 
capacity of the units. W ith the former well below the capacity 
limit, vibration is likely to be fa r more severe. Aside from the 
shape of the runner blades, other design features are also of import­
ance. F o r instance, under the prevailing velocity conditions at full 
load, it is practically impossible for the water to follow the profile 
of the runner deflector. In  consequence, unstable cavities of con­
siderable size may form beneath the runner, and bumping of units 
may occur due to the collapse of these cavities. Curiously enough, 
model tests carried out about three years ago at the Holtwood 
Hydraulic Laboratory indicated that shorter deflectors tend to 
improve the efficiency at part load—that is, in the very range 
where peak efficiencies are an all-important issue for propeller 
units of the adjustable-blade type. Hence, deflector designs, ad­
vantageous from an efficiency point of view, may tend to make 
conditions more conducive to cavitation and the resulting vibration 
in the maximum-load range.
Vibration may be so severe as to become the limiting criterion 
for allowable maximum gate setting. A t Safe Harbor, for example,
P i g . 5 ___S h r a d e r  T r i - D i m e n s i o n a l  Y i b r o g r a p h .
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conditions were particularly annoying due to the proximity of the 
control room to the first group of the initial units, subject to 
phenomena of this kind when operating at high capacity. As a re­
sult, vibration measurements were made at various locations in the
RECO RDS OF 
V IB R A T I O N  OF 
HEAD C O V E R .
P E R I O D I C I T Y  OF 
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F i g . 6 .— R e c o r d s  o f  V i b r a t i o n  P h e n o m e n a  O b t a i n e d  
w i t h  S h r a d e r  V i b r o g r a p h  L o c a t e d  o n  T u r b i n e  
H e a d  C o v e r  a n d  D r a f t - T u b e  B r i d g e .
power house. A  special vibrograph was used for this exploration 
which recorded the vibration waves in all three planes of a space- 
coordinate system (Figs. 5 and 6). The turbine gate openings 
were finally limited to that for which vibrations were thought to be 
tolerable. I t  is but natural that this restriction on unit and sta­
tion capacity led to a detailed study to overcome these limitations.
Tests with varying quantities of air injected through twin open­
ings in unit head covers proved very successful. F or this study, 
an electric vibration-velocity meter was used (Figs. 7 and 8 ). 
Keeping the magnitude of allowable vibration the same and in­
jecting air at a rate of 125 cubic feet per minute, a capacity gain
^ - V M T I C A l .  v i b r a t i o n  
^ C A S T - W M T  VIBRATION
j*-.... )%.
£  M O R.T w ” S O « T l i  Y i» K * T * ® * <
i t « » »  m m - r n v .m ®  m .
? * a>.ooo 2
N O  AIR ADMITTED A B O V E  RUNNER
w m ~ r r ':^ — ^ ..............
COAO - 3 3 , 0 0 0  M *  H t W - y  F T .
A IR  A D M I T T E D  ABOVE R U NN E R
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in excess of 1,000 kilowatts per 
un it was indicated (Fig. 9), or 
a total of more than 6,000 kilo­
watts for all units then in­
stalled. In  the light of these 
results, injection of air was 
adopted as a standard operating 
procedure for the range of high­
er gate openings, and increased 
maximum-gate limits were put 
into effect. The unit most re­
cently installed was provided 
with five equally-spaced open­
ings for air admission through 
the head cover. There are p re­
liminary indications that better 
results may be obtained with 
but two openings located dia­
metrically opposite each other—-
F i g . 7 .— P o r t a b l e  G e n e r a l  E l e c t r i c  
V i b r a t i o n - V e l o c i t y  M e t e r  a n d  
V i b r a t i o n  P i c k - U p  D e v i c e .
t h e  arrangement 
on all of the other 
units.
Aside from air 
injection through 
the head cover, 
other tests were 
made with air ad­
mitted through the 
stay vanes. This 
was made possible 
by connecting the 
steam - piping as­
sembly for frazil- 
ice protection to 
the 100-pound air- 
supply system of 
the station. Holes 
of 3/16-inch di-
F i g . 8 .— V i b r a t i o n  C u r v e  O b t a i n e d  w i t h  G e n e r a l  
E l e c t r i c  V i b r a t i o n  V e l o c i t y  M e t e r  a n d  
V i b r a t i o n  P i c k - U p  D e v i c e  M o u n t e d  o n  
D r a f t  T u b e  M a n h o l e  D o o r  o f  U n i t  N o .
6  a t  S a f e  H a r b o r .
Average Head for Test 54.5 f t .;  Sigma =  
0.755.
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ameter were drilled from the downstream edge of the stay vanes 
close to the lower distributor plate through into the hollow core of 
the vanes. Comparative results on the intensities of vibration with
and without a ir in- 
j e c t  i o n  through 
the head cover and 
stay vanes are also 
shown on Fig. 9. 
I t  is interesting to 
see that in using 
both facilities si­
multaneously an 
additional gain in 
capacity can be 
realized.
The latest unit 
to be installed was 
also equipped with 
air-injection facil­
ities through the 
guide vanes. To 
bring air to the in­
side of these vanes, flexible metal hose connects a receptacle mount­
ed on top of each wicket gate with a circular air header above the 
turbine head cover. Compressed air can be discharged into the 
water passage through a diagonally drilled hole which leads from 
the hollow core of each wicket gate to its underside. The air outlet 
is located downstream from the gate stem. Comparative results for 
all three types of air injection—that is, through head cover, stay 
vanes, and guide vanes—are not as yet available.
W ith vibration phenomena an all-important factor at high gate 
operation, it was thought advisable to install, at least on one unit, 
an experimental device to assist in proper loading without exceed­
ing allowable vibration limits under all operating conditions. Since 
the cavitation coefficient depends on the total head on the unit, as 
well as on the suction head, the gate limits for constant vibration 
level must obviously vary with change in available head (Fig. 10). 
In  addition, the intensity of vibration depends upon the water
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temperature, due 
to the marked 
change in vapor 
p r e s s u r e  with 
varying tempera­
tures ; hence, the 
gate limits are also 
subject to seasonal 
variations, a n d  
may be higher in 
winter than in 
summer for iden­
tical levels of vibration velocity. Furthermore, there are effects 
superimposed due to the fluctuations in barometric pressure and 
the seasonal variations in the dissolved-air content of the water.
The experimental unit-loading apparatus consisted of a remote-
indicating vibration-velocity _  _ _____
meter installed on one of the 
unit instrument-board pan­
els in the control room 
which was connected to a 
vibration - pick - up device 
mounted on the draft-tube- 
manhole door of the same 
unit (Fig. 11). Under maxi­
mum - capacity operating 
conditions, this apparatus 
proved of valuable assist­
ance in loading this p a r­
ticular unit correctly to the 
proper limits in a minimum 
of time. In  contrast, the 
conventional procedure had 
to be followed on all other 
units in finding the correct 
gate openings indirectly
based on the predetermined F i g . 11.—G e n e r a l  E l e c t r i c  V i b r a t i o n -
power output and in using V e l o c i t y  M e t e r  I n s t a l l e d  o n
. . .  I n s t r u m e n t  B o a r d  o f  U n i t  No. 6
the indicating w att meter AT s a f e  H a r b o r .
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as a guide. Valuable time was lost, as 15 to 30 minutes elapsed 
before near-proper gate settings were found through tria l and 
error in averaging readings from the indicating watt meters. Since 
it was difficult to adjust the loads on the units by this means with­
in 500 kilowatts, hourly integration of unit loadings had to be re­
sorted to. A fter several hours had  passed, and provided the head 
on the station remained constant, this procedure was successful, 
though extremely cumbersome.
In  view of the various and im portant operating advantages to 
be gained with remote-unit vibration-velocity meters, the decision 
was made to equip, as soon as possible, all units with suitable ap­
paratus of this kind.
A ir  Injection to Prevent or Reduce P itt ing Due to Cavitation
Perhaps the first commercial installation to be equipped with 
air-admission facilities to prevent attack from cavitation was made 
abroad almost ten years ago on a butterfly  valve where severe p it­
ting  had occurred downstream from the heaviest section of the 
valve disk. This pioneer installation proved to be very successful 
and demonstrated the usefulness of air injection in practice. As 
laboratory tests have actually confirmed the effectiveness of air
[6], measures of this kind may be equally feasible on turbines, pro­
vided a carefully planned approach is used. Since the suction faces 
and the peripheral edges of propelleter-type runner blades, as well 
as the throat ring and draft-tube liners, are the most vulnerable 
locations for cavitation, air injected through the head cover may 
likely be of little value for the reduction of pitting. Furthermore, 
air ejected at the root of stay vanes and guide vanes may help to 
reduce pitting only in the wake of these vanes. In  view of this, it 
would be worthwhile to consider for new turbine installations an 
unbroken curtain formed by air escaping from a perforated pipe 
ring inserted flush with the circular wall section of the water pass­
age near the downstream edge of the lower distributor plate. An 
installation of this kind may be helpful not only on propeller-type 
turbines, but also on Francis units where in many cases severe p it­
ting has occurred at the junction of the blade spoons with the ru n ­
ner band.
Up to the present time, no installation for air admission has 
been made to give protection to the most vulnerable trailing halves
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of the blade suction faces of propeller turbines. I t  is realized that 
the mechanical solution may present some difficulties, particularly 
for Kaplan units in which the turbine shaft must accommodate the 
operating mechanism of the blade. However, for fixed-blade pro-» 
peller turbines, and also for adjustable-blade units of the Terry 
type, air could be fed into the runner through a hollow turbine 
shaft and from the runner hub through suitable passages in the 
blades to the areas on the suction faces particularly susceptible to 
attack by cavitation.
Due to its possible detrimental effect on efficiency, air injection 
should not be used without discretion. I t  can also be expected that 
the necessity of air injection may decrease with progress in de­
sign as well as with more extensive use of materials which are 
highly resistant to the attack by cavitation.
C a v it a tio n  and  M et a l l u r g ic a l  A s p e c t s  
Operating Experience and Research
Although pitting  seriously impaired operating characteristics of 
Francis turbines in many instances, little was made known to the 
engineering profession in general for many years. This policy 
can only be explained by the apparent inconsistencies in the ob­
served phenomena. While certain installations showed no signs of 
pitting whatever, others of a like design were seriously affected. 
In  addition, some turbines developed the first signs of damage at 
the outset while for some inexplicable reason other units remained 
unattacked, only to fall subject to the same destructive disease 
after a period of perhaps many years of apparently complete im­
munity. Since the nature of the hydraulic phenomenon and the 
metallurgical aspects of pitting were not yet explained, there was 
ample reason for the reluctance of the industry to make any state­
ments whatever.
Two factors were responsible for bringing the problem to the 
attention of the profession as a whole. As the urgency of relief for 
the affected units of the Francis type became more acute with time, 
water-power utilities pooled their experiences and made the first a t­
tempt to solve the problem, particularly that of maintenance, 
through a joint effort [7, 8]. The other factor coming into play 
was the advent of the propeller-type turbine, which is inherently
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more conducive to cavitation than a unit of the Francis type. 
Thus, turbine users and manufacturers alike began seriously to 
explore the many aspects of the problem.
Perhaps no other field of hydraulics has produced as many dif­
ferent and independent researches in such few years as has cavita­
tion. The variety of approaches and, in some instances, the unique 
design of testing apparatus are noteworthy. These laboratory 
equipments included complete model turbines equipped with blades 
consisting of different materials to be investigated [9] ; Yenturi 
[10] or nozzle [11] type cavitation test stands, water sirens 
[12], apparatus employing plunger or piston arrangements [13] 
to produce water hammer or pressure waves, ro tary  disks with 
specimens mounted on the periphery to cut water jets at high speed 
[14], and vibratory equipment built with magneto-striction oscil­
lators [15, 16].
The wide variety of laboratory apparatus reflects the underlying 
thoughts in approaching the problem. While in one instance a solu­
tion was attempted by means of turbine models under conditions 
identical to those of the prototype, a slow and cumbersome pro­
cedure, others experimented with cavitation of such intensity that 
but a few minutes were necessary to cause the severest of pitting 
on highly resistant materials. Neither of the two extremes is 
thought desirable. The method employed for accelerating the 
tests should under no conditions change the fundamental charac­
teristics of the cavitation attack. F or instance, there is serious 
doubt in regard to the similitude of cavitation generated by vibra­
tory equipment as compared with that occurring in turbine in­
stallations, because stroboscopic observations have shown that the 
formation of cavities with this type of apparatus follows a con­
sistent pattern, and that the attack occurs repeatedly on any loca­
tion in an identical fashion [17]. This method is radically d iffer­
ent from field conditions in which successive blows fall irregularly 
without following any definite pattern  both as to time and space, 
which results in a kneading type of stress application. In  view of 
this, it is believed that only cavitation test stands of the V enturi or 
nozzle type may produce experimental results under accelerated 
conditions which may be regarded as tru ly  comparable to proto­
type conditions.
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In  the light of the above, the results obtained in the course of 
the various investigations may not be directly compared with each 
other and the validity of particular findings must of necessity rest 
on the merits of the type of stress application produced by the 
laboratory apparatus employed. In  addition, as the vast majority 
of studies confined themselves to mere surface examination, caution 
is deemed advisable in following some of the theories evolved in 
explanation of the mechanism of pitting. However, some re­
searches have been carried out with the aid of complete metallo- 
graphic analyses, which alone may provide an adequate basis for 
the determination of the characteristic phenomena [6].
P itting  due to cavitation is indeed a very complex mechanical 
process. Detailed microscopic and photo-micrographic examina­
tions of a large variety of ferrous and non-ferrous materials in 
various conditions have indicated that many different factors in­
fluence the resistance. Some of the most im portant may be men­
tioned :
Chemical composition: Amount and kind of alloying 
elements; magnitude of free carbon content; presence of free- 
machining agents such as phosphorus, sulphur, or selenium; 
pu rity  of metal and size of non-metallic inclusions.
Physical characteristics: Ductility, tensile strength, original 
hardness, susceptibility to strain hardening, maximum of in­
duced surface hardness, fatigue properties, yield point, capa­
city to yield, and limit of yield exhaustion.
Characteristics of s tru c tu re : Grain size, grain shape, 
amount of interlocking between grains, stratifications provid­
ing little bond between successive layers, presence in ductile 
m atrix of brittle substances such as formations of eutectoids, 
etc.
There is also indication that under certain conditions corrosion 
may play an important part. As the casting skin on runners usual­
ly shows a higher hardness and a denser structure than the parent 
metal beneath, active corrosion for a sufficient length of time may 
expose less resistant material. This may explain the fact th a t some 
turbine runners have shown severe damage due to cavitation only 
after a long period of operation with complete immunity to pitting. 
The removal of the casting skin by corrosion alone may not be the
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only factor in such instances. The roughening of the surface may 
be an important contributory cause in making local conditions in 
the wake of these corroded areas more conducive to cavitation.
The importance of the various material characteristics is readily 
seen from the nature of the punishment. Blows, varying in in­
tensity and covering very small surface areas, follow each other in 
rapid succession. Due to this type of attack, the surface layer, 
perhaps a few thousandths of an inch in depth, tends to yield. 
Rockwell hardness tests have demonstrated that the kneading type 
of stress application may appreciably increase the surface hard ­
ness. Furthermore, microscopic examinations have disclosed slip 
bands, and in other cases twinning of crystals, and these visual 
findings substantiate the results of the hardness tests. Under at­
tack of a severity sufficient to cause repeated stress applications in 
excess of the fatigue limit, failure in the surface layer will eventual­
ly take place due to fatigue or cleavage cracks. The fatigue limits 
are, therefore, one of the predominant factors for materials which 
do not tend to yield. W ith excellent yield properties, a continuous 
plastic deformation in the surface layer is likely to occur, and 
failure may then take place through exhaustion of the capacity to 
yield.
Photomicrographs have also shown that the progress of cracks, 
either inter- or intra-crystalline, may be retarded by grain bound­
aries. Thus, otherwise identical materials may have varied pitting 
resistances simply due to the difference in grain size. On the other 
hand, break-throughs between impurities or non-metallic inclusions 
may facilitate more rapid progress of the fatigue cracks. Likewise, 
stress concentrations on the tips of carbon, phosphorus, or sulphur 
flakes may be responsible for earlier initial failure. I f  cracks or 
crevices are formed of sufficient size to admit fluid, failure may 
also take place due to water-hammer or pressure-wave phenomena. 
This type of stress application can be particularly effective when 
these openings show a progressive reduction in cross section similar 
to a cone.
It is to be expected that the initial failure and the pitting  pro­
gress depend upon the frequency, as well as the magnitude, of stress 
application. Failure may not take place if cavitation is of in­
sufficient intensity either to exhaust the capacity of surface yield
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or to reach the fatigue limits. This has also been demonstrated by 
operating experience with turbines. In  some cases, cast carbon- 
steel propeller blades have seriously pitted during a short period of 
service, yet repairs of a permanent nature were possible by means 
of resurfacing with welded stainless steel.
Experience of this kind is also valuable from a research point of 
view, as it gives some indication regarding the magnitude of stresses 
exerted by cavitation on prototype installations. Keeping in mind 
that the hydraulic phenomenon is one of high frequency, the stress 
in these particular instances under relatively severe conditions may 
most likely be of the order of tens of thousands pounds per square 
inch, rather than hundreds of thousands or even a million pounds 
per square inch as has been suggested at one time or another. How­
ever, final judgment should be withheld, as fu ture metallurgical 
research may indicate that the physical characteristics of single 
crystals or individual grains are sufficiently different from those 
of entire grain complexes or structures to w arrant a reappraisal of 
the possible stress magnitude.
Metallurgical Design Considerations
Prior to discussing the m anufacturing procedures of hydraulic 
turbines, it may be well to give some general comparative data on 
the pitting  resistance of materials most commonly used. The results 
presented in Table I I  were obtained by means of a high-head 
Venturi-type cavitation test stand a few years ago. The wide range 
of the losses sustained during 16 hours of exposure illustrates the 
importance of material selection with respect to the relative life 
expectancy under cavitation conditions. In  the light of these labora­
tory data, it would appear desirable to improve casting procedures 
of runners through the adoption of cement molds rather than to 
continue the use of the now customary casting sand. W ith cement 
molds, blades may be cast to close tolerance, and finish grinding, if 
at all necessary, may be kept to a minimum. This procedure leaves 
the casting skin practically intact, and, therefore, the metal most 
resistant to cavitation is preserved.
Although cast iron, commonly used in the past for Francis 
runners, has been found advantageous in regard to corrosion, steel 
castings are now preferred, due to their higher pitting  resistance. 
Furthermore, in using steel castings fa r simpler repair procedures
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TABLE II
P it t in g  R e s is t a n c e  of  V ar io u s  T u r b in e -B la d e  M a t er ia ls
Cavitation Loss 
in 16 hours
No. Type of Material Condition mm3 at 20° C.
1. Cast Iron........ .................. ....  ..... ......... as cast 636.0
2. Cast Iron with Casting S k in ________ as cast 396.0
3. .33% Carbon Steel of' Turbine Grade as cast 62.4
4. Stainless 14% Cr., 1% Ni. Steel -....... as east 32.0
5. Stainless 14% Cr., 2% Ni. S tee l____ as cast 12.9
6. Stainless 14% Cr., 3% Ni. Steel.... . as cast 9.8
7. Stainless 18-8 Cr.-Ni. Steel .....____ as cast 8.8
8. Stainless 18-8 Clad Carbon Steel____ rolled 11.2
9. Stainless 12% Cr., 5% Ni. Steel....  ... Two layers welded
on wrought iron 8.4
10. Stainless 12% Cr., 5% Ni. Steel____ Two layers welded
on boiler plate 8.1
11. Stainless 18-8 Cr.-Ni. S tee l.................. Two layers welded
on wrought iron 8.2
12. Stainless 17-7 Cr.-Ni. Steel _ _______ Two layers welded
on wrought iron 1.3
are possible, because no studding is required prior to welding. On
small turbines, and when cavitation conditions are particularly 
severe (such as with some early horizontal units placed too high 
above tail water), solid stainless steel runners have offered good 
solutions as replacements became necessary. A few medium-sized 
Francis runners have been made of solid stainless steel, and their 
installation was justified by reason of the importance of unit 
availability and dictated by the remoteness of p lant locations with 
consequent difficulties of repairs or renewals.
In  Europe, where the adjustable-blade propeller-type turbines 
enjoyed a more intense development at the outset, solid stainless 
steel blades containing 14 to 15 percent chromium and 2 to 4 per­
cent nickel have been used for the largest of runners and for heads 
in excess of 35 feet. In  this country, stainless steel casting were 
not thought feasible for the first installation of large Kaplan units 
manufactured for Safe H arbor during 1930 and 1931. Each of the 
blades weighed more than 10,000 lbs. Even if the metallurgical 
difficulties could have been overcome, the costs at th a t time were 
believed to be prohibitive. Accordingly, these blades were manu­
factured of cast carbon steel of turbine grade. After only one and 
one-half years of operation, serious damage had taken place on the 
trailing halves of the blade suction faces, on the blade peripheries, 
and on areas downstream from the leading edges. Later on, the
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throat rings were also affected. Based on experimental field repairs 
with various types of welded stainless steels and in the light of the 
results obtained with the cavitation test stand at Holtwood, 18-8 
stainless chromium nickel welding wire was adopted for all resur­
facing [18].
Welding with 18-8 stainless chromium nickel steel may not always 
be satisfactory. The proper selection of the welding wire depends 
upon the cavitation severity. While under prevailing conditions 
at Safe Harbor this type of stainless steel was found to withstand 
the attack, under more severe conditions 17-7 or even 16-6 stainless 
chromium-nickel steels would be preferable (see Table I I ) .  The 
better resistance of these particular materials is due to their higher 
initial hardness and the increased susceptibility to work hardening. 
However, the costs for grinding are also materially higher and, 
therefore, these alloys should only be used when cavitation condi­
tions are unusually severe.
I t  may also be mentioned 
th a t satisfactory turbine re­
pairs have been made with 
straight 18-percent stainless 
chromium welding w i r e .
W ith this material extreme 
care is necessary, as hair 
cracks or larger check cracks 
may be formed after the 
metal is deposited. To guard 
against the development of 
cracks in depth which could 
weaken the runner, a stain­
less 18-8 chromium nickel 
steel may be used for the first 
welding layer in contact with the parent metal.
The inconvenience of field repairs from an operating point of 
view made it advisable to introduce shop welding of units prior to 
installation of the turbine. Blade areas of one large Kaplan run ­
ner protected with 18-8 stainless steel are outlined in Fig. 12. The 
finished runner blades are shown in Fig. 13. This method of manu­
facture proved very advantageous and is now widely used.
F i g .  12.— A r e a s  o n  T u r b i n e - B l a d e  
S u o t i o n  F a c e  P r e w e l d e d  w i t h  
S t a i n l e s s  18-8 C h r o m i u m -  
N i c k e l  S t e e l .
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Two different methods of shop welding have been developed. 
Great care is necessary, otherwise harmful distortion of the blades 
may take place to the detriment of the essential turbine character­
istics. In  the first method, the blades are immersed in a water bath 
with only the area to be welded out of water. This arrangement
F i g .  1 3 .— F i n i s h e d  R u n n e r  B l a d e s  M o u n t e d  i n  H u b .  
P r e w e l d e d  a r e a s  c o r r e s p o n d  t o  t h o s e  d e s i g n a t e d  b y  
“ A ”  i n  F i g .  1 2 .
provides for rapid dissipation of heat generated in the course of 
welding. In  the other method, welding is limited at one particular 
location to give sufficient time for air cooling between laying of 
adjacent beads (see Fig. 14).
The different possibilities in manufacture of propeller units with 
movable blades make it imperative to explore thoroughly the 
economic aspects. M anufacturing costs for various runner sizes 
based on the normal competitive conditions in 1938 are given in 
Table II I .  The sizes of assumed pre-welded areas are identical to 
those indicated on Fig. 12. From  Table I I I  it is apparent that, 
when regarded exclusively from a m anufacturing point of view, 
shop welding procedures are more economical for large-size runners 
than solid stainless steel castings. However, for units of 80 inches 
or less in diameter, solid stainless steel blades are as economical as 
shop welding. Furtherm ore, the thinner blades of small runners 
may make it impossible to apply the required two layers of welding
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material. Stainless construction of fixed-blade propeller and 
Francis units is somewhat more limited at the present time due to 
the restrictions imposed by the capacity of casting facilities, though 
fixed-blade stainless steel propeller runners of 60-inch diameter 
have been made in this country. Once larger furnace capacities and
Photo, courtesy I. P . M orris Dept., Baldwin Southwark 
Division, Baldwin Locomotive W orks.
F i g .  14.— P r e w e l d i n g  T u r b i n e  B l a d e  w i t h  18-8 
C h r o m i u m  N i c k e l  S t e e l  U s i n g  M e t h o d  o f  I n t e r ­
m i t t e n t  W e l d i n g  a t  V a r i o u s  L o c a t i o n s .
more extensive casting experience with stainless steel become avail­
able, the m anufacturing costs on castings of this type are bound to 
be reduced.
In  view of the fact that rolled plates can be used for throat rings 
of riveted or welded construction, there are no m anufacturing limi­
tations today which could prevent the use of stainless steel to pro-
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TABLE I I I
C o m pa r a tiv e  C ost I n d e x  fo r  D if f e r e n t  P r o p e l l e r  T u r b in e
B la des  o f  t h e  M ovable T y p e  U s in g  V a r io u s  M a t e r ia l s
Cost of Finished Ground Blades in Percent of 
Cast Carbon-Steel Blades 
220 in. Diameter 100 in. Diameter 60 in. Diameter
Type of Blade Casting Runner Runner Runner
Carbon Steel ...........................
Stainless 18-8 Chromium-
100 100 100
Niekel Steel ...................... .
Stainless 14% Chromium-
250 210 180
2% Nickel Steel ................
Carbon Steel prewelded 
with Stainless 18-8
220 150 140
Chromium-Nickel Steel 136 140 160
tect these stationary parts from attack by gap cavitation. Only 
restrictions imposed by economic aspects must be given careful 
consideration. Here it may be very advantageous to adopt 18-8 
stainless clad or a stainless steel of the straight chrome variety 
heat treated to desired physical characteristics.
Finally, it should be pointed out that no general rules can be 
made as to procedure on type of construction or materials to be used. 
The proper solution is that which satisfies the hydraulic and the 
metallurgical as well as the economic aspects. As location con­
ditions may vary over a wide range, each installation demands its 
individual solution. F or instance, while expenditures for labor and 
materials for field repairs may be identical at various power devel­
opments, the over-all costs may be vastly different due to a possible 
loss in capacity and energy during unit outages. A t generating 
plants with a maximum power-house discharge in excess of the 
average river flow, turbine maintenance can usually be scheduled 
for the seasonal low-flow period so that no monetary loss will be in­
curred due to the non-utilization of available water. On the other 
hand, for power plants of a relatively limited capacity compared 
to that potentially available at the particular site—that is, where 
the river flow is consistently in excess of the maximum possible 
power-house d ra ft—the actual expenditures for repairs may be 
considered as but a minor item of expense. Assuming that three 
weeks would be needed for maintenance work on a turbine rated at 
50,000 horsepower capacity at the average operating head and that 
the load factor is 80 percent, the loss in revenue due to this outage
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would exceed $40,000 based on 2.5 mills per kilowatt hour of re ­
placed steam energy. From  this it may be concluded that monetary 
losses may be of such magnitude as to justify  economically not only 
the most extensive surface protection of all vulnerable turbine parts, 
but even the adoption of solid stainless steel construction for the 
largest of turbine runners.
C o n c l u s io n s
Im portant progress in design and manufacture of hydraulic 
prime movers, particularly for those of the propeller type, has been 
made. F u rth er refinements towards the ideal are possible. To 
accomplish this goal economically, a sound strategic approach is, 
however, deemed essential. F u tu re  development costs must be 
kept within reasonable limits to be commensurate with the improve­
ments yet to be attained. This, no doubt, is a challenge to all 
engineers interested in hydraulic turbines.
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TH E HYDRAULIC PROBLEM  OF CAVITATION IN  PUMPS
by
G. F. Wislicenus 
W orthington Pum p and Machinery Corp.
Harrison, New Jersey
The hydraulic problem of cavitation concerns the relation be­
tween cavitation, defined as local vaporization in a rapid  stream of 
liquid, and the general flow conditions. The hydraulic problem 
therefore is distinct from the problem of cavitation erosion and 
from that of the physical nature of cavitation.
The hydraulic problem of cavitation in pumps and turbines has 
been the subject of a large number of papers and discussions (see 
Bibliography) and has thereby reached a state of development in 
which apparently different considerations can be recognized as 
logically consistent and interrelated parts of a single system of 
theoretical reasoning. I t  is the purpose of this paper to demonstrate 
the uniform ity and completeness of this system, relative to the 
present incomplete knowledge about the underlying physical 
phenomena.
S im il a r it y  C o n sid e r a t io n s
The flow conditions in centrifugal pumps and related machines 
are such that their prediction by theoretical means is very difficult 
if not impossible. That is, of course, also true for the theoretical 
prediction of the flow conditions leading to cavitation. This situa­
tion has lead to the general adoption of similarity considerations as 
the most reliable form of attack on the hydraulic problem of cavita­
tion as well as on most other hydraulic problems connected with 
this type of machinery.
Similarity considerations of this kind are based on the answer 
to the following simple question: I f  the performance characteristics 
of a given machine are known from tests for one particular speed 
of rotation, what conclusions can be drawn regarding the per­
formance of the same machine at different speeds of rotation and 
regarding the performance of other machines which are geometri­
cally similar to the first machine ?
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This question can be answered in a general way only if the fluid 
passages are the same or geometrically similar to those of the 
machine tested and if, as well, the flow pattern  in these passages is 
at least approximately similar to that under test conditions.
In  a system of fixed conduits the flow conditions remain similar 
if all fluid velocities are changed proportionally to each other. (The 
exactness of this definition depends on the exactness with which the 
fluid velocities are defined. In  the following the turbulent velocity 
fluctuations will not lie taken into account.) In  a pump or turbine 
there are always two types of velocities to be considered: The 
fluid velocities and the peripheral velocities of the rotating parts. 
The latter always change proportionally to each other (assuming 
only one rigid rotor), but the fluid velocities can change propor­
tionally to each other only if their changes are proportional to 
those of the peripheral velocities of the rotating parts (note the 
relation between relative and absolute fluid velocities). The 
kinematic condition of similarity therefore requires that the ratio 
between the peripheral velocities of the runner and the fluid 
velocities have the same value at all corresponding points of the 
machines compared. I f  D denotes any representative dimension 
(such as the diameter of the runner), Q the rate of flow, and N  the 
revolutions per minute, the fluid velocities will be proportional to 
Q /D 2 while the peripheral velocities of the runner are proportional 
to ND. The kinematic condition of similarity of the flow there­
fore may be expressed in the fo rm :
Q / D 2 Q + t m
ND  ZWV =  constant {1)
For example, this condition is satisfied if the speed and capacity 
of one pump are changed proportionally.
The kinematic condition, however, is not sufficient to insure 
similarity of the flow pattern. I t  is also necessary that the forces 
acting on the fluid be similarly distributed, because otherwise the 
fluid would be forced off the similar paths within the fluid passages 
in spite of the fact that the kinematic conditions in themselves 
permit similarity of the flow. In  order to obtain simple relations 
it is customary to consider only the mass force—i.e., to disregard in 
particular the viscosity forces. This practice has been well con­
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firmed by a large number of tests. Under this assumption all 
corresponding head differences li in the pump must be proportional 
to the square of the fluid velocities (Q /D 2) 2 and to the square of 
the peripheral velocities of the runner (N D ) 2, which leads to the 
following conditions of dynamic similarity :
hD4 h
-------  =  constant, and -------  =  constant (2)
Q2 D°~N2
Only if the condition of kinematic similarity (Eq. (1) ) and one 
of the conditions of dynamic similarity (Eq. (2 ) ) are satisfied is 
it possible to have similar flow conditions in geometrically similar 
fluid passages of pumps. (The two conditions of dynamic similar­
ity (Eq. 2) are interdependent if the condition of kinematic 
similarity is also satisfied.)
The conditions of similarity embodied in Eqs. (1) and (2) also 
answer the original question as to the conclusions which can be 
drawn regarding the operating characteristics of a machine if the 
operating conditions of a similar machine under similar flow 
conditions are given. F or instance, if h is interpreted as the total 
pump head H, it is seen that Eq. (2) expresses the well-known fact 
that the pump head varies as the square of the speed of rotation 
provided the capacity is changed according to the first power of 
the speed of rotation as stated by Eq. (1).
I f  one desires to know which operating conditions can be satis­
fied by similar pumps under similar flow conditions independently 
of the size of the machine, it is clear that the size expressed by the 
diameter D has to be eliminated from the conditions stated in Eqs.
(1) and (2). This leads to the condition :
XI)  (  Q2 Y  t +N . =  j  -  constant (3)
In  other words: As long as the specific speed {Ns) remains con­
stant, the operating conditions (N, Q, and H ) can be satisfied by 
changing only the size of the machine, leaving the geometric shape 
of the fluid passages and the flow conditions in these passages un ­
altered.
F or cavitation considerations it is necessary to remember that 
the preceding conditions must be satisfied with respect to all pres­
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sure or head differences in the pumps and not only with respect 
to the total pump head H. When cavitation takes place, the pressure 
somewhere inside the pump must have dropped to the vapor pres­
sure of the fluid pumped. If  the similarity of the flow is to be 
maintained under cavitation conditions, the extent of the cavita­
tion zone relative to the fluid passages must remain unchanged. 
This is possible only if the differences between the surrounding 
pressures and the vapor pressure which prevails in the region of 
cavitation follow the same laws (Eqs. (2) and (3) ) which hold for 
all other pressure or head differences in the pump under similar 
flow conditions.
The pressure or head having the most directly observable effect 
on cavitation is the total head at the pump inlet, including the 
atmospheric pressure (if the system is subjected to it) and includ­
ing the velocity head at the point of measurement. The difference 
between this total inlet head and the vapor pressure of the fluid 
(pressure at the point or region of cavitation) shall be designated 
by H sv.
In  order to maintain similarity of flow with respect to cavita­
tion, it is necessary that I i sv satisfy the conditions of similarity 
stated in Eqs. (2) and (3). The oldest method of meeting this re­
quirement consists in making IISV proportional to the pump head
H, which is already known to satisfy Eqs. (2) and (3). This leads 
to the Thoma law of similarity for cavitation in pumps or turbines 
[1, 2, 3, 41
a =  =  constant (4)
H
I t  is, however, equally permissible to introduce H„v directly into 
the Eqs. (2) and (3) in place of the general pressure difference h. 
Since cavitation is most likely to occur in the low-pressure regions 
of the machine—i.e., at the inlet of the pump impeller—it is natural 
to use the inlet or “ eye”  diameter DB of the impeller as the repre­
sentative dimension in Eqs. (1) and (2). By these substitutions 
one arrives at the following kinematic condition for similarity of 
inlet flow and cavitation [5] :
1 References appear at the end of the article.
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Q
—  —  =  constant ( la )
1 ) e
and the corresponding dynamic conditions for similarity of inlet 
flow and cavitation:
H 'vD m* . . , H sv
---- constant, and ----------- =  constant (2a)Q2 N 2D e2 1 J
Again, by eliminating the dimension D E from the foregoing expres­
sions, one arrives at the following requisite for the inlet operating 
conditions permitting similarity of inlet flow and cavitation in 
similar inlet passages of pumps [3] :
S =  =  constant (3a)
H $v '
Because of its close relation to the specific speed, the cavitation 
parameter S  has been called the suction specific speed [6].
The suction specific speed describes the inlet flow conditions in 
a manner similar to the Thoma sigma (see Eq. (4) ) with the dif­
ference that a constant value of sigma will permit similar inlet flow 
and cavitation conditions only if at the same time the specific speed 
is held constant, while a constant value of 8  alone will satisfy this 
condition. From this the conclusion may be drawn that values of 
8  which are significant for the cavitation behavior of pumps will 
not change very rapidly as a function of the specific speed of the 
pump, while corresponding values of sigma must be strongly in­
fluenced by changes in the specific speed, because they depend on 
the pump head H. This expectation was surpassed by the em­
pirical fact that the critical S values of pumps are statistically inde­
pendent of the specific speed of the pump so fa r as can be judged 
from available data. The suction specific speed may therefore be 
considered as a criterion which is practically independent of the 
specific speed of the pump.
The fact that the preceding group of similarity relations is com­
plete can be proven by the dimensional analysis of the operating 
conditions N, Q, and H, together with the impeller inlet diameter 
B e, which represents the linear dimensions of the inlet passages. 
I f  the pump head H  is taken into account, one obtains by the same 
process corresponding expressions having the form of Eqs. (1),
(2), and (3), and the head ratio sigma =  IISV/H ,  or other ratios
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between any two head differences in the machine. Fundam ental­
ly different combinations, however, cannot be formed out of the 
variables considered.
C a v it a tio n  P a r a m e t e r s  B ased  on  E x p e r im e n t a l  D ata
While the foregoing similarity considerations have thus reached 
a certain finality, they cannot answer in this form the problem of 
the design of a new impeller if test results with a geometrically 
similar impeller are not available. This question is fundamentally 
different from that proposed at the beginning of this paper and 
therefore requires a different form of attack.
Since the flow conditions cannot be described readily by theo­
retical means, the most reliable methods are again based on simi­
larity  considerations; but this time they pertain to the flow condi­
tions in closely defined regions of the machine, rather than to the 
machine or major portions of the machine (inlet passages) as a 
whole.
I t  has been stated before that Eqs. (1) and ( la )  express the 
ratio between the fluid velocities and the peripheral velocities of 
the rotating parts. At that time it was not necessary to state which 
velocities were being considered. I f  the velocities are selected 
specifically, Eqs. (1) and ( la )  describe the geometric form of the 
flow in a certain region of the machine. This is particularly easy 
with respect to the inlet flow conditions of the impeller. In  the
I E B O  ROTATION OP FLUID
uE
F i g . 1.
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inlet or eye of the impeller (Fig. 1) the axial component of the 
average fluid velocity is:
V A =  — ----------------------- (5)
•4 nDE2 (1 -  d E2/ D E2)
while the peripheral velocity is:
ttN De
UE = ------------E 30 2
The ratio between the through-flow velocity V A and the pe­
ripheral velocity UE is therefore:
V A Q 240 1
UE D e sN  tt2 (1 -  d E2/ D E
(7)
which differs from the left side of Eq. ( la )  only by a constant 
containing the hub-diameter ratio dE/ D E of the inlet cross section. 
F o r zero rotation of the fluid in the eye, the ratio V A/TJE is the 
tangent of the angle between the relative fluid velocity and the 
peripheral direction at the eye diameter, considering average 
velocities only. This angle is of course closely related to the inlet 
vane angle at that diameter.
Using the velocities V A and Z7E in place of the corresponding ex­
pressions for Q, N, and D, the kinematic condition for similarity of 
inlet flow and cavitation is:
—— =  constant (8)
U e
Expressed in words, this condition requires that the velocity dia­
gram formed by the average fluid velocity in the eye and the pe­
ripheral velocity of the eye remain similar. This statement in­
cludes also the case of prerotation of the fluid, since for geometri­
cally similar inlet passages the rotational component will be pro­
portional to the axial component V A of the fluid velocity.
The dynamic conditions of similarity of inlet flow and cavitation 
may be expressed by means of V A and UE in the fo rm :
http://ir.uiowa.edu/uisie/27
H „  =  H „ D S* (1 -  d J / D «*)*■** 2 
T V /2g ~  Q2 16
and ) (9)
=  (  J 3^  V 2g =  constant \
UE2/2 g  N 2D E2 \  7T /  /
Expressed in words, this condition requires that the ratio of the 
total inlet head above the vapor pressure to the velocity head of 
the axial through-flow velocity in the eye and to the velocity head 
of the peripheral velocity of the eye remain constant.
I f  the values of H sv which are 
significant for the cavitation be­
havior of a given pump (be­
ginning of cavitation or com­
plete cavitation break-down) 
have been determined experi­
mentally for different capacities 
and thereby for different values 
of V a/ U e, it is possible to plot 
corresponding significant values 
of 2gHm/ V a and 2gHiv/ U E2 as 
functions of the dimensionless 
capacity V A/ U E. Such diagrams have been introduced by Sedille
[7] and by Gongwer [5], and are shown in Figs. (2) and (3).
These cavitation curves give a good picture of the cavitation be­
havior of a pump. Considering that a simple stationary nozzle 
would cavitate at practically constant values of 2gHsv/ V  a2 (this 
value being somewhat greater than unity  due to a lack of uniform­
ity  in velocity distribution), the curvature of the lines in Fig. 2 may 
be interpreted as an indication of the varying influence of the im­
peller vanes on the cavitation behavior. According to this, the loca­
tion of the minimum of these curves indicates the operating condi­
tion at which the vanes have the least disturbing effect on the flow 
through the eye. This interpretation appears to be confirmed by 
comparisons of the corresponding value of V A/ U E with the inlet 
vane angles [5],
On the other hand the values of 2gHsv/ U E2 are directly propor-
g =  constant
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F i g . 3 .
tional to the total inlet head at constant speed of rotation. The 
curves for 2gHsv/ U E2 as a function of V a / T J e are therefore dimen- 
sionless representations of the corresponding critical values of H sv 
as a function of the capacity of the pump at constant speed (Fig. 
3).
By plotting a number of curves such as shown in Figs. 2 and 3 
from test results with pumps of different inlet passages, one ob­
tains empirical values of 2gHS!V/ V A 2 and 2gHsv/ U E2 for different 
values of V A/ U e■ In  order to derive from these data the desired 
information regarding the eye diameter and the inlet vane angle, it 
is necessary to relate these parameters to the given inlet operating 
conditions, H sv, Q, and N. This relation can be expressed by means 
of the suction specific speed 8  which has the same classifying 
significance for the design of the inlet passages as the specific speed 
N s with respect to the hydraulic design of the machine as a whole. 
The suction specific speed can be calculated from the inlet operat­
ing conditions before drawing any conclusions as to the design of 
the pump. I f  any one of the three parameters V A/ U B, 2gHsv/ V A2,
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and 2gHsv/ U E2 is empirically known as a function of S, one is able 
to derive from existing test curves as shown on Figs. 2 and 3 the 
other parameters and therefrom the previously-mentioned informa­
tion regarding the design of the impeller inlet.
Plotting the relations between the four cavitation parameters 
V a/ U e , 2gHsv/ V A2, 2gII\,v/U v 2, and 8  on separate diagrams, how­
ever, does not make full use of the theoretical relationship be­
tween them. Since the new expressions (Eqs. (8) and (9) ) for the 
conditions of similarity differ from the former expressions (Eqs. 
( la )  and (2a) ) only by constant factors, it is clear that Eqs. (8) 
and (9) must have practically the same relation to the suction 
specific speed 8  as previously established between Eqs. ( la ) ,  
(2a), and (3a). Introducing Eqs. (5) and (6) into the suction 
specific speed, it is found that :
S =
or
V A2/2 g  \  •/* UE 3 0 (2 g)*/*_ j ~ ------J ?V
( 10)
H , v )  V A V71- ’ D e2
V S / t o  \  3/4 I V 7  30 (2g ) 3/ 4 I d 7  
U ,  )  > UE VT  > /V
I t  is thus clear that the suction specific speed S  is definitely de­
termined by the ratio of the axial fluid velocity in the eye to the 
peripheral velocity of the eye V a/ U e . and by the ratio of one of the 
two velocity heads in the eye, V / / 2 g or TJE2/2g ,  to the total inlet 
head above the vapor pressure, H xv. This almost self-evident rela­
tion, considering the verbal definition for S  given in connection 
with Eq. (3a), permits the construction of a useful nomographic 
chart—for instance, in the form given in Fig. 4. (The curved lines 
shown in this nomogram represent theoretical equations for cavita­
tion limits to be discussed later.)
I f  any two of the four variables represented on this chart are 
calculated from test results corresponding to a significant state 
of cavitation, it is possible to represent these results by a point on 
the diagram. This point gives simultaneously the values of all four 
cavitation parameters, V A/ U E, 2g H sv/ V A2, 2gHsv/JJE2, and S, for 
the test conditions in question. In  this respect the new diagram 
has a decided advantage over the previously-discussed diagrams 
which give the relation between only two of the four variables 
considered.
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S  [ o  IN CU. FT. PER SEC.]
SU C T IO N  S P E C IF IC  S P E E D  S  [Q IN CU. FT. PER SEC]
F ig. 4.
T h e o r y  op  I n l e t  F lo w  a n d  C a v it a tio n  C o n d it io n s
In  the first part of this paper the hydraulic problem of cavita­
tion was treated on the basis of a general comparison between 
pumps with similar flow conditions in geometrically similar inlet 
passages. In  the second part the general similarity relations, de­
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rived in the first part, were applied specifically to the through- 
flow velocity in the eye and to the peripheral velocity of the eye. 
The ratios of velocities and heads, which were derived originally as 
criteria of similarity, became dimensionless—i.e., generalized ex­
pressions of test results applied to the flow conditions in the eye 
of the impeller. These test data were found to permit the determi­
nation of the eye diameter and to some extent the inlet vane shape 
of new impellers, as long as the values of the parameters V aJTJe , 
2<jllxv/ V a2, 2gHsv/ U E2, and S  remain within the range of existing 
experimental results. This is, of course, merely a repetition of the 
initial statement that test results can be generalized only within 
such a range for which the flow conditions remain similar—such 
similarity now referring to the local flow conditions. In  order to 
go outside of the field of existing test data it is necessary to form 
(on the basis of these data) a theory which describes the mechanism 
of the flow sufficiently well to permit an extrapolation of the exist­
ing test data into untried fields.
A theory of inlet flow and cavitation conditions will consist of 
a quantitative explanation of the pressure drop from a pump inlet 
with zero velocity (forebay) to the region of cavitation.
The theories discussed here are based on the following simple 
equation for cavitation in pumps or tu rb ines:
H „  =  CE ^  + A h  (11)
2 g
The first term on the right side clearly describes the pressure drop 
due to the axial fluid velocity in the eye of the impeller. The co­
efficient CE for pumps is generally larger than unity, expressing 
local increases of the absolute through-flow velocities over V A- 
(Losses between the inlet and the eye of the impeller are also taken 
into account by making CE larger than unity. For turbines this 
coefficient may be smaller than unity, because the draft-tube losses 
tend to increase the pressure in the throat of the runner.) In  the 
following, the fluid will be assumed to have no absolute rotation 
before entering the impeller, because the available experimental 
information is not sufficient to cover this case (see the theoretical 
investigation by Spannliake [2]).
Since the first term expresses the pressure drop without the in­
fluence of the impeller vanes, the second term A h  is defined as ex­
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pressing the pressure drop which is due to the presence of the 
vanes. The principal object of the theory is therefore the deter­
mination of the vane pressure drop A h, because the coefficient CE 
may be expected to stay within reasonable limits (say between 1.2 
and 1.8).
One of the oldest attacks on this problem [1] consisted simply 
of making A h  dimensionless through division by the total head H  
of the machine. Eq. (11) thereby assumes the fo rm :
H »v  —  —  p  } a 2 . A h  .
n r  ~ 17 ~  Ce W i  +  ~ w  (12)
The ratio A h / H  has been given the symbol K c. This parameter 
is quite analogous to a and has to be determined from experimental 
data. Eq. (12) therefore constitutes a theory only to the extent 
that it separates the pressure drop due to V A from the remainder 
of the total pressure drop, but no attempt is made to explain this 
remaining pressure drop A h.
Two different forms of reasoning have been used to determine 
A h  theoretically:
In  the first place, A h  may be expected to vary in proportion to 
the square of the maximum velocity of the fluid relative to the 
inlet vane tips. Assuming no absolute prerotation, this velocity is 
determined by the relation v 2 relative =  ~V a  +  TJE2, so that
v 2r el _  ^  V A2 +  UE2A h  =  Cx =  Ci
2 g 1 2 g
By substitution into Eq. (1)) one obtains the relation
H „  =  CE ^  (13)2 g 2 g
or
V  2 V  2 IT 2
TJ — C A 4- C A -I- rF I  S V  —  E  -7Z—  I V I  — —  1 t i  — ----------2 g 2 g 2 g
resulting finally in an expression of the form
V  2 77 2
H „  =  Co +  C, (14)
2.9 2 g
wherein
C0 =  CE +  Ci
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I t  is desirable to bring this result into a diniensionless form, per­
mitting its comparison with empirical values of the cavitation 
parameters derived by the preceding similarity considerations. 
Dividing by JJ E2/ I g  one obtains
which corresponds to a relation proposed by Sedille [7], while 
division by V A2/2g  yields
Eq. (15) is represented by a series of parabolas on the diagram in 
Fig. 3 [7] while Eq. (16) gives a corresponding series of general 
hyperbolas on the diagram in Fig. 2. Both series of curves become 
identical when plotted on the general diagram in Fig. 4. On the 
basis of a fairly large number of accurate cavitation tests made at 
the California Institute of Technology with Francis-type centrifu­
gal pumps, Gongwer 151 found CE — 1 4  and Ct =  0.085 (C0 =  
1.485) for the lowest points of the breakdown [2| curves of 
2g H sv/ V a2 as shown in Fig. 2. From  the same data Gongwer also 
derived a curve for safe operating limits, which satisfies Eq. (14) 
with the coefficients G0 =  1.8 and C1 =  0.23. These cavitation- 
limit curves as proposed by Gongwer are plotted on the general 
diagram of Fig. 4, with the experimentally-determined portion 
shown in solid lines and the theoretical extrapolations in broken 
lines.
For pumps and turbines of high specific speeds (propeller 
type), A h  was found to vary appreciably as a function of the vane 
area or the ratio of overlapping (see Fig. 5). This has led to the 
second method for calculating A h —namely, on the basis of the 
average pressure difference between the two sides of the vanes 
which is necessary to support the pressure rise from the inlet to 
the discharge side of the impeller [2, 8 ], For reasons of simplicity 
this rise in static pressure shall be assumed to be equal to the total 
pump head II. (Actually this pressure rise is equal to II plus the 
losses in the pump minus the increase in velocity head through the 
runner. The two corrections partly  cancel each other). Under this
(15)
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assumption the vane-pressure differences and in particular the 
pressure reductions at the lower side of the vanes A K  are pro­
portional to H  divided by the ratio of overlapping j  =  a/b ,  because 
the pressure difference H  is acting axially on an area which is pro-
COfiXIf tLVftN E SEC TIONS OF DIAMETER e i ( DEVELOPED
portional to b (Fig. 5) while the vane-pressure differences counter­
act only over an area which is proportional to a. Hence
A K  =  C--'-!r -  (17)
■3
where Cv is a dimensionless coefficient to be determined from test 
results.
A t the point of the absolute pressure minimum on the vane 
surface, however, the average pressure in the runner has already 
risen above the pressure in front of the runner by an unknown part
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A H  of the total pressure rise II  (See Fig. 5). This rise in average 
of the machine. Eq. (11) thereby assumes the form:
A H  — Ch H  (18)
where the coefficient CH is again to be derived from test data. 
Referring to Fig. 5 it is seen that
Cr 
i
By substitution into Eq. (11)
“ ...........................  ( 20 )
A h  =  A hv -  A H  =  H Ch (19)
H . c E v -
2fii \  1
The presence of the pump head H  in this equation suggests the 
use of the Thoma param eter sigma in the form
H,„ L Va 2 , c v
H  * ~  Ck ~2gH ^  ~ T  
By comparison with Eq. (12) it is found that
A h
Ch
II =  Kr
(21)
(22)
Fig. 6 shows the results of comparing Eqs. (12), (21), and (22) 
with cavitation test data. The points plotted correspond to the 
beginning of a rapid  drop in pump performance at the capacity
F ig. 6.
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which was believed to give the most favorable inlet conditions. 
Points marking the first hydraulic indications of cavitation (safe- 
limit points) were also determined but did not form a sufficiently 
consistent curve to permit the desired evaluation.
Eqs. (12) and (21) were evaluated using for CE a value of 1.25. 
In  order to check whether the average pressure rise in the runner 
A H  should be taken into account, results for Cv were plotted also for 
Ch =  0. I t  was found, however, that CH — 0.3 gave the most con­
sistent results, indicating that according to this evaluation the 
absolute pressure minimum in the runner occurs in a region where 
the average pressure has already risen by nearly one-third of its 
total increase. This conclusion, however, must be considered as 
very prelim inary since considerably more test results are required 
to support a theoretical equation with three independent empirical 
constants.
There exists still another useful and instructive way of dealing 
with the basic Eq. (20). I f  TJ is the peripheral velocity of the 
runner at its high-pressure side, the total head H  may be expressed 
in the form
where 3> is defined as usual as the ratio of the peripheral velocity 
of the runner to 2gII. Substituting Eq. (23) into Eq. (20) one 
obtains
or, with reference to Eq. (22),
F or axial-flow machines, to which the foregoing considerations 
mostly apply, one can substitute UE for U, expressing merely the 
fact that the peripheral velocities at the inlet and discharge sides 
of such runners are the same. By this substitution Eq. (24a) 
becomes
(24)
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This equation, however, has exactly the same form as the previously 
derived Bq. (14) and could be made identical with the latter if 
one equated the corresponding coefficients
Co =  CE, and Cx =  ~  Ch (26)
Eq. (14) is therefore somewhat more general than originally 
assumed, covering for axial-flow runners also the cases where the 
average vane-pressure difference controls the pressure drop at 
the vanes. In  this case its coefficients have to be determined 
according to Eq. (26), where the change in C0 is of course 
practically insignificant while Cx becomes a function of <1> and of 
the ratio of overlapping. Considering the results shown in Fig. 6 
and the usual characteristics of axial-flow runners with respect to <t\ 
one finds that according to Eq. (26) Cx may be expected to vary 
from 0.4 to well below 0.1. On the other hand, values of Cx 
below 0.1 are actually not to be expected, because the average vane- 
pressure differences are in such cases (large 3>, and low K c values) 
relatively so small that the relative velocity, not the average vane- 
pressure difference, becomes the controlling factor for the pressure 
drop at the vanes. In  other words the determination of Aft based 
on the average vane-pressure difference goes over into its determi­
nation by the relative velocity. The relation between Eqs. (14) and
(25) as expressed by Eq. (26) and the given experimental data 
seem to indicate that this transition takes place without a break.
I t  is not surprising that the two forms of calculating A h have led 
finally to the same fundamental relation of Eqs. (14) and (25), 
because the pump head on which the second term  of Eq. (25) is 
based may be calculated from the relative velocity and the lift 
coefficient of the vane sections [9]. Eq. (14) may therefore be 
considered as expressing the results of both hydraulic theories of 
cavitation discussed in this paper. Reasonable results of this 
equation as derived from Eq. (26) and the data given in Fig. 6 
are plotted on the diagram in Fig. 4, using C0 =  1-25, Cx =  0.1 
and 0.3. I t  should be repeated that these results as well as those 
represented by the curve C0 =  1.485, Cx — 0.085 (Gongwer), apply 
only to the cavitation breakdown at approximately the most favor­
able inlet flow conditions.
The restriction just mentioned is significant regarding the
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present state of the hydraulic theory of cavitation. In  the first 
place, the cavitation behavior away from the most favorable inlet 
flow conditions (see Fig. 2) has not yet been described theoretically 
in a satisfactory manner. Gongwer’s interesting attem pt [5] based 
on a theoretical investigation by Betz and Petersohn [10] cannot 
yet be considered entirely conclusive. The application of the 
method by Betz and Petersohn to axial-flow runners appears to 
be even more promising but may be analytically somewhat compli­
cated. No serious investigation has been published as yet concern­
ing the cavitation conditions at very low capacities for which the 
inflow is known to depart radically from its normal characteristics.
Secondly, no reliable method is available as yet for calculating 
safe cavitation limits outside of the range of available test data. 
The scatter of corresponding test points is usually fa r greater than 
that of points pertaining to the cavitation break-down (i.e., rapid 
drop of the hydraulic characteristics). In  particular, it is the 
difficult problem of finding experimentally usable definitions for 
safe limits of cavitation under various field conditions which will 
have to be solved before decided theoretical progress in this direc­
tion can be expected. This problem, however, clearly exceeds the 
limits which were initially adopted for this paper.
The relative completeness and effectiveness of simple similarity 
considerations thus appear to be in marked contrast to the limited 
results obtained so fa r by theoretical predictions of cavitation 
limits outside of the range of existing test data. This contrast, 
nevertheless, is in agreement with the present state of fluid mechan­
ics of centrifugal pumps and related machinery, and cannot be 
removed by vague assumptions but only by persistent experimental 
and theoretical research.
On the other hand it may be well to consider whether the same 
similarity considerations, which are serving so effectively with 
respect to the hydraulic problem of cavitation in pumps and tu r ­
bines, may not be applied equally well to other problems. The 
answer to this question is definitely affirmative. Relations such 
as expressed by the diagram in Fig. 4 can be applied to all axial- 
flow machines with respect not only to cavitation but also to other 
operating characteristics. To do so it is only necessary to substi­
tute for H sv the total head H  (changing S  into N ,)  or any other
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head difference which is significant for the operation of the 
machine. This generalization seems to be promising not only with 
regard to axial-flow pumps or turbines but also when applied to 
marine propellers.
In  closing, it is necessary to stress the fact that similarity con­
siderations with regard to cavitation are based on certain assump­
tions as to the physical nature of this phenomenon which are con­
firmed only by the field application of the conclusions derived. 
This confirmation, however, may not always be sufficient. I t  has 
already been mentioned that effects of changes in the Reynolds 
number have not been taken into account. Another fact which the 
w riter believes to be of importance concerns the influence of the 
time during which a particle of the liquid remains in the low- 
pressure zone. The preceding similarity considerations are valid 
only if the time required for the formation and growth of the 
vapor bubbles is negligibly small with respect to all hydraulic 
phenomena involved.
While experience has not as yet given any indications regarding 
a scale or time effect on cavitation, even a remote possibility of such 
an effect is sufficiently serious to w arrant a careful investigation.
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D e v e l o p m e n t s  L e a d in g  to  t h e  I n v e st ig a t io n
In  the modern design of dams it is ra ther common practice to 
provide baffle piers on the level or sloping apron at the foot of the 
spillway. Such piers are also frequently placed on the floors of 
stilling pools below chutes. By the use of baffle piers it is possible 
to break up a swiftly-flowing jet and partially  dissipate its energy 
so that effective stilling can be obtained in shallower tailwater and 
in a shorter distance than is possible with the unaided hydraulic 
jump. In  the case of a major structure, the economic saving ob­
tained by the use of baffle piers may be as large, for example, as 
half-a-million dollars. The greatest saving occurs in cases in which 
the natu ra l tailwater depth is not sufficient to permit the spillway 
jet to be stilled by an ordinary hydraulic jump, so that the latter 
can be utilized only in case the tailwater depth is increased by one 
of two expensive measures: (1) building an auxiliary dam, or (2) 
excavating a stilling pool at the toe of the spillway. Even in cases 
in which the tailwater depth would be adequate to provide stilling 
by a hydraulic jump unaided by baffle piers, it may be economic­
ally advantageous to employ the latter in order to decrease the 
width of the horizontal paved apron below the spillway.
Experience indicates that baffle piers give excellent results in 
the cases of spillways of low or medium height where the actual 
velocity of the water striking the piers does not exceed about 60 
or 70 feet per second. However, troubles begin to occur when
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higher velocities are encountered. Whenever any solid object, as 
for example a baffle pier, is placed in water moving at velocity v, 
the pressures at various points on its surface are raised above or 
depressed below the general pressure of the surrounding water by 
amounts proportional to v'2/2g.  Suppose th a t the maximum pres­
sure lowering anywhere on a given baffle pier is denoted by kv2 
where k is a constant determinable by experiments. As the height 
of spillway increases and the je t velocity head v 2/2 g  increases cor­
respondingly, a point is reached where the pressure lowering kv2 
is sufficient to reduce the pressure at some point on the baffle pier 
surface to the vapor pressure of water, thereby producing an in­
cipient cavitation pocket at that point. Any fu rther increase in 
the jet velocity will cause the cavitation pocket to increase in size. 
I f  the pocket is so located that its downstream end comes in contact 
with the solid material of the baffle pier itself or the apron on 
which it rests, that solid material will be subjected to the destruc­
tive disintegration known as “ p itting .”  This may be sufficiently 
extensive to destroy the piers entirely or to excavate large holes in 
the apron. From the foregoing it is evident that a potential source 
of serious trouble exists when baffle piers are used at the bases of 
spillways of considerable height. That this trouble is not imaginary 
is evidenced by the photographs shown on subsequent pages.
In  past years there has been a wide divergence of opinion among 
consulting engineers regarding the maximum height of dam or 
spillway below which baffle piers could safely be used. Apparently 
the word “ cavitation”  was not widely applied to the baffle-pier 
erosion problem until comparatively recently, but various engineers 
of mature experience had opportunities to observe or infer that 
angular objects of concrete could not be expected to remain perma­
nently intact under the direct action of large jets of very high 
velocity. On the other hand, some of these engineers held such an 
antipathy toward the use of baffle piers as to refuse to authorize 
their installation on moderate-head structures, where present 
knowledge indicates that such piers would have been entirely safe 
and highly conducive to economy of design. The sharp divergence 
of opinion of some of the best-known American consultants with 
regard to the use of baffle piers was forcibly brought to the atten­
tion of the senior w riter of this paper during the year 1935-36 while 
hydraulic model studies for the proposed Bluestone Dam on the
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New River in West Virginia were being carried on in the Hydraulic 
Research Laboratory of Carnegie Institute of Technology. The 
design finally recommended for this dam showed a height of 120 
feet from the floor of the apron to the spillway crest, and provided 
for two rows of concrete baffle piers on the apron. A t this time, 
special apparatus for model tests on cavitation in the outlet con­
duits of dams had been constructed in the laboratory and experi­
ments were being conducted on cavitation problems in the con­
duits of the Tygart and Madden dams. The increased conscious­
ness of matters pertaining to cavitation eventually began to cause 
anxiety regarding the adequacy of the proposed Bluestone baffle- 
pier system from the cavitation standpoint. This, together with a 
desire to bring the baffle-pier erosion problem from the region of 
opinion to that of reliable technical analysis, furnished the incentive 
to construct new apparatus designed especially for cavitation ex­
periments on models of spillway aprons. Among the models tested 
in the new apparatus was one of the proposed Bluestone spillway. 
Although constructed as a student thesis project, in cooperation 
with Mr. W ilfred Bauknight, graduate student, this model attracted 
close attention from various engineers and officers in the U. S. 
Engineer Corps organization. As a result, ample funds were 
eventually provided to make intensive studies to investigate the 
cavitation characteristics of the proposed Bluestone baffle piers, 
and, if possible, to revise the shape of these piers to minimize the 
possibility of their being damaged by pitting  due to cavitation. 
Funds were also provided to make extensive studies to determine 
whether erosion which had occurred on the baffle piers and spill­
way apron of the Bonneville Dam was due wholly or in p a rt to 
cavitation, and, if so, what steps could be taken to minimize or 
eliminate such erosion in the future.
E x p e r im e n t a l  A p p a r a t u s
A description of the original apparatus which was constructed 
to investigate the cavitation conditions in the outlet conduits of 
high dams, an explanation of its use, results of the Madden tests, 
and comments on the nature and causes of cavitation were published 
in the Proceedings of the American Society of Civil Engineers  for 
November 1940. The reader is referred to this publication for a 
more detailed treatment of the principles pertaining to cavitation
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experiments on models than can be given in the present paper. 
However, it seems desirable to restate briefly the fundamental con­
sideration pertaining to such experiments; namely, that if the fluid 
system in a model of undistorted scale is to simulate cavitation con­
ditions in a prototype, it is necessary to enclose the model in a 
tank or other closed system from which the air is partially ex­
hausted so that the atmospheric pressure on all free surfaces of the 
liquid in the model (for example, the headwater and tailwater 
surfaces) is reduced in exact proportion to the model scale. While 
perfectly undistorted scale operation would require chilling of the 
model fluid to reduce its vapor pressure in exact accordance with 
the model scale, this step is not actually necessary in practice since 
it is possible to use a model fluid having any given vapor pressure 
and to compute the lowering of air-tank pressure necessary to 
cause the cavitation pockets of the model to simulate those of the 
prototype exactly in size and location. Formulas for making the 
latter computations are discussed in detail in the above reference.
In  order to overcome the 
difficulty of cavitation in the 
main centrifugal pump of the 
original apparatus in which 
an especially high vacuum 
was required, it was found 
necessary to build an entirely 
new apparatus, shown in 
Figs. 1 and 2, in which the 
model chamber was placed at 
an elevation of about 20 feet 
above the pump. The model- 
testing chamber is a rectan­
gular steel box, connected 
to the main centrifugal pump 
by vertical steel pipes. The 
chamber is 12 inches wide in­
side, 30 inches deep, and 96 
inches long. I t  is of welded 
steel-plate construction, suf­
ficiently strong and rigid to 
withstand an external pres-'- P i g . 1.— G e n e r a l  V i e w  o f  V a c u u m - 
sure of one atmosphere. A Tank APPA,tATUS'
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window of one-inch high-strength plate glass is provided in the side 
of the tank in such a position as to facilitate the observation of what­
ever cavitation or other hydraulic action is taking place on the model 
baffle piers or other objects being tested. The window is 12 inches 
high by 40 inches long. Another window of one-inch plate glass is 
provided in the top of the chamber to permit illumination of the 
models. This window is removable to permit access to the interior 
of the chamber for inserting or removing models. W ater is circu­
lated through the tank from an 8-inch centrifugal pump by way 
of the 8-inch vertical pipe. One of these pipes, for part of its
F i g . 2 .— M o d e l  T e s t i n g  C h a m b e r .
length, is jacketed by a tank in which ice may be placed to cool 
the circulating water. An 8-inch valve is provided for close regula­
tion of the discharge. The flow is admitted to one end of the model- 
testing chamber through a rectangular slit or nozzle equal in length 
to the full width of the tank and adjustable in width by means of 
a sliding gate, so that a spillway jet of any desired thickness may 
be simulated. The nozzle is pointed downwards into the tank at 
an inclination of i y 2 vertical to 1 horizontal in order that the jet 
may simulate the flow on the most steeply-inclined portion of a 
typical ogee spillway face—i.e., the portion just above the concave 
bucket which delivers it onto the horizontal apron. In  this apparatus 
the concave bucket and horizontal apron with its attached baffle 
piers is not a part of the permanent equipment, but is changed for 
each model. I t  is to be noted that in this apparatus the spillway
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crest with its headgates, etc., is not simulated, but, in general, 
tests with this apparatus include parallel tests on an ordinary 
open-air model on which the entire spillway, including the crest 
structures, apron, and tailwater channel, is simulated. The open- 
air model provides the requisite data on jet thickness and jet 
velocity for setting the nozzle gate by which the flow enters the 
model-testing chamber in the cavitation apparatus, and for setting 
the main 8-inch valve which controls the discharge. The requisite 
vacuum on the testing, chamber is provided by a Westinghouse- 
leBlanc steam-jet air ejector. Quite a high vacuum is required. 
For exam ple: exact undistorted-scale operation on a model of scale 
1 :60 would require an absolute pressure of 1/60 of 30 inches of 
mercury, or in other words a vacuum of 291/2 inches of mercury. 
The distorted-scale operation actually used requires slightly less 
vacuum than this. For pressure measurements a mercury cistern 
gage is connected to the main tank. A barometer is also required, 
to reduce the cistern-gage readings to absolute pressures.
M eth o d  o f A d ju s t in g  H y d ra u l ic  C ond itions  f o r  a  M odel T e s t  
The f irs t step in p reparing  to conduct a test on a model in the 
cavitation ap p ara tu s  is to ad just the spillway je t  to the required 
thickness by moving the inlet nozzle gate. (I t  is assumed th a t the 
desired je t thickness and velocity a t a pa r ticu la r  reference section 
have already been determ ined bjr a test on an open-air model.) The 
m ain discharge valve is then regulated  un til  the je t  velocity has the 
required  value, as determ ined by a P ito t tube. The to ta l q uan tity  
of w ater in the system is then altered un til  the ta ilw ater depth  
has the correct value. A fte r  read ing  the barom eter and  com puting 
the required  tan k  pressure the tank  is sealed and  the required 
vacuum  is applied. As the a ir  is exhausted, the cavitation pockets, 
if  any, appear g radually  and  become stabilized as the final vacuum 
is reached.
E vidence of Concrete P itting on H ydraulic Structures
Severe pitting  due to cavitation occurred at the conduit entrances 
to Madden Dam. Comparative model performance in many cases 
on baffles, as shown by subsequent model tests, has provided further 
proof of the probability of like pitting  of a severe nature in the 
case of high dams. Minor pitting occurred on the baffles of Claytor
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Dam, and, as will be shown later, some of the severe scour on the 
baffles of the Bonneville and Gatun Dams can be attributed to 
cavitation forces.
An idea of the damage which may occur on an apron inade­
quately designed or constructed to resist the tremendous forces 
exerted thereon can be obtained from the evidence provided by
F i g . 3 .— S c o u r  o n  B a f f l e s  o f  B o n n e v i l l e  D a m .
the Bonneville stilling basin. All the scour shown on the baffles 
in Fig. 3, and on the apron, cannot be attributed to cavitation 
on the basis of the model tests. Some may be due to material carried 
by the w ater over the spillway or dragged onto the apron from the 
stream bed below by eddies when certain methods of operation are 
used. However, from a knowledge of the cavitation phenomena, the 
illustration provides a good picture of what could be anticipated in 
the form of pitting  on the baffles for high-velocity jets when cavita­
tion forces are present.
Considerable trouble from erosion on the baffles of Gatun Dam 
has also been experienced, as shown in Figs. 4 and 5. Although no 
model tests have been made to investigate the cavitation potentiali­
ties of this structure, it is believed on the basis of the cavitation 
theory and the extensive studies made with regard to it that the 
damage shown was probably due to collapse of the vacuum pockets 
on the baffle surfaces occasioned by cavitation. Studies made on 
baffles of the Gatun type have shown that the region of greatest
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pitting  would occur in the exact localities shown, and that no p it­
ting  of any consequence would be produced in the areas where the 
concrete for the Gatun baffles was undisturbed.
Recent inspection of' 
the baffles on Claytor 
Dam has also produced 
evidence of minor p it­
ting, as illustrated in 
Fig. 6. The cavitation 
tests conducted from 
this structure confirm 
the fact that, for the 
tremendous flood flows 
experienced, the cavita­
tion effects were only minor in character.
Cavitation Tests on th e  B luestone and Claytor D ams
Because of the high heads and the consequent high jet velocities 
to be encountered in the operation of the Bluestone Dam, it was 
recognized that severe cavitation of the baffle piers was possible 
and should be guarded against. Accordingly, in collaboration with 
the U. S. Waterways Experiment Station, the Hydraulic Research 
Laboratory at Carnegie Institute of Technology conducted experi­
ments to study the cavitation phenomena on proposed baffle designs 
in an attem pt to prevent its occurrence under actual operating 
conditions. Since the methods employed by both laboratories were 
distinctly different, the tests provided a means of comparing the
F i g . 6 .— E r o s i o n  o n  B a f f l e s  o f  C l a y t o r  D a m .
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effectiveness of each method in studying cavitation, and of supply­
ing data for proper design of the baffles.
As previously described, the tests a t Carnegie Institu te of Tech­
nology were made in the vacuum-tank apparatus by which visual 
inspection of the pocket formations could be made. This procedure 
involved not only the correct simulation of the flow conditions on 
the apron, but also the reproduction of the correct pressure differ­
entials to scale without which the cavities or pockets would not 
occur. The W aterways Experiment Station, in its studies on cavita­
tion, employed the use of a newly-developed dynamic-pressure 
meter which records both the magnitude and frequency of the 
pressure fluctuations in the affected regions, and shows whether 
or not the resulting pressures are in the cavitation range.
The observations by the vacuum-tank method provided an in­
stantaneous picture of the area subject to cavitation trouble, and 
permitted a quick means of revising the baffle design to eliminate 
whatever troublesome features existed. In  the studies made by 
the Experiment Station it was possible to determine the relative 
effectiveness of the several baffle designs as to energy dissipation 
on the apron, in addition to investigating the cavitation effects 
through an analysis of the pressures that obtained. Generally, the 
results obtained by both methods were in close agreement as re­
gards the cavitation characteristics of the several baffle designs 
studied.
By either testing procedure, the vacuum tank or the pressure­
cell method, the existence of cavities, or pockets, can be determined. 
However, the effect of the cavitation forces on the pitting of con­
crete surfaces cannot always be predicted. Some precedent was 
therefore necessary in the form of a design subjected to actual 
flow conditions of an extreme nature for which either minor p it­
ting or its complete absence resulted, so that an evaluation could be 
made of the data obtained from the Bluestone tests. This was 
found in the example of the stilling basin design for Claytor Dam 
which had weathered successfully, from a cavitation standpoint* 
a flood of ra ther extreme proportions. Accordingly, the informa­
tion obtained from the tests made on this structure was used as a 
criterion to guide the cavitation tests on the Bluestone Dam. A 
detailed study of the stilling-basin design for Claytor Dam was 
made by both the vacuum-tank and pressure-cell methods.
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The stilling basin for Claytor Dam consisted of one row of baffles 
placed adjacent to an end sill, as shown in Fig. 7. The end sill was 
slotted in between the baffles, the slots being of larger cross-sec­
tional area downstream and having the purpose of distributing a 
portion of the flow along 
the bed of the stream. Fig.
8 demonstrates the perform­
ance in the cavitation ap­
paratus for correct repro­
duction of the pressure dif­
ferential. The action shown 
at the side of the baffle is 
somewhat misleading, in 
that it does not represent a 
true pocket. As the jet 
passed the front edge of the 
baffle, it produced a vortex which adhered to the side. The pres­
sure tests made under similar conditions at the W aterways Experi­
ment Station revealed that this type of action would decrease the 
pressure to the cavitation range only about 25 percent of the time. 
The resulting p itting in the prototype, as previously shown, was 
only minor in extent.
P i g . 8 .— M o d e l  P e r f o r m a n c e  o f  C l a y t o r  D a m  S t i l l i n g  B a s i n .
The details of the Bluestone stilling basin design, as originally 
developed by model tests for satisfactory energy dissipation, are 
shown in Fig. 9. The basin consisted of two sets of baffle piers, an
F i g . 7 .— B a f f l e  P i e r s  a n d  E n d  S i l l , 
C l a y t o r  D a m .
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end sill, and a stilling 
weir downstream which 
is not shown. I t  is evi­
dent that to a consider­
able extent the baffles 
were depended on for 
the destruction of the 
energy of flow in the 
basin. The prevention 
of their removal or dis­
integration due to p it­
ting was therefore of 
prim ary importance if 
a suitable design was to be provided. When operated under vacuum 
conditions at the maximum design flood, the model brought out the 
severity of the cavitation as illustrated by the complete envelop­
ment of the side and top of the baffle by the flashes shown in Fig.
■
*
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P i g . 10.— B l u e s t o n e  M o d e l  a t  M a x i m u m  D i s c h a r g e .
10. Unlike the case in the Claytor tests, the pockets were enclosed 
completely, providing most favorable conditions for probable p it­
ting of the concrete surfaces. The pressure-meter tests for the 
same flow showed the pressures to be in the cavitation range about 
80 percent of the time, as against 25 percent on the Claytor baffles 
for somewhat similar discharge conditions. A t about 25 percent 
of the maximum flow the severity and length of the pockets pro­
duced were diminished considerably (Fig. 11). The frequency of
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F i g . 1 1 .— B l u e s t o n e  M o d e l  a t  2 5  P e r c e n t  o f  M a x i m u m  
D i s c h a r g e .
the cavitation flashes also descreased, although the resulting be­
havior was still unsatisfactory.
As a result of the experiments on Bluestone Dam by the W ater­
ways Experiment Station, a new type of baffle was designed which 
incorporated some of the features of the original scheme. The flat 
portion of the front face which would be effective in obstructing 
the path of the jet was 
maintained. The sides 
of the baffle w e r e  
streamlined in plan by 
curves representing the 
nappe of a je t from a 
rectangular slit, com­
monly known as the 
“ trac tr ix ”  or the in­
volute to the catenary.
The top of the baffle at 
the front was curved, 
and the total height was 
decreased to 6.0 feet. The details of this streamlined pier are 
shown for Type B -l in Fig. 12. When subjected to tests in the 
vacuum tank apparatus, it was noted that a slight pocket which 
opened and closed interm ittently formed over the top edge. The 
sides were free from cavitation flashes. As an improvement to 
this design two schemes were investigated, represented by Types
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B-2 and B-3 (also Fig. 12). The basis for both schemes was to 
eliminate the pocket formation at the top by deflecting the resulting 
flashes over the top of the baffle into the tail water downstream. 
Both were successful in providing the type of action desired and an 
entirely cavitation-free performance resulted.
The results of the tests under vacuum conditions for the stream­
lined type of baffle at the maximum flow are illustrated in Figs. 
13 and 14. The first shows the results for the Type B -l baffle, and 
illustrates the formation of the pockets along the top edges of both 
rows of baffles. The second demonstrates the model behavior for 
the Type B-3 baffle. The complete absence of pockets along the 
baffle surfaces is evident. The disturbances shown over the slop-
F i g . 1 3 .— M o d e l  P e r f o r m a n c e , B l u e s t o n e  B a f f l e s ,  T y p e  B - l .
F i g . 1 4 .— M o d e l  P e r f o r m a n c e , B l u e s t o n e  B a f f l e s , T y p e  B - 3 .
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ing face of the baffle are in the nature of turbulence and eddies, 
both of which have no effect on the formation of cavitation.
Cavitation Tests on B onneville D am
As shown in Fig. 15, the stilling-basin design of the Bonneville 
Dam consists of two rows of baffles six feet high and six feet thick. 
The baffles are trapezoidal in vertical cross section and are stagger­
ed to provide optimum destruction of the jet velocities.
To realize the complications involved in the cavitation studies 
made on Bonneville Dam, it is necessary to consider the different 
variables involved in the 
operation of the struc­
ture. The flow condi­
tions on the apron are 
influenced by three 
variable factors : ( 1 ) 
the headwater elevation,
(2) the amount of the 
gate opening, and (3) 
the tail water depth. All 
three have a definite 
bearing on the cavita­
tion effects, since they 
influence the velocity and thickness of the jet, and the pressures 
occurring on the baffle surfaces. The problem was fu rther compli­
cated by the fact that the cavitation as observed in the model was 
never severe, its extent varying considerably depending on the 
method of operation used. I t  was not certain that the damage that 
occurred on the apron and baffles of Bonneville Dam, or any part 
of it, was due to cavitation forces. I t  was therefore necessary to 
ascertain by the model tests the cavitation potentialities under a 
variety of operating conditions, and to determine the location of 
the areas where pitting  might result.
From  the data obtained in the model tests, the tailwater eleva­
tions were determined at which the cavitation pockets disappeared 
in the model and at which they became very unsteady and inter­
mittent. This procedure had to be resorted to because of the fact 
that the line of demarcation between the definite occurrence of
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F i g . 1 5 .— B o n n e v i l l e  S t i l l i n g  B a s i n .
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cavitation and its complete absence was not well defined. I t  was 
assumed that when the flashes became very unsteady cavitation was 
on the verge of incipiency. These two points for which data were 
obtained—namely, when the flashes became unsteady and when 
they disappeared entirely—were considered to be the upper and 
lower limits of incipiency, and the region between the two as the 
zone of incipiency.
Previous to the running of the cavitation tests on Bonneville 
Dam, a log was furnished of the operation of the structure. This 
consisted of a record of the discharges, amount of the gate openings, 
and data on the headwater and tailwater levels. The discharge 
varied from 6.5,500 to 625,000 cubic feet per second, and the head­
water between Elevations 64 and 72. The tailwater depth was de­
pendent on the amount of the total discharge in the river. To de­
termine whether or not cavitation had occurred in the prototype 
during operation of the structure and the extent to which it might 
have occurred, the data for prototype operation were plotted on the 
same plates with the information obtained for the limits of in­
cipiency from the model. The data were divided into three groups 
according to the amount of discharge, the tailwater elevations being 
plotted against the gate opening in inches. The results of the cavi­
tation studies are shown in Pigs. 16, 17, and 18. A careful study 
of these figures reveals the nature and possibility of cavitation 
occurring on the apron and baffles of Bonneville Dam, for the 
methods of operation adhered to in the prototype up to the time the
F i g . 16.— B o n n e v i l l e  M o d e l - P r o t o t y p e  C o m p a r i s o n s , 
G r o u p  1.
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F i g . 1 7 .— B o n n e v i l l e  M o d e l - P r o t o t y p e  C o m p a r i s o n s , 
G r o u p  2 .
F i g . 1 8 .— B o n n e v i l l e  M o d e l - P r o t o t y p e  C o m p a r i s o n s , 
G r o u p  3.
tests were started. F or all the plotted points that occur above the 
line of the lower limit of incipiency no cavitation was possible in 
the prototype. For the points occurring in the incipiency zone 
the amount of cavitation and pitting was of a doubtful nature and 
probably not severe. The probability of severe cavitation in the 
prototype existed only for the operation designated by the points 
found below the line of the upper limit. The results of the tests 
show that no serious cavitation resulted on the Bonneville apron
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and baffles for the methods of operation used, and that the greatest 
portion of the scour that occurred was undoubtedly due to other 
causes.
The testing program on cavitation for Bonneville Dam was con­
fined to the phases just mentioned and is being resumed to pro­
vide more conclusive data on pitting. Incidental thereto, it is 
also proposed to study in subsequent tests the revision of the baffle 
design necessary for more effective combat of the cavitation dam­
age which might occur due to unusual operation of the structure, 
especially at higher headwater elevations.
Need for Model V erification of Cavitation P henomena
I t  is evident from the previous discussion that the cavitation 
tests by the vacuum-tank method provide data only with regard to 
the existence and location of cavitation pockets in critical areas. 
The data are obtained by visual inspection of the model when all 
factors influencing performance are reproduced to scale. In  the 
pressure-cell method employed by the Waterways Experiment Sta­
tion data are obtained on the magnitude and frequency of the 
pressure fluctuations in cavitation areas, and an analysis is made 
of the performance by determining the relative time during which 
the pressures are in a range where cavitation is likely to occur.
I t  is recognized that, with the exception of the tests on Claytor 
Dam in which minor p itting  occurred and for which the model tests 
showed cavitation performance of a different nature from that en­
countered in other tests, no data are available on the extent of the 
pitting  which would be caused by cavitation on baffle piers under 
a variety of flow conditions. I t  is therefore proposed in the near 
fu ture to obtain information of this nature for the purpose of model 
verification by determining the degree and location of the damage 
caused on concrete surfaces by cavitation, as against the location 
and severity of the pressure fluctuations and pocket formations 
observed in the model. The necessary experiments could be ac­
complished by studying the behavior of various types of obstruc­
tions placed in the conduit of a high dam where the velocities and 
jet thicknesses could be controlled and a variety of flow and pres­
sure conditions could be provided. Identical conditions could then 
be reproduced in a model that simulated the conduit and obstruc­
tion, and an analysis could be made of the phenomena that occurred
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in the prototype. The extent and location of the pitting  produced 
on the obstruction in the prototype could be used as a guide in 
studying the pocket formations and the pressure fluctuations in 
the model. Such verification is desirable to permit an accurate 
analysis of cavitation tests and to establish rigid rules in the future 
design of baffles free from cavitation.
Conclusions
As a result of the model tests to date on the cavitation of baffle 
piers below high dams, certain conclusions can be made that are 
of interest to the hydraulic engineer.
1. In  a stilling-basin design where non-streamlined obstruc­
tions are subjected to high velocities, in excess of about 60 feet 
per second, cavitation and pitting of the concrete surfaces as a 
consequence are likely to occur.
2. The probability of cavitation can be eliminated by proper 
design of the baffle piers. Streamlining of the piers, if resort­
ed to, can be accomplished in such a way as not to impair the 
effectiveness of the baffles in energy dissipation.
3. The degree of pitting  which may occur for any set of con­
ditions cannot as yet be predicted on the basis of model tests 
alone. For this purpose additional studies of a comprehensive 
nature are required for verification of the model tests.
4. Once more analysis by model methods comes to the fore­
front, not only in predicting inadequacies in the present de­
sign of hydraulic structures, but also in providing a suitable 
answer to the indeterminate problems of the hydraulic 
engineer.
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TH E E X PER IM EN TA L STUDY OF OSCILLATORY
WAVES
by
Martin A. Mason 
Beach Erosion Board 
W ar Department 
Washington, D. C.
Those of us who occasionally read the Bible find therein many 
references to waves and storms, indicating that the ancients were 
familiar with those phenomena. We know also that the Arabian 
philosopher Avicenna [ l ]1 (980-1037), whose work was apparently 
copied by Leonardo da Vinci [2] (1452-1519), wrote of ocean waves. 
Since this early beginning the observation of the unceasing move­
ment of the sea has never lost its interest, and it was only a natural 
step from wonder at the spectacle to study and experimentation 
with a view to understanding the action. The problem at first 
glance appears simple, for some features of the movement of the 
sea may be easily studied even while resting in comfort on a beach; 
but, oddly enough, less is known of the visible motion of the ocean 
surface than is known of the invisible motions involved in light 
and sound. The answer to this paradox probably lies in the com­
plexity of the phenomenon, making even its description a difficult 
matter. I t  will be recalled that Jeffreys, in attem pting to describe 
the ocean surface, stated that, “ the predominant characteristic of 
the ocean surface is its irregularity .”  One is also reminded of the 
precise but not very helpful axiom of the mathematician to the 
effect that any natural phenomenon may be expressed as a single 
equation with an infinite number of variables. This is interesting 
philosophy; but, in its practical application to ocean wave phe­
nomena, investigators have so fa r progressed only to the extent of 
determining that the number of variables involved is unknown and 
that these unknown variables are probably all dependent.
This confused and, obviously, partially false statement seems, 
however, to be a reasonably exact expression of our present knowl-
1 References appear a t the end of the article
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edge regarding ocean waves in particular and oscillatory waves in 
general.
E xperimental Studies
Classically, the experimental study of oscillatory waves has been 
divided into studies in the ocean, or ra ther in nature, and studies 
in the laboratory. This division is natural, since the problem con­
sists of two parts : first, what is the nature of the phenomenon of 
ocean wave motion, and, second, what are the possible explanations 
of the phenomenon? W ith respect to the first, it may be seen that 
by reason of the large number of uncontrolled variables effective in 
nature, definition of the character of the ocean surface and its be­
havior is difficult and may have to be principally statistical. As 
to the second, the explanation of the natural phenomenon may best 
be formulated by laboratory studies in which the variables in­
volved are isolated and their relation investigated step by step. 
Thus the genetic, or causal, features of the problem may be studied.
The first studies of ocean waves date back to Commander Charles 
Wilkes [3], who attempted to measure accurately the size of ocean 
waves during an expedition of six United States warships in 1838- 
39. I t  may be noted that Wilkes introduced the method of meas­
uring wave height which consists in sighting from the rigging of 
a ship while the ship is in the trough between two adjacent crests, a 
method which is still used as a standard.
Following Wilkes, Scoresby [4] in 1850 and Lt. Paris [5] in 1871, 
continued field measurements in an effort to define the natura l 
phenomenon, using methods similar to those employed by Wilkes, 
while Abercromby [6] in 1888 and fier!tard Schott [71 in 1893 
measured ocean-wave heights employing a sensitive aneroid barome­
ter as a measuring device. A long series of studies was made at 
Algiers in 1839 by the French investigator Aimé [8], who is be­
lieved to have been the first to attem pt the observation of the in ­
ternal movements involved in oscillatory wave motion in nature. 
F u rth er study and observations of ocean waves were made by 
Gassenmayr [9] in 1896, Gaillard [10] in 1904, Laas [11] in 1905, 
Kohlschütter [12] in 1909, Cornish [13] over a long period dating 
from about 1910, Zimmerman [14] in 1920, and Count von Larisch- 
Moennich [15] and Meinesz [16] in 1925, and in modern times by 
Schumacher [17] on the research trip  of the Meteor, Weinblum
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[18] and Schnadel [19] on the trip  of the San Francisco, and Pabst 
[20], O ’Brien [21], Shepard and LaPond [22], the last three being 
American observers of shallow-water wave phenomena.
As this long list indicates, many experiments have been made at 
sea, but most of them have been limited to measurement of the wave 
velocity, the wave length, the wave height, and the wave period. 
Not until very recently has information on the shape of waves, or 
the depth to which the surface disturbance extends, been available, 
and not even today do we have information on the actual move­
ments of water particles affected by wave motion.
Summarizing our present knowledge of ocean waves derived 
from actual observation, one cannot improve upon Thorade [23], 
who wrote in 1931:
No adequate r°sults of observation are available with respect 
to * * * form, orbital path, and energy, but they are sufficient to 
shake our confidence in theory. * * * complete agreement between 
theory and observation is seldom found, and where it  is found, it  
seems suspicious.
L aboratory  S t u d ie s
W ith respect to laboratory experimentation on oscillatory waves, 
the situation is somewhat brighter. The mathematical study of 
waves first received attention from Newton, who in his 1 ‘ Principia ’ ’ 
gave an account of tidal motions and some few observations on 
oscillatory wave motion. Newton was followed in the 18th century 
by Laplace [24], Lagrange [25], Bernoulli [26], MacLaurin 
[27], and Euler [28], all of whom worked on both general and 
particular phases of the wave problem. I t  was not until 1802, 
however, that the first complete theory of oscillatory wave motion 
was developed by Pranz von Gerstner [29], basing his study en­
tirely on geometrical considerations suggested by actual observa­
tions of ocean waves.
A considerable impetus was thus given to the experimental study 
of waves by the publication of wave theory, in that a direction of 
experimentation was provided. The first large-scale laboratory 
study of wave motion was by the Weber brothers [30], who in 
1825 studied waves in a tank, employing water, mercury, and 
brandy.
Later, de Caligny [31] from 1843 on, and Hagen [32] in 1861, 
experimented in shallow tanks in an effort to verify and develop
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wave theory. They were the first to generate regular systems of 
waves, previous investigators having contented themselves with 
study of the disturbance created by a single impulse. Osborne 
Reynolds [33] reported on the investigation of the action of waves 
and currents on the beds and foreshores of estuaries by means of 
working models in 1890. Ahlborn [34] described experiments in­
cluding a study of the internal movements in a wave in 1922, and 
was closely followed by Harold Jeffreys [35] who published the 
results of laboratory experiments and theoretical studies in 1924-25.
The list of investigators is short until about Jefferys’ time, when 
the study of wave action began to be undertaken by hydraulic 
laboratories at the behest of engineers concerned with harbor con­
struction, shore protection, and marine architecture, as well as 
oceanographers, geomorphologists, and meterologists.
In  the United States the agencies interested in oscillatory-wave 
research are the oceanographic institutions, a few of the hydraulic 
laboratories, and the laboratories of the Beach Erosion Board and 
Waterways Experiment Station in the Corps of Engineers. The 
direction of research in this field has been divided between basic 
research, investigation of generalized problems by model studies, 
and model studies seeking a solution of some specific problem. As 
a rule the first two types of study have been limited to two-dimen­
sional studies of simplified problems, in which only a few variables 
are involved. From  such studies it is hoped that a fund of knowl­
edge regarding the interrelation of all the variables entering into 
the wave problem in nature may be accumulated, which will allow 
the ultimate solution of the three-dimensional problem in nature. 
The th ird  type of study has not been successful in those cases in 
which wave action on a movable bottom is the predominant force. 
Perhaps twenty models have been built; but only those dealing 
with the modification of wave characteristics alone, such as the 
effect of breakwaters on wave heights, have given quantitative re­
sults.
Basic research on oscillatory wave motion has been directed en­
tirely to the study of relationships predicted from theory but 
not verified by experiment or observation in nature. These studies 
concern the velocity and length of the wave in terms of the wave 
period, wave height, and water depth; the movement of the water
http://ir.uiowa.edu/uisie/27
particles involved in wave motion; the profile of the wave; the 
wave energy and its dissipation by friction, by obstacles, or by other 
m eans; wave pressures, both internal and against obstruction; wave 
refraction ; the movement of materials by waves; and the generation 
of waves by wind or moving objects, such as ships.
The investigation of generalized problems by model studies and 
the study of specific problems of wave action at given localities is 
as yet very limited and the information thus obtained meagre. A 
few successful studies may be mentioned, however, for example: 
some studies made at the University of California and described in 
M asters’ theses, including investigation of the equilibrium slopes 
of sea beaches and verifications of oscillatory wave theories; the 
work on wave pressures of Larras [36] in France, Bagnold and 
White [37] in England, and the Waterways Experiment Station 
in the United States; the researches of Klauck and Hsu at the 
Massachusetts Institu te of Technology, and Stucky and Bonnard at 
the University of Lausanne, dealing with the effect of sea walls 
and breakwaters on wave action; and the valuable work of P ro ­
fessor Thyjsse [38] at Delft on the effect of local wind on wave 
motion.
The experimental study of oscillatory waves has been curtailed 
considerably because of existing conditions, but some investigation 
is still in progress in university and governmental laboratories. 
Reference to the bulletin, “ Current Hydraulic Laboratory Research 
in the United States,”  published January, 1942, by the National 
Bureau of Standards, shows that some eleven projects related to 
oscillatory-wave study are now in progress by the Tennessee Valley 
Authority, the U. S. Waterways Experiment Station, the Beach 
Erosion Board, and Lafayette College. In  addition, two studies 
not listed in that bulletin are in progress at the Scripps Institu ­
tion of Oceanography and the University of California.
Of the studies noted, three are devoted to fundamental research 
on wave theory or characteristics, two in the field and one in the 
laboratory; three concern models of specific localities; one is a 
generalized study of wave forces against breakwaters; three are 
concerned with the development of experimental equipm ent; one 
is a field study of ocean-wave characteristics; and the last two 
mentioned in the preceding paragraph are field studies of the ef­
fect of waves on beaches and beach material.
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In  general it may be said that laboratory experimentation has 
progressed almost to a point where further advance is contingent 
upon more complete information being made available concerning 
the natural wave phenomena. This information may be supplied by 
the answers to the following questions:
1. Is there a regular motion of the sea?
2. Does the surface consist of uniform wave trains—i.e., sys­
tems of waves of like characteristics ?
3. Are ocean waves and wave trains permanent ?
4. W hat is the form of the wind w ave; the swell; and the 
breaking wave?
5. W hat are the laws of propagation for wind waves; swells; 
storm seas?
6. W hat are the characteristics of storm seas ?
7. W hat are the maximum wave characteristics to be expected 
in a given locality?
8. Do the characteristics of waves in deep water, say greater 
than 100 fathoms, differ from those of waves in shallower depths?
9. W hat is the statistical distribution of wave length, height 
and period, in deep and in shallow water ?
10. W hat is the motion of individual water particles in a wave ?
11. Do oscillatory surface waves and translation waves co-exist 
in the shallower depth regions ?
12. W hat is the mechanism of the movement of bottom and 
beach materials by surface waves ?
Apparatus and Techniques
The apparatus, equipment, and techniques employed for the ex­
perimental study of oscillatory waves in the laboratory or in the 
field are relatively simple. The characteristics usually studied are 
the wave length, height, period, and velocity, the form of the wave 
profile, and the movement of the water particles affected by the 
wave motion. Field studies generally include also observations of 
the direction of travel of the waves, and of the wind characteristics 
in the locality. Develojmient of apparatus and techniques has been 
slow, and the field of opportunity for fu rther work in this respect 
is wide.
The laboratory apparatus for the study of oscillatory waves is 
relatively simple, consisting essentially of a tank fitted with a
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wave generator, and certain special equipment to be described.
Waves are generated in so-called wave tanks, either of the na ­
ture of flumes a few feet wide and deep or of shallow basins of 
large area, by a mechanism which periodically displaces the water 
from the end or side of the tank. The frequency of displacement 
governs the period (and thus the length) of the wave, while the 
volume displaced governs the wave height. The initial shape of 
the wave is largely a function of the rate of displacement. The 
Beach Erosion Board, after extensive experimentation with p lun­
ger, flapper, and rotating eccentric-body displacement devices, has 
found that a quarter-circle scoop, operated through a double ec­
centric system best satisfies the requirements for the formation of 
a uniform series of waves wherein the water-particle displacements 
are in phase. This is a fundamental requirement for oscillatory- 
wave generation. I t  may be noted that scoop-generated waves 
reach a stable condition within two wave lengths’ travel from the 
generator, while, for the same result, the much-employed plunger­
generated waves require a minimum travel on the order of ten to 
fifteen wave lengths. This factor is important in determining the 
length of tank necessary for wave experimentation.
Present evidence indicates that the wave tank should have a 
minimum width of two feet, and preferably more, to reduce side­
wall effects to a minimum. The sides and bottom of the tank 
should be as smooth as possible, since every irregularity  in the solid 
boundaries affects the water surface.
The dissipation of the wave system in the tank is very important. 
No thoroughly satisfactory wave absorber is now available, but 
reasonably acceptable performance may be obtained from a perme­
able beach set parallel to the wave fronts and on a slope of about 
25 degrees.
Wave heights are conveniently measured by a combination point 
and hook gauge, the point being set to the wave crest and the hook 
to the trough. However, in many instances it is desirable to obtain 
a record of wave height, in which case several types of instrument 
may he used. An electric wave profiler has been developed by the 
Beach Erosion Board for this purpose, consisting of a pair of wire 
electrodes connected in series to a recording oscillograph and a 60- 
cycle alternating-current power supply. A constant potential is
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employed and the circuit characteristics are so adjusted that the 
variation of current flow recorded is practically proportional to 
the water-level variation. A  somewhat similar device employing 
a contact strip connected to an arrangement of resistors has been 
developed by the W aterways Experiment Station. A th ird  method 
employed with considerable success is the photography of the wave 
profile against a grid system, by which the instantaneous wave 
height and profile may be obtained. A fourth method sometimes 
used, but subject to considerable systematic error, is the recording 
float. Of these methods the photographic is probably the most ac­
curate ; the electrical methods are valuable if the wave form is not 
changing; and the recording float method is least desirable.
The determination of the wave form may also be accomplished 
by any of the four methods mentioned, with the same comments 
applicable.
Wave periods may be obtained from records of consecutive wave 
profiles, or more simply by noting the time required for a given 
number of waves to pass a point.
Wave lengths may be obtained from photographic records of a 
series of consecutive waves, or determined by a pair of point gauges, 
connected in a circuit through the water and a neon bulb. The 
points are set just to touch the wave crests, and the distance be­
tween the points adjusted to obtain synchronous flashing of the 
neon bulbs. The separation distance may be a single wave length 
or multiples thereof.
Wave velocities are most conveniently measured by timing wave 
travel over a known distance.
A successful method for the study of the movement. of water 
particles involved in wave motion has been developed by the Uni­
versity of California and the Beach Erosion Board. Photographs, 
either single or multiple, of the movement of non-miscible injected 
drops against a grid background are obtained for complete wave 
cycles. By including a timing device, such as a seconds clock, in 
the photograph, particle velocities as well as paths of travel may 
be determined. The drops employed are a mixture of xylol and 
butyl-pthalate in the approximate proportion of 1 to 3, colored by 
the addition of zinc oxide, anthracine, or stamp-pad ink and ad­
justed to the density of the water at the time of observation.
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Equally good results may be obtained from an olive oil-carbon 
tetrachloride-benzine mixture. Best results are obtained from 
finely ground aluminum particles about 0.2 millimeters in di­
ameter; but this method requires a very intense light source, such 
as a cerium arc operated in the Beck-effect range. No adjustment 
of densities is required in this la tter method, the aluminum p arti­
cles undergoing a selective separation at the time of injection.
The experimental study of oscillatory waves in nature is much 
more difficult than in the laboratory, largely by reason of the 
magnitude of the phenomena and the lack of a suitable base of 
reference. Waves near the shore, where measurements are most 
easily made, may be as much as 10 feet in height and several hun­
dred feet in length; waves in the open ocean are much larger and 
can be studied only from boats, which themselves are subject to the 
wave motion it is desired to investigate.
Since the days of Commander Wilkes in 1838-39, the develop­
ment of methods employed to measure ocean wave heights and 
lengths has remained practically static. Wilkes was the first to 
devise a method for measuring the height of ocean waves which 
gave reasonably accurate results and was followed more or less 
closely by subsequent investigators. W ilkes’ method [3] consists 
in viewing the crest of a wave adjacent to a ship from the rigging 
while the ship is in the trough between two adjacent crests, the 
observer ascending or descending as necessary in order to align the 
crest with the horizon. An allowance is sometimes made for the 
variation in position of the line of flotation of the ship, but in many 
cases such a correction cannot be made. When it is desired to 
measure wave heights close to shore, it has been the practise to drive 
graduated piles offshore in various depths of water and observe 
the intersection of the water level with such piles by means of a 
telescope or other viewing device. Obviously the accuracy of this 
method leaves something to be desired. Another method frequently 
used for inshore observations involves the use of a recording float 
mounted on a pier, pile, or other rigid structure. Such a method 
is generally satisfactory except for the fact that the depth of flota­
tion of the float is not fixed, varying in position with the travel of 
the wave.
On the open ocean, wave lengths have been measured by com­
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parison with the length of the boat on which the observer is sta­
tioned. A somewhat more accurate method consists in allowing 
a calibrated line, to which a float is attached, to pay out astern of 
the vessel until the float and the observer are in locations such that 
crests pass below them in synchronism. The number of waves be­
tween the observer and the float is noted, as well as the length of 
line paid out, and the wave length is thus obtained. Inshore ob­
servations on the length of waves in the ocean are conveniently 
made by means of a series of piles driven at known distances apart 
along the line representing the direction of travel of the wave. The 
position of the consecutive crests with respect to the spacing of the 
piles gives a measurement of the wave length. This scheme may 
also be employed for the case of waves approaching at an angle to 
the line of the piles, by simply correcting the observed length by 
the cosine of the angle between the direction of approach of the 
waves and the line of piles.
Wave periods in the open ocean are determined in the same man­
ner as for inshore or laboratory observations, the simplest and most 
satisfactory method being to count the time required for a given 
number of waves to pass a specific point.
Observations of the wave profile in the open ocean are extremely 
difficult to obtain and up to the present time no completely suc­
cessful method has been developed for this purpose. The stereo- 
photogrammetric method developed by Laas near the tu rn  of the 
century offers perhaps the most fru itfu l field for improvement in 
this respect. L aas’ method [11] involves the use of two cameras 
taking stereoscopic photographs of the surface of the ocean from 
the rigging of a ship or some other vantage point above the surface 
of the sea. A contour map of the ocean surface from which the 
wave lengths, heights, and profiles or cross sections may be de­
termined is constructed from the photographs by means of a stereo- 
comparator. The accuracy of the method is somewhat limited by 
the accuracy of reproduction of the contour lines, and the value of 
the method is reduced because of the relatively small field which 
may be covered. This method has been used by several German 
investigators, notably on the Meteor and San Francisco expeditions. 
The results obtained were promising, but, because of the limited 
field of view covered, only one complete wave profile has been ob­
tained although several hundred waves have been observed by this
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method. On the San Francisco expedition comparisons were ob­
tained between observations of waves made by the stereophoto- 
grammetric method and by the Weiss method [19], which involves 
the use of a series of contacts placed along the sh ip ’s side, operating 
in much the same manner as the contact-strip wave-height recorder 
developed by the Waterways Experiment Station and already 
briefly described. I t  was found that the Weiss method, while giv­
ing a general picture of the state of the sea surface, was subject to 
considerable error by reason of the variation in the depth of flota­
tion, rolling, and pitching of the ship and the effect of spray in 
giving fictitious readings.
Insofar as is known, the only observations of internal move­
ments in oscillatory waves made in the open ocean, or rather in 
nature, were made by Aimé at Algiers in 1839. Aim é’s experiments
[8] have become classic, but the results he obtained are relatively 
of little value for the student of ocean waves, in view of the fact 
that measurements were made in a protected harbor and in the 
vicinity of an artificial breakwater where the wave motion was in­
fluenced to a large extent by the adjacent structure.
Certain advances are now in progress in the development of the 
equipment and techniques for use in measuring waves in the ocean. 
Several years ago, in experiments being conducted in the English 
Channel in the neighborhood of Dover, it was discovered accidental­
ly that a high-frequency echo sounder could apparently be used 
to measure wave heights. This idea is now being developed, in 
the laboratory of the Beach Erosion Board. The method involves 
the use of an echo sounder in reverse, that is, the transm itting and 
receiving units are mounted on a suitable support placed on the 
sea floor and the signals are projected to the water surface where 
they are reflected from the water-air interface. Several technical 
difficulties have been overcome and it is believed that a satisfactory 
method of employing the echo sounder has been developed.
F uture E xperimentation
As was previously noted, our knowledge of oscillatory waves is 
by no means complete. The progress which has been made to date, 
while small, has been in general in the right direction. While under 
present circumstances it is not believed to be reasonable to expect 
any immediate appreciable advance in the science, it may, however,
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be worth while to consider what direction fu ture experimentation 
should take when it becomes feasible.
I t  is the opinion of the author that fu ture experimentation 
should be devoted principally to the development of fundamental 
knowledge of oscillatory wave motion in the sea. This is the prob­
lem which presents itself in nature, not the theoretical problems 
which have been reported upon by the mathematicians largely re­
sponsible for the present-day development of our knowledge of 
wave motion. We find ourselves, after several thousand years’ 
acquaintance with the problem, in the indefensible position of a t­
tempting to study in the laboratory a natura l phenomenon which 
we have not yet defined. I t  would seem only reasonable, therefore, 
that our efforts in future experimentation should be devoted p rin ­
cipally to a definition of the natural phenomenon, be it on a; 
statistical, causal, or other basis. Once sucli a definition is avail­
able, we may then proceed with our mathematical analyses, our 
laboratory studies, and our hypotheses concerning the interrelation 
of the variables involved in the natural phenomenon.
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FLOOD-WAVE CHARACTERISTICS AS RELA TED  
TO FLOOD ROUTING
by
C. J. Posey 
State University of Iowa 
Iowa City, Iowa
In  a short paper it is hardly practicable to attem pt to outline all 
of the known characteristics of flood waves. Professor Harold A. 
Thomas has written a review of the subject upon which it would 
be difficult to improve [ l ],1 and to those wanting a good perspec­
tive his bulletin is recommended. Instead of try ing to compete 
with Professor Thomas, the w riter wishes to focus attention on 
one troublesome phase of the problem : the formulation of a gen­
eral expression for the discharge in unsteady flow. • Depending 
upon the form of this expression, it may be difficult or easy to 
design flood routing procedures. Depending upon its completeness, 
the flood routing methods may have general or limited applicability. 
Some such formula is needed by the stream gauger when his ra t ­
ing curve becomes intractable during flood peaks or when the 
gauging station is drowned out by backwater.
Certain simplifying assumptions will be necessary at the outset. 
Vertical components of velocity will have to be neglected, and the 
assumption must be made that the velocity is constant throughout 
each cross section. Experience with steady-flow phenomena indi­
cates that the latter assumption is not likely to cause serious errors 
except in special situations which are easily identified. The former 
is justified by the fact that the types of wave motion in which the 
vertical components of acceleration play an im portant part are, 
with rare exceptions, characterized by sharper vertical curvature 
and higher speeds of travel than are observed for flood waves.
Friction losses will be evaluated by means of the Manning 
formula. The Manning formula applies properly only to uniform 
flow, with the channel bottom, water surface, and total-head line 
all parallel. To apply it to unsteady flow, we assume that the rate
i  References appear a t the end of the article.
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of loss of head by friction at a given section is the same as would be 
the slope for uniform flow in a uniform channel having the same 
shape, roughness, and depth of flow as the given section. This is 
manifestly only an approximation; in some cases it may be a poor 
one, but no better method of evaluating the friction loss is known. 
Let Qn represent the discharge for uniform flow at a specified 
depth, A  and R  the corresponding area and hydraulic radius, n 
the Manning coefficient, and S 0 the bottom slope of the channel 
Then
According to the assumption stated, one may write for unsteady 
flow, at an instant when the depth is the same as that specified for 
the uniform flow,
in which Sf  is neither the water-surface slope nor the bottom slope, 
but the instantaneous friction slope, and Q is the instantaneous dis­
charge. The other quantities have not changed, since the depth at 
the section is the same as it was for Eq. (1). Solving for the instan­
taneous friction slope,
Introduction of the differential equation of unsteady flow is now 
in o rd e r; it may be written
The derivation of this equation, which is quite general except 
for the restrictions imposed by the assumptions already stated, is 
given by Professor Thomas and others, and need not be repeated 
here. Before explaining the meaning of each symbol, the equation 
may be solved, as it stands, for Q :
(i)
Q =  A R  % S f % 
n
(2)
(4)
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The first term of the fraction under the square-root sign represents 
the instantaneous rate of change of water-surface elevation with 
respect to distance along the channel, or, more simply, the instan­
taneous water-surface slope, considered positive if downward in 
the positive ^-direction. The second term represents the instan­
taneous rate of change of velocity head with respect to distance 
along the channel, and the th ird  represents the acceleration slope, 
proportional to the time rate of change of velocity. I t  will be noted 
that all three terms have equal rank with regard to their possible 
effect on the value of the discharge.
I f  the second term is omitted, the formula becomes equivalent to 
the Chat ley formula [2], which was first developed to fit certain 
stream-flow data. G. G. Stroebe [3] found the Chatley formula to 
give Results that agreed closely with measurements on a stream 
subject to tidal fluctuations, and in which the velocity-head changes 
were negligible.
I f  the second and th ird  terms are neglected, Eq. (5) becomes 
equivalent to the formula used by C. I. Grimm to simplify, back­
water computations on the Ohio River. In  this stream, too, 
velocity-head changes are comparatively insignificant.
I t is not safe to use either the Chatley formula or the Grimm 
formula unless it is quite certain that the neglected terms cannot 
exceed the permissible limits of error. While the percentage error 
due to their omission may only be two or three percent in one test 
case, chosen at random, it might be one hundred percent or more 
in the next. In  streams subject to tidal or backwater influences, 
for example, the water surface may show a pronounced slope at an 
instant when the discharge is zero.
Eq. (5), however, is unsatisfactory for flood routing or for rat- 
ing-curve study, because the discharge is not given in terms of 
easily measured or computed quantities. Returning to Eq. (4) and 
substituting the following relationships in which B is the surface 
width (Eq. (10) is the equation of continuity),
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dA _  dA dz _  _  _02_ ,gs
dt dz dt dt
dA _  dz_ _  o /g-v
dx dz dt dx
^9. =  -  B —  (10)
9a; dt
we obtain, after combining terms and solving for the instantan­
eous discharge,
B dz 
g A 2 dt
Q = ---------
/ /  a* y  r  _ _ , 3 i \ i r 4. a  w i
[  Q„! 0 0xjjL3-K g A d t  ]
So _  B (  dz
Qn g A 3 I +  0z  )  (11)
Despite its formidable appearance, this expression is more workable. 
Since dz/dt  represents the time rate of rise of the water-surface 
level, and — dz/dx  the instantaneous water-surface slope, the dis­
charge is given in terms of easily-evaluated factors with the single 
exception of dQ/dt  which is the rate of change of discharge with 
respect to time.1
This factor can be taken into account by successive approxima­
tions, starting with a value extrapolated from the results of previous 
observations. Together with the following expression for Qn, also 
obtained from Eq. (4), Eq. (11) can be used for analysis of flood 
records at gauging stations, though of course its use will probably 
be limited to those cases where present methods do not give satis­
factory results.
Qn =  QV
-  So
dz
 2BQ dz ,BQ2 /  „ 02 \  1 dQ 
dx g A 2 dt g A 3 \  "° d x )  gA  dt (12)
Eq. (12) can be used to determine the normal discharge for a 
depth at which a gauging is made during unsteady-flow conditions.
1 There is some question whether Eq. (7) should have been introduced. I f  
i t  had not been used, Eq. (11) would appear nearly the same, with dV/dt 
instead of dQ/dt as the one element barring the way to straightforward 
solution. The other term in the right-hand member of Eq. (7) combines with 
a similar term originating with the velocity-head variation.
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F o r steady flow dz/dt  and 3Q/dt  become zero, and Eq. (11) takes 
the special form
V dz ----- -- (13)gA° (s-+1 )
This equation can be derived directly from the differential equa­
tion for steady non-uniform flow. By omission of the term arising 
from consideration of velocity-head changes, Eq. (13) is reduced to 
G rim m ’s equation.
I f  the flow is a special case of unsteady flow in which the flood 
wave moves downstream with velocity V 0, and without changing 
its profile, we have, by geometry
I  = - y- I  (14)
In  these equations the depth of flow y  should not be confused 
with the water-surface elevation z. Since the discharge relative to 
the moving wave must be constant,
A 2 (T 2 -  Vo) =  A t ( 7 i  -  To) (15)
The subscripts 1 and 2 represent sections moving along with the 
wave profile. The areas are and A 2. The absolute velocities of 
the water at these sections are Ti and T 2. Transposing and solving,
A 2 V 2 - A 1 v 1 =  To (A 2 -  A t)  (16)
Eq. (16) is valid no m atter how close the sections are, so that
dQ =  To d A  (17)
or
dQ doc +
ox Wdi = y" (Ë dx + ft «) (18>
Eq. (16) holds a t all points under the translating wave profile, 
and continues to hold for each point as long as it is under the un ­
changing profile. Therefore, Eq. (18) must still be valid when
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either dx  or dt  is set equal to zero. Let dx  be equal to zero. Then 
^  =  To ^  =  V 0B  (19)dt at dt
Substituting these expressions in Eq. (11), we obtain
B dz  ^/ B 2 (  dz V1 i (  0 i R dz \  (  g  1 dz V 0B  dz
Q = ■V^(!tH wg A 2 dt 11 g2A 4 \ d t  J \ Q n 2 g V 0A 3 dt / \  V 0dt gA  dt
Q,r g V 0A 3 dt (20)
which can also be obtained directly from the equation for uniformly 
progressive flow given by Professor Thomas. I f  we ignore all terms 
which derive from either the change of velocity head or the accelera­
tion slope,
Q~Qn V1 ( 2 1 )
Eq. (21) is the same as the revised Jones formula developed by 
Professor Thomas. I t  is thus seen to rest on a less secure founda­
tion than the Grimm formula, for, in addition to neglecting velocity 
head and acceleration effects, it assumes the wave profile to move 
downstream unchanged in shape.
To consider the possibility of using Eq. (11) in setting up a 
flood routing method, note that it is of the form
e  =  / ( s , « „ s „ | .  a . )  ( 22)
A routing method in which all of these factors except the last 
two are accounted for without trial-and-error computations is 
now described. Leaving out these factors reduces the expression 
for Q to Eq. (13), so the accuracy of the method is only slightly 
superior to that of Professor Thomas’ “ second approximate 
method.”  I t is easier to use, perm itting smaller reach lengths and 
shorter increments of time.
Let the length of a reach be Ax, and the duration of a short time 
interval be At. The equation of continuity then takes the form
Il + J l  ■ A t  +  S t =  - 1 g —  • A t  +  S 2 (23)
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The subscripts 1 and 2 refer to the beginning and end of the time 
interval At, respectively, and i represents the discharge into the 
reach, o the outflow from the reach, and S  the volume of water in 
the reach. Rearranging Bq. (23) and transposing terms,
- - g ■ -  • A t  +  Sx -  - y  ■ A t  =  S 2 +  • A# (24)
All of the terms on the left side of this equation are known, either 
from the conditions at the beginning of the flood or from the values 
just computed for the adjacent reach. The problem is then re­
solved into one of determining consistent values of S 2 and o2 that 
will give the required value of S2 +  V2 °2' A#. This is not difficult 
if  S 2 and o2 vary only with the water-surface elevation, as is the 
case with fixed-outlet, level-pool reservoir routing. I t  is still 
possible if they vary with the water-surface elevation and the water- 
surface slope, provided the reach is so short that the instantaneous 
profile has inappreciable curvature in the length of a single reach. 
The solution is graphical, and calls for working curves or a slide 
chart prepared as follows: F irs t compute or determine by rating- 
curve analysis corresponding values of water-surface elevation and 
discharge for uniform flow. F or each water-surface elevation com­
pute the volume of storage above any convenient datum  for the 
various possible water-surface elevations at the fa r end of the reach, 
and to each volume of storage so computed add the corresponding 
volume I/2 »2' At, computed by Bq. (13).
Curves of water-surface elevation are then plotted, with values 
oi  S 2 +  y2 o2 ■ At as abscissas and values of fall in the reach as 
ordinates. In  solving a step the required value of S 2 +  V2 o2 * At is 
known, and the final elevation at the fa r  end of the reach is known. 
Place a movable vertical scale graduated in the same units used for 
the fall scale so that its edge is along the vertical line representing 
the known value of S 2 +  o2 ■ At, and so that its reading opposite 
the zero-fall ordinate is the final elevation at the fa r end of the 
reach. The curves of water-surface elevation will intersect the 
movable vertical scale, and at one point along its length it and they 
will have a common value, which is the required water-surface 
elevation at the end of the step.
A portion of the chart and vertical scale for a uniform channel 
is shown in Fig. 1. F o r the setting shown, with the final depth at
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the fa r  end of the reach equal to 16.9, the depth at the end of the 
step is found to be 19.5, and the corresponding discharge is 83, as 
read from curves of discharge plotted on the same diagram.
Movable vertical scale ^
Values o f  S i+ jc^A t, in d.sf.
F i g . 1 .— P o r t i o n  o f  R o u t i n g  C h a r t .1
The computations are facilitated by the preparation of a similar 
chart for 8 t — ot • At, which needs only the curves of water- 
surface elevation. The routing can be carried forward without any 
arithmetical computations if the charts are arranged to slide with 
respect to each other in the manner of the slide charts shown in
1 T h e  s e t t in g  sh o w n  co rre sp o n d s  to  th e  s tep  d a t a  sh o w n  in  F ig . 2. T h e  dep th  o f f low  a t  
th e  en d  o f  th e  s tep  is  19.5, a n d  th e  c o r re s p o n d in g  d is c h a rg e  is 83.
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Fig. 1104 of Hydraulics of Steady Flow in Open Channels, [4]. 
The uniform scale at the left in th a t figure is better replaced by two 
inflow scales at the top of chart, reading in opposite directions so 
as to add the y2 ii • At  and 1/2 i2 • A£ volumes automatically. Tribu­
ta ry  flow within the reach can be provided for by adding a th ird  
inflow scale between these.
The routing computations are w ritten down directly in tables, 
the columns of which represent times from the beginning of the 
flood, each differing by a constant time interval At, and each with 
two subheadings: water-surface elevation or depth, and discharge. 
The rows represent sections along the stream. I f  the channel is 
uniform, these should be equidistant, in which case only one slide 
chart is required. I f  the channel is non-uniform, the reaches may 
have different lengths, but a different set of St — 0i • Ai and 
S 2 — y2 o2 • At curves will be required for each reach. A piece of 
cardboard cut to fit over the table so as to reveal only the data  for 
the step at hand helps prevent errors. Fig. 2 illustrates the arrange­
ment for the uniform channel of Fig. 1.
Distance Noon -May8 600P.M. Midnight 6W A.M . Noon May 9 1
in miles D. Q D Q D Q D Q D 0
10
20
30
40
50
60
70
80
90
100
These discharges _  L
determine ***£*■ a t &
18.5 79 169 75
21.2 19.5 83
These two depths 
determine
on chart sim itar 
to Fig. 1
Set this value on movob/e 
vertical scale opposite uni­
form flow line, fig. 1, after 
right edge of v. scale has 
been placed a t computed 
value o f St +
Read by matching values on 
m. v. scale & curves o f Fig. 1.
L Corresponding Qt from Fig 1.
..H. ■! I
F i g . 2 .— P o r t i o n  o f  R o u t i n g  T a b l e , I l l u s t r a t i n g  U s e  o f  C a r d  w i t h  C u t - 
O u t  t o  R e v e a l  O n l y  t h e  D a t a  f o r  t h e  S t e p  B e i n g  C o m p u t e d .1
As stated before, this routing method gives correct results only 
when the effects of time changes of velocity head and acceleration 
are negligible. I f  the relative size of these effects cannot be fore-
1 F o r  ro u tin e  c o m p u ta t io n s , th e  e x p la n a to ry  n o te s  sh o w n  h e re  a r e  rep laced  b y  a  s im p le  
code.
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P o s e y  o n  F l o o d - W a v e  C h a r a c t e r i s t i c s  2 3 3
told, route the flood and then test the solution at several points. I f  
the velocity head and acceleration slopes are too large, the labor of 
routing has not been «ntirely  wasted, for the solution can be used 
as a first approximation in one of the exact methods outlined by 
Professor Thomas, or in the method described by General Pillsbury 
[5],
In  closing, the cooperation of Professor E. W. Lane and Mr. L. 
C. Crawford in supplying otherwise untraceable and unavailable 
references is acknowledged. A t the conference, moreover, Profes­
sors B. A. Bakhmeteff and E. E. Moots both called the w rite r’s 
attention to the fact that a number of the substitutions used in 
obtaining the general expressions for the discharge in unsteady 
flow and in uniformly progressive flow were developed by M. 
Kleitz in 1877 [6].
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W AVES IN  TH E ATM OSPHERE AND APPLICA TIO N  TO 
FORECASTING
by
H arry  Wexler 
U. S. W eather Bureau 
Washington, D. C.
Although waves in the atmosphere are for the most p a rt invisi­
ble to an observer peering upward, their influence on the activi­
ties of Man is greater than that of the largest waves possible on the 
sea-surface. The periods of atmospheric waves range from a frac­
tion of a second [ l ] 1 to several days and even longer. Among the 
m ultitude of waves the following are important because of their 
association with significant weather phenomena : (1) gravitational 
waves (or Helmholtz waves) having wave lengths from 0.5 to 5 
kilometers and periods of the order of minutes and hours; (2 ) 
cyclone waves (or Bjerknes waves) having wave lengths between 
500 and 3000 kilometers and periods of hours and days; and (3) 
long waves in the Westerlies having wave lengths from 3000 to 9000 
kilometers and periods of days and weeks.
G r a v ita t io n a l  W aves
Waves of the gravitational type form at horizontal surfaces of 
discontinuity in density and wind velocity, where the lower layer 
is of the greater density. The waves are of the mixed shearing and 
gravitational type with the former effect tending to render the 
waves unstable while the latter tends to stabilize them.
The orbital planes of the vibrating particles are vertical. Since 
these waves are of small wave length, they can be analyzed with­
out taking into account the rotation of the earth [2, 3].
The effect of these waves on weather is quite trivial. I f  the 
air is sufficiently humid, the ascending particles may become 
saturated, condense, and form a cloud. The descending particles 
of cloud will dissipate because of the heat generated by the adia­
i  References appear a t the end of the article.
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batic compression of the air. Thus the cloud system may be in the 
form of alternate rolls of cloud and clear space—the well-known 
“ billow-cloud.”  These are not likely to produce precipitation, be­
cause the strong gravitational stability at the discontinuity sur­
face above the cloud prevents air particles from penetrating up ­
ward and forming thick rain-producing clouds. However, as 
Jacobs pointed out [4], this type of phenomenon, if it occurs at low 
levels, may account for cloud-ceiling fluctuations of considerable 
importance to aircraft operations. Shown below are some observa­
tions of such a phenomenon made at San Diego, California. The 
ceiling fluctuations were measured by means of a vertical search­
light beam and an observer sighting at the illuminated cloud patch 
through a clinometer at a fixed distance from the searchlight.
No. Average Aver, wave Average Average 
Date Time ' Waves Period length Ceiling Amplitude
Jan. 15, 7:10 P.M. to 6 15.8 min. (1900 m.) 185 m. 23 m.
1936 8:45 P.M.
Feb. 22, 6:35 P.M. to 7 37.1 4450 158 35
1936 10:55 P.M.
C y c l o n e  W aves 
Helmholtz also suggested that the extratropical cyclones origin­
ate as small disturbances on sloping surfaces of discontinuity 
(fronts) in the atmosphere. Later, during and after the first 
World War, the Scandinavian meteorologists, led by V. Bjerknes, 
studied the problem from both a theoretical and an observational 
viewpoint. Their efforts in the latter field showing the existence, 
structure, and life history of the cyclone waves on the “ Polar 
F ro n t”  were far more successful than their accomplishments in 
the theoretical analysis of the phenomenon [5], The mathematical 
problems involved were exceedingly difficult even with the simpli­
fying assumption of neglection of the 2nd and higher-order terms 
of the “ pertu rbed”  velocities. Nevertheless, it was found that 
unstable waves of wave length and velocity similar to those ob­
served in the atmosphere can originate on frontal surfaces [6]. 
This class of wave is characterized by wave lengths between about 
500 and 3000 kilometers, so that the motion of air particles is in­
fluenced by the ea rth ’s rotation. Since the orbital motion is prac­
tically horizontal, the shearing instability is greater than gravita­
tional stability, thus resulting in unstable waves whose amplitude
http://ir.uiowa.edu/uisie/27
Nincreases until the wave cyclone “ occludes,”  intensifies, and be­
comes transformed into a vortex as illustrated in Fig. 1.
This is the type of travel­
ling atmospheric disturb­
ance that produces the day- 
to-day weather changes af­
fecting regions outside of 
the tropics. Along a portion 
of the Polar F ron t there 
may be an entire “ fam ily”  
of wave cyclones at various 
stages of development, as 
illustrated in Fig. 2.
The task of the daily fore­
caster then is to predict the 
motion and development of 
these individual wave cy­
clones as they progress with 
the Polar F ront. Any 
method that could predict 
several days in advance 
the location, orientation, 
and intensity of the Polar 
F ron t itself would obvious­
ly define regions whose 
weather would be under the 
influence of the individual 
cyclone waves. I t  is believed that individual segments of the Polar 
F ron t occur in the troughs of the long waves in the Westerlies.
C O L O  F R O N T  ■  —
OCCLUOCO FR O N T----------—
WARM AIR C' 
COLD A IR » ■ "'......
F i g . 1 .— S c h e m a t i c  H o r i z o n t a l  R e p r e ­
s e n t a t i o n  o f  t h e  G r a d u a l  D e v e l o p ­
m e n t  a n d  U l t i m a t e  O c c l u s i o n  
o f  a  P o l a r -f r o n t  W a v e .
F i g . 2 .— C y c l o n e  F a m i l i e s .
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L ong W aves in  the  W esterlies
High above the ea rth ’s surface flows a great current of air from 
west to east, energy of which is derived from the poleward decrease 
in air temperature. This current of about 3000 miles in width is 
known as the “ Westerlies.”  Its  axis moves north and south with 
the su n ; in winter in North America it is found near the Canadian 
border and in summer it shifts farther north.
Although this current is called the “ Westerlies,”  it is rather 
rare for the winds to remain wholly west-east in direction over one 
spot for any appreciable length of time, since waves of length vary­
ing from 3000 to 9000 kilometers are found in the current, most 
of them moving eastward, and some westward.
J. Bjerknes, son of V. Bjerknes, pioneered in the analysis of 
these waves [7], and was followed by C. G-. Rossby [8], who ex­
tended this work by pointing out the fundamental effect of the 
ea rth ’s rotation on the origin and maintenance of the waves.
Rossby’s theory can be described briefly in the following man­
ner : Under certain restrictions we can assume that each moving 
column of air moves so as to maintain its absolute vorticity—that 
is, the sum of the local vorticity caused by the ea rth ’s rotation and 
the vorticity of the air column relative to the earth. The former 
vorticity increases with the sine of the latitude. The relative 
vorticity may be considered as made up of two terms—shear of the 
Westerlies and curvature of the Westerlies. Near the axis of the 
Westerlies we can neglect the shear and consider the relative 
vorticity to be expressed in terms of curvature alone. When an 
air column moves from the southwest with cyclonic (counter-clock­
wise) curvature, it moves over regions which are characterized by 
increasing cyclonic vorticity; to maintain the constant absolute 
vorticity the relative cyclonic vorticity of the air column must 
therefore decrease, and so the trajectory must show decreasing 
cyclonic curvature, then no curvature, and finally anticyclonic 
(clockwise) curvature as illustrated in Fig. 3. After a while the 
air column is moving from the northwest with anticyclonic curva­
ture (vorticity) over regions of the earth which successively have 
smaller and smaller cyclonic vorticity. Thus the relative cyclonic 
vorticity of the air column must increase so that once again curva­
ture of the trajectory changes sign. This process goes on until
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there exists a series of waves extending downstream from some 
region over which the initial cyclonic torque was given to the 
Westerlies. These critical regions are the coastal regions which 
possess strong west-east thermal contrasts such as the coast lines. 
The wave length of these waves is found to be
l .  = 2 . Vf
wherein 77 is the undisturbed velocity of the Westerlies, measured 
positively from west to east, and /? is the variation with latitude of
the vorticity due to the rotation of the e a r th ; ¡3 =  - Q ft jn which
K
12 is the angular velocity of the ea rth ’s rotation, 6  is the latitude, 
and R is the radius of the earth.
When the waves themselves move, their velocity, c, is given by
Hence, given a definite value of the W esterly velocity U corre­
sponding to a stationary wave length, .L s, then waves of length 
L  <  L s move from west to east, and waves of lengths L  >  L s move 
from east to west. F or 77 =  12 meters per second or 25 miles per 
hour, the stationary wave length is 5000 kilometers (3000 miles).
These waves are of fundamental importance in weather forecast­
ing because at their troughs they induce a flow of cold air from
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north and warm air from the south. This strong contrast in 
thermal properties causes a “ fro n t”  to form, along which indi­
vidual wave cyclones may originate and move. I t  is particularly 
important to note that, although the initial trough of the Westerlies 
may be caused by the strong thermal contrasts existing at coast­
lines, the successive troughs formed downstream may create their 
own thermal contrasts and fronts even over regions which originally 
had no west-east thermal contrast.
In  order to remove the transitory effects of the daily cyclone 
waves and show the existence of the waves in the Westerlies, mean 
maps are drawn for a five-day period. Such a mean map drawn
F i g .  4.— F i v e - d a y  M e a n  M a p  a t  10,000 F e e t ,  F e b .  15-19, 1941. 
( I s o b a rs  a r e  labelled 300 m bs .  too  h ig h )
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for the period Feb. 15-19, 1941, at a height of 3 kilometers (10,000 
ft.) is shown in Fig. 4. At northern latitudes there exists a large 
wave with a trough at 180°, a ridge at 130° W, and another trough 
at 70°W, corresponding to a length of about 5500 kilometers at 
50°N. A t lower latitudes in the same longitudinal sector there 
exist two complete waves of length about 3500 kilometers. The 
mean sea-level map for the same period is shown in Fig. 5 and the 
accompanying tem perature and precipitation anomalies in Fig. 6
[9],
The central and eastern portions of the country are normal or 
below normal in temperature since they are under influence of
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cold air coming from the north behind the trough located off the 
coast. Since a good portion of this air comes from the cool, moist 
regions of the North Atlantic Ocean, it is not very cold for the 
winter season especially in the Northeastern States. The air mass, 
however, has deposited moderate to heavy amounts of precipitation 
in the region of the 
Great Lakes and A p­
palachian Mountains.
The western portion of 
the country has mostly 
above-normal tempera­
ture because the air has 
come from the tropical 
portions of the Pacific 
Ocean; it has also pro­
duced moderate and 
h e a v y  precipitation 
amounts in the South­
western States. Thff 
long band of moderate 
to heavy precipitation- 
in the M i d w e s t  is 
caused by the Pacific 
Air being forced over 
the wedge of dense 
Polar A ir flowing from 
Canada.
T h e  precipitation 
anomaly divisions into 
heavy, moderate, and light for each State are so chosen that each 
class has 1/3 probability of occurrence; the temperature departures 
are divided into much above, above, normal, below, and much below, 
and are defined on the basis of past records to have probabilities 
Vs, V4 , Vi, Vi, and y$, respectively. F o r Iowa in February  the class 
limits for five-day precipitation amounts are 0.25 and 0.06 inches,1
1 Heavy, >  0.25 inches; Moderate <  0.25 inches, >  .06 inches; 
Light <  .06 inches.
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while for Louisiana, where the normal rainfall is heavier, the limits 
are 0.90 and 0.35 inches. The February  class limits for temperature 
in Iowa are ±  17.4° F  and ±  4.8° F ,2 while for Louisiana, where 
the temperature range is smaller, the limits are ±  12.5° F  and 
±  3.5° F.
Perfect forecasts receive 100 percent, forecasts based on chance 
receive 0 percent, and worse-than-chance forecasts receive negative 
percentages. On this basis, the score for the tem perature forecasts 
over the U.S. made by the five-day forecast section of the W eather 
Bureau was +  48 percent and for precipitation +  16 percent from 
October, 1940, to June, 1941.
S u m m e r  C ir c u l a t io n  P a t t e r n s  a n d  F o r e c a s t in g
In  summer the Westerlies lose strength and shift to the north. 
Waves in the Westerlies are slow moving and tend to remain fixed 
at one or two favored sites. The most favored site for location of 
troughs of waves in the neighborhood of North America is the 
region just off the Pacific Coast, where, because of the strong 
thermal contrast between the cool maritime air and the hot air over 
the western Platpau, a cyclonic torque is applied to the Westerlies. 
This generates a series of waves downstream. The next trough 
east of the Pacific Coast trough is located normally just east of 
the Mississippi River.
South of the ridges of these waves there exists a series of large 
anticyclonic vortices as illustrated schematically in Fig. 3. These 
vortices are frictionally driven by the Westerlies and their exist­
ence is best shown by the distribution of moisture. The easterly 
branch of the eddy brings in dry  air from the north while the 
westerly branch transports moist air to the north. As individual 
particles in the free air move, they maintain approximately con­
stant entropy (at least for a period of several days in absence of 
evaporation and condensation); consequently, it is useful to trace 
the motion of air particles by plotting water-vapor concentration 
on a surface of constant entropy. These surfaces in general slope 
upward from south to north. In  Fig. 7 is shown the normal sum­
mer circulation pattern  as represented on the isentropic chart of
2 Much above, temperature departure >  17.4°F; Above, temperature depar­
ture <  17.4, >  4.8; Normal, temperature departure <  4.8, >  —4.8; 
Below, temperature departure <  —4.8, >  — 17.4; Much below, tempera­
ture departure <  — 17.4.
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which the potential temperature, 9, is 315°A. The dashed lines 
are contours expressed in meters, the solid lines represent the 
specific humidity given in grams of water vapor per kilogram of 
air, and the arrows fly with the wind at speeds increasing with 
the number of feathers.
F i g . 7 .— N o r m a l  S u m m e r  C i r c u l a t i o n  P a t t e r n .
Two large eddies are shown, one located east of the Pacific Coast 
trough and centered in the southern Great Plains, and the other 
centered off the southeastern Atlantic States. The location of the 
latter eddy is determined by the wave in the Westerlies, which 
was initially induced by the cyclonic torque off the Pacific Coast 
and which depends in lengtli on the speed of the Westerlies and on 
the latitude, as described above.
By their rearrangement of the moisture distribution, these large 
eddies exert a dominating influence on the summer rainfall regime 
over the United States. Under the moist current showers are fre­
quent, while under the dry currents fair, dry  weather prevails. 
These relationships follow not only from presence or absence of 
moisture but also from the fact that the moist air is rising and 
cooling while the dry  air is sinking and warming, as indicated by 
the winds and contour lines.
The similarity of the precipitation-percentage pattern  to the
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circulation pattern  is shown in Fig. 8 . This chart is based on 
precipitation amounts observed at several hundred stations, most 
of whose records are of 50-year duration. The percentage of the 
annual precipitation falling in August minus 8.5 percent (the per­
centage of the number of days in August to 365) is plotted to show 
those regions which receive more or less than the proportional 
amount of the annual precipitation in this month. Note the simi­
larity  in pattern  between Figs. 7 and 8, especially south of the 
Canadian border. In  the United States the summer rainfall is 
principally in the form of non-frontal showers, while in Canada the 
precipitation is of the more continuous frontal type.
F i g .  8 .— P e r c e n t a g e  o f  t h e  N o r m a l  A n n u a l  P r e ­
c i p i t a t i o n  ( M i n u s  8 . 5 % )  O c c u r r i n g  i n  A u g u s t .
The lines in Fig. 8 should not be interpreted as lines of equal pre­
cipitation amount. In  the Southeast, under the eastern moist cur­
rent, the summer precipitation amounts are nearly twice as great 
as those in the Midwest, which is under the central d ry  current. 
However, these latter precipitation amounts are greater than those 
under the western moist current. The reason for this is that this
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moist current has been lifted 2000 meters over the Mexican and 
the Western P lateau and so has lost much of the total amount of 
moisture in the vertical column. Although the number of days 
with precipitation is larger in summer over the Plateau, the amount 
of precipitation falling in any one shower is smaller than that fall­
ing in an average Midwestern shower. However, in absence of 
topographical differences such as exist between the Midwest and 
the Southeastern States, the precipitation amounts as well as per­
centages are definitely larger for the la tter region. This is all the 
more remarkable since the circulation pattern  existing on the sea- 
level weather offers no apparent explanation for this vast differ-
F i g . 9 ___M e a n  S u m m e r  P o s i t i o n s  o r  t h e  A n t i c y c l o n i c  E d d i e s  o n  t h e
3 1 5 °  I s e n t r o p i c  S u r f a c e .
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ence in rainfall regime. The solution is to be found in the upper- 
air circulation pattern  which differs markedly from the sea-level 
pattern.
The almost total lack of precipitation in the Pacific States is 
another remarkable feature of the summer rainfall pattern. This 
phenomenon is explained by a current of dry  air descending from 
great heights over the Pacific Ocean, as illustrated in Fig. 9. Off 
the W est Coast this dry  current comes under influence of the 
cyclonic torque and curves cyclonically. I t  thus enters the Western 
States as a dry  southwesterly west flowing side by side with a moist 
current which has had an entirely different life history. In  Arizona 
the boundary between these two currents is characterized by num­
erous afternoon showers in the eastern portion and almost total 
lack of showers in the western portion.
The moist current has acquired its moisture in the trade-wind 
region of the Atlantic Ocean, and during its fetch westward and 
northwestward over the West Indies, the Caribbean sea, and the 
Gulf of Mexico. Upon striking the lofty Central American and 
Mexican Plateau, it loses a considerable portion of its moisture but 
forces the surface moisture to penetrate to great heights. The 
current then enters the United States from Mexico and curves anti- 
cyclonically as seen in Fig. 9. In  response to the circulation of 
the eastern eddy, another portion of the moist current coming from 
the Trades curves to the north and northeast in the Florida region 
and produces the frequent and heavy summer showers in that 
region.
In  regard to the dry current in the eastern Pacific Ocean, upper- 
air observations over Hawaii show that the air aloft (above about 
one mile) comes from the northeast and east and is exceedingly 
dry. This can only mean that there is another eddy having a 
center located to the northwest of Hawaii. Theoretically we should 
expect a system of anticyclonic eddies to be located south of the 
Westerlies around the entire Northern Hemisphere. These will be 
driven frictionally by the Westerlies. Their normal position will 
be determined by the powerful land-ocean thermal contrasts such 
as exist off the West Coast of North America. This critical region 
fixes the location of several waves and eddies downstream and so 
exerts a controlling influence on the summer rainfall pattern  over 
the United States. The west coast of Europe and North Africa is
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undoubtedly another control sector which fixes the positions of 
several eddies downstream. The eddies shown in the schematic pic­
ture in Fig. 9 were located by all available aerological data plus 
consideration of the theoretical lengths of the waves in the W ester­
lies.
The eddies occasionally wander from their normal positions for 
long periods of time; and when they do, the summer rainfall pat­
tern  becomes greatly changed from the normal.
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GAS-WAVE ANALOGIES IN  OPEN-CHANNEL FLOW
by
A rthur T. Ippen 
Lehigh University 
Bethlehem, Pennsylvania
In  connection with power, irrigation, and flood-control projects, 
numerous hydraulic structures have been erected in recent years, in 
which rather high velocities of flow were employed for the efficient 
handling of large discharges in channels with a free surface. In  
many instances, the first design of such structures was approached 
with such concepts of flow as had been formed through contact 
with flow phenomena in natural streams and in artificial channels 
of moderate slopes. Consequently, the performance of these high- 
velocity structures very often did not come up to expectations. 
Sometimes the chief reasons were surprising standing-wave patterns, 
which affected the flow in curved sections of steep flood channels, 
in channel contractions and expansions, in log chutes, storm-drain 
intakes, and other types of hydraulic structures. The elimination 
of the undesirable features of these structures was often achieved 
by the experimental method, applied in most cases rather hurriedly 
and resulting in empirical corrections without general benefit to the 
knowledge of high-velocity flow in open channels. Some research 
projects in this field, however, were carried out in such a way as 
to permit quite a detailed analysis of the nature of this so-called 
“ shooting”  or “ ra p id ”  flow in certain cases. I t  is the purpose 
of this paper to summarize the general results of these theoretical 
and experimental investigations and to bring them to wider atten­
tion among hydraulic engineers as useful tools in the design of high- 
velocity structures.
A n a l o g y  B e t w e e n  S u p e r s o n i c  F l o w  o f  G a s e s  a n d  S u p e r c r i t i c a l  
F l o w  o f  W a t e r
Since much of the progress in the analysis of high-velocity flow 
of water was due to the existence of extensively-developed solutions
http://ir.uiowa.edu/uisie/27
in the supersonic flow of gases, it is only fitting  to start out with 
a brief summary of this analogy. The fundamental relations com­
mon to both flows are included here, while readers interested in a 
more extensive discussion of this problem must be referred to the 
papers listed in the bibliography. I t  is believed that the existing 
theory of high-velocity gas dynamics has been exploited to the 
limit by the hydraulic engineers who worked in this field in recent 
years. The types of problems encountered in both fields are quite 
different, and practical applications of the fundamental relations 
in either field will therefore follow their individual courses more 
and more. The mathematical analogy was discussed and treated 
by Jouguet, Riabouchinsky [3],1 P randtl, and von Karman [7]. 
The theory was extended and confirmed experimentally for certain 
cases in hydraulics by Preiswerk [11], who will be referred to 
frequently on account of the extent and detail of his work, by R. 
T. Knapp and the author in experimental studies at the California 
Institu te of Technology [4, 5, 6, 8 ], and by the latter at Lehigh 
University.
That physical relationships must exist between high-velocity 
gas and liquid flow is immediately recognized from pictures, 
showing, for example, the pressure-wave pattern  created by a 
bullet in air and the wave disturbances of a similarly-shaped bridge 
pier in water. The difference in the two cases is only apparent from 
the fact that the shock waves originating at the sharp tip  of the 
bullet are visible as thin lines typical of shock waves in gases, 
while shock waves in water, better known as standing wave fronts 
or hydraulic jumps, extend over a larger width.
The basic features of the analogy are obtained from the con­
tinuity, energy, and momentum relationships as commonly applied 
in hydrodynamics. The following assumptions are m ade: the flow 
in either medium is considered two-dimensional in the xy  plane, 
the flow is steady and frietionless, and the gas-flow is considered 
adiabatic—i.e., no heat is added to or taken from the fluid. The 
energy equation then read s :
V2h H----- = H 0 =  const. ( la )
2 g
wherein V  is the velocity of flow at any point and li or H 0
i References appear a t the end o f the article.
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represents enthalpy or total heat content in foot-pounds per pound. 
The difference in enthalpy {H0—li) can be expressed in accordance 
with the assumption of adiabatic conditions in terms of H 0 by the 
following expression:
V 2 = Ho -  h = r„ -  T
2 gH0 Ho Ta
with T  representing total absolute temperature. Considering the 
flow of water with a free surface on a horizontal xy  plane and 
assuming hydrostatic pressure distribution and no friction losses, 
B ernoulli’s theorem is w ritten in exactly the same form as Eqs. 
( la )  and ( lb ) .  The term H 0 becomes the total head H 0 with 
respect to the bottom, commonly known as “ specific energy;”  h 
is simply depth of flow.
Since the enthalpy for gases under the conditions stated depends 
only on certain constants and the tem perature T, the conclusion 
from Eq. (lb )  is that
(f) "(f)\  n  0  /  w a te r  \  1 o /
The continuity equations are written for gas and for water in 
the two-dimensional case as follows:
F or gas: = 0  (2)
dx 3 y
F or water: d(hV,
dx dy
and result in the analogy stated in Eq. (4) :
l) - ( f r  - (f )3 /  gas \  -*■ 0 /  X11 o /  x (4)
The ratio of the densities, p/p0, is found to correspond to the 
ratio of the water depths. Since the latter is also analogous to the 
ratio of temperatures in gas flow, as the result of Eq. ( lb ) ,  a 
perfect correspondence of the related quantities is only possible 
for a hypothetical gas with k =  c,,/cv =  2. However, many flow 
phenomena do not depend very strongly on the value of k, so that
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actual gas flow (for air, k =  1.4) shows satisfactory agreement 
with the corresponding flow of water in numerous problems.
The pressure p in gas flow is not proportional to the depth h 
as one might be inclined to expect. In  accordance with the thermo­
dynamic principle p/po =  (p/p0) k, and using k =  2 as derived 
before, the comparison gives
This latter analogy may be given a physical meaning, however, by 
relating total hydrostatic pressure P  =  wh2/2  to the pressure 
intensity in gas flow. This results in
I t  remains to relate the velocity of sound or of pressure disturbances 
in gases to the velocity of equivalent disturbances in water flowing 
in a horizontal channel (the channel may also be inclined so as to 
compensate for friction forces by a gravity component). The 
velocity of sound in gases is given by a =  V kp/p , and the ratio of a 
to the velocity of sound a0 for an initial state H 0 would be given by
Using the analogies found so far from Eqs. (4) and (5), the equiva­
lent ratio for water flow is y /h /H 0, or, w ritten in the final form,
The quantity V gh is recognized as the speed of propagation of 
small waves or surges in shallow water, which is also often called 
the “ celerity”  (C). Therefore, the quantity  analogous to the 
velocity of sound in gases is the wave velocity in open channels, 
provided the height of the wave front remains small as compared 
to the depth of flow.
In  gas dynamics as well as in hydraulics, use is made of the 
ratio of the velocity of flow to the velocity of a pressure disturbance 
to indicate the state and character of flow. The ratio of the velocity 
of gas flow to the velocity of sound, V/a, is commonly known as the
w a te r
(5)
(6)
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Mach number, which has its equivalent in hydraulics in the Froude 
number V /y /g h  = V/C.  Equal values of these numbers therefore 
indicate comparable conditions of flow. The following table presents 
a summary of the elements of the gas-water flow analogy as dis­
cussed in these pages.
T he  Standing W ave in  H ydraulics
The hydraulic engineer encounters quite frequently in his practi­
cal problems a sudden change in water-surface elevation, which is 
known as a standing wave; if it is at right angles to the direction 
of flow it becomes the familiar hydraulic jump. The latter has 
been thoroughly treated and its theory and experimental confirma­
tion can easily be learned from most standard texts. The following 
treatm ent will take up the slanting hydraulic jum p or the stand­
ing wave of the shock ty p e ; 
the word “ shock”  is borrowed 
from the terminology in gas 
dynamics and indicates a 
rather sudden change of flow 
conditions [1, 11, 13].
Let Fig. l a  be the plan and 
elevation of such a standing 
jum p at right angles to the 
flow and let the jump front be 
represented by a single line. 
The velocity of approach, for 
reasons apparent later, may be 
called Vnl and the exit velocity 
V„2; the corresponding depths 
are 7ii and h2. The streamlines 
are normal to the jum p front.
In  Fig. ( lb )  below, a second 
field of flow is shown—or, 
rather, two fields of flow— 
with streamlines parallel to the 
vertical line, indicating a 
change in depth from Tii to h2 but with velocities V tl and Vt2 equal 
and parallel to the front. Since there is no flow across the front,
Vnl , Vri2
SHOCK FRONTS
Vn,
WWW
b.
REGION ( I )I I I I REGION (2)i I I
P ig . 1 .— S t a n d in g  J u m p  a t  B ig h t  
A n g l e s  t o  F l o w .
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TABLE I
Summary o f  G as-W ater F lo w  A nalogy
Analogous
Quantities Gas Flow Liquid Flow
Flow Conditions Adiabatic Process No Friction (or slope 
to compensate for 
friction loss)
Enthalpy—Total Head H 0 Total Head H 0
Properties of 
F luid
Hypothetical Com­
pressible
Incompressible
(Gas with k = — =  2) (W ater)
Boundaries of 
Channel
Sides Geometrically 
Similar to Sides of 
W ater Flow
Sides Vertical
Bottom Parallel to Top Bottom so that I i 0 
Remains Constant 
Top—Free Surface
Wave Velocity Acoustic Velocity 
a =  \//c p/p
Wave Celerity 
C =  Vgh
Shock Wave 
(Normal and at 
Angle)
Flow Velocity
Characteristic
Ratios
Shock Wave 
(Compression Wave)
Velocity V  
Components Vx, Vy
Acoustic-V eloeity 
R atio : Mach Number
— =  M 
a
Density Ratio —
Po
Temperature Ratio 
T 
Tl
Pressure Ratio
JL
Po
Standing Wave 
(Hydraulic Jum p)
Velocity V  
Components V x, Vy
Wave-Celerity R atio : 
Froude Number 
V  
C =  F
Depth Ratio h
H  «
Depth Ratio 
h
Ho
Total-Pressure 
P  7i2_  
Pn = H»2Ratio
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it may best be thought of as a definite boundary such as a thin plate 
separating the two streams.
In  Pig. 2 the flows of ( la )  and (lb )  are superposed; the defini­
tion of the original quantities 
should be well remembered. 
The velocities 7 i and 7 2 ob­
tained by this superposition 
are composed of components 
normal and parallel to the 
wave front, and the place of 
the boundary in Pig. lb  is 
now taken by the jum p front 
separating the regions (1 ) 
and (2). The normal com­
ponent Vm by definition is 
also the velocity of the jump 
or wave front, so that 7 TCl/ 7 i  
is the sine of the angle j8, 
properly termed the wave 
angle. The fact that V nl 
changes to V n2 for flow across 
the jum p line, while 7 tl and 
Vt2 remain the same, means, 
in effect, a change in direc­
tion by an angle 9 for the
velocity of flowT from V x to V 2.
The application of continuity and momentum relationships, 
combined with the geometry of the velocity vectors, results in Eqs. 
(8 ) to (14). Thus,
ni h2J n2 (8a)
ft,7 ,  sin /3, = h2V 2 sin (,3, — 6) (8b)
ft22 fti2 7 «  (F . i  -  V„)
F ig . 2 .— F l o w s  o f  F ig . 1 
S u p e r p o s e d .
2 ft. (9)
Prom Eq. (9), with the aid of Eq. (8a), the jum p celerity 7„ 
can be expressed solely in terms of ft, and ft2:
y., = y,si„ft = c = NU i |i (1 + *=-) (10)
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The celerity becomes equal to the critical velocity only if the ratio 
h2/hi  approaches unity. Replacing 'Vi,/'Jgh1 by the familiar 
Froude number F,, Eq. (10) may also be written as
sinft- f, V t t K 1+ f )  (11)
For a given relative height of jump the angle /3, will depend 
only on the value of F ,—i.e., on the depth and velocity of approach. 
The minimum value of sin /3 for any given F  can only be sin 
P =  1 /F ,  since lu would have to become smaller than hi to reduce 
sin /? below this value. A hydraulic jump is always accompanied 
by a certain energy loss AH, however small, which is given by Eq. 
(12) in terms of initial depth h i :
AH _  {h jh i  -  l ) 3 (12)
h\ 4 h2/hi
A hydraulic drop of the shock type is physically impossible under 
the assumptions made. A sudden surface drop such as may occur 
at a corner or a sharp bend or curve might be considered as a 
negative shock wave; however, here the assumption of hydrostatic 
pressure distribution over the depth will no longer be valid. Such 
cases were treated by W arren E. Wilson [12] at the Institute of 
Hydraulic Research in Iowa City by experiments in which the 
pressure distribution along walls of rapidly expanding channels 
was measured. Such cases, however, must remain beyond the scope 
of this paper.
Returning to Eq. (12), it is easily seen that for all ratios h2/hi  
smaller than 2 , the energy loss is only a small fraction of the initial 
depth hi, which in itself is small compared to the total head or 
energy in most supercritical flows of a practical nature. We may 
therefore trea t shock waves even as high as the initial depth as 
jum ps without energy dissipation. This is borne out by the physical 
appearance of such waves, which do not show the extremely tu rbu ­
lent surface-roller characteristic of higher jumps.
Eq. (11) should be discussed further to bring out two particular 
points. F irst, the maximum value of /3 cannot exceed 90°; if it 
approaches that value, the jum p will detach itself from the source 
of disturbance and travel upstream, the limiting values of F  and
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easily being found from the equation for this condition. The 
second point to note is the fact that for the slanting jum p there is 
no restriction placed on the values of h2 with respect to V 2. Depend­
ing upon the relative magnitudes of V t and Vn2, gh2 may be 
smaller or larger than V 2—i.e., the flow for a slanting jum p may be 
either tranquil or rapid, streaming or shooting. The critical flow, 
where V 2 =  yj gh2, can be obtained from the equations by substi­
tu ting  this condition.
Missing so fa r  is an expression for the angle of deflection 9. 
The geometry of the vector diagram and Eq. (8b) result in
This last equation may be simplified considerably if it  is applied 
to values of Ji1/h 2 and fi occurring in practice. I f  /i,//t2 is assumed 
to vary only between %  and 1/3 and if /3 ranges between values of 
10° and 35°, only a small error results from replacing 
tan  /? /  (1 +  7ia /  Ji2 tan 2 /3) simply by sin ft. Eq. (14) is the re su lt :
This equation can be combined with Eq. (11) to give the deflection
6 in terms of F  and 7i, /7i2 alone.
The equations are all written in the given form with a view 
toward practical application. In  designing a channel contraction 
for super-critical flow, for example, one will probably start out 
with definite assumptions of F  and permissible ratios ht/ h 2; the 
angles /? and 9 are then easily obtained from the equations.
W ave  F r o n t s  of  S m a l l  H e ig h t — A s s u m p t io n  of  
C o n s t a n t  E n e r g y
All previous equations are valid for the assumptions made, regard­
less of the energy dissipation, AH. I f  for the present the case of 
zero energy dissipation is considered, these equations can be greatly 
simplified. Zero energy dissipation requires a ratio 7t,2/7ii approach­
ing unity, which obviously is only possible for a very small deflec­
—-ta n  (3 =  tan  (/3 — 9)
so that finally
(1 — hx/h 2) tan  /3 
tan 9 = ----------- -— -------- — (13)
1 +  h,/h2 tan 2 /?
(14)
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tion angle dd, while sin ft approaches the limiting value 1 /F . 
Eq. (13) then results in the differential expression
—  tan B 
9
Thé small angular change dd may be negative or positive, causing a 
decrease or increase of the depth along a disturbance line crossing 
the flow at an angle j8 =  sin"1 1 /F . Such disturbance lines may be 
drawn along a curved wall, as shown in Fig. 3, approximating the 
curvature by a series of short tangents or chords for definite small 
angles—say dQ =  2° or even 4°. Fig. 3 shows these disturbance 
fronts and their effect on 
the stream lines. Positive 
disturbances c o n v e r g e ,  
whereas negative disturb­
ances diverge. Velocities 
will increase for flow pass­
ing under negative disturb­
ance lines, and the deflec­
tion dd will be away from 
the wave front; for positive 
disturbances the opposite 
will take place. The con­
vergence of positive wave 
fronts must ultimately cause 
a finite jum p and lead to the breakdown of the assumption of con­
stant energy made in this chapter, if the lengths involved are suf­
ficient. F or negative disturbance lines no such danger exists and 
no energy dissipation is possible.
Eq. (15) for d6 may be integrated along a curved wall for certain 
basic assumptions. The resulting equations have been given in 
various publications [5, 6 , 7, 8 ] and need not be stated here. The 
two assumptions made are :
1. Constant energy throughout the fluid field in the xy  plane.
2. Constant velocity throughout the xy  plane.
At this point however, the attention of the practical engineer 
may be called to a graphical solution for the basic equation, which
CONSTANT ENERGY H|
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was first developed by Busemann for applications in gas dynamics 
[1, 2] and which, at the suggestion of Professor von Karman, the 
w riter in 1935-1936 adapted to the hydraulics problem of flow in 
curves. Preiswerk has since applied it to flow in channel expansions 
and to other problems described in detail in his paper [9, 11],
T h e  “ M e t h o d  of  C h a r a c t e r is t ic s”  fo r  S u p e r c r it ic a l  F l o w  
w i t h  C o n s t a n t  E n e r g y
The basis for the graphical method known as the “ method of 
characteristics”  in gas dynamics is given by Eq. (15). This equa­
tion can be transformed into a general relationship for a dimension- 
less velocity defined as V =  7 / \J2gH, wherein the total head 
H  =  h +  V2/2g in accordance with the former notation. Since then
h = H  (1 -  7 '2) and tan p =  V„/Vt =  V f f W V 7 2 ~  fl*, Eq. (15) 
may be written as
This is the equation of an epicycloid between the circles of radii
values Vmax = 1  =  7  \ /2gIi  and V mi„ = \ /H /3 IJ  =  l / \ / 3  for 
critical flow. The curve or “ characteristic”  plotted for the above 
equation between these limits will give all possible values of 7  and
6 for shooting flow for the assumption of constant energy and for a 
wave velocity 7„  =  \/gh- In  agreement with these conditions the 
angular intervals Ad have to be small—say 2° or 4°.
In  Fig. 4 such characteristic curves are drawn at angular in ter­
vals of 4° to correspond to angular changes of streamlines along 
curved walls or under wave fronts of equal influence. Curves are 
drawn upward and downward, giving positive and negative direc­
tion changes with respect to any initial direction. Moving out­
ward along any curve will give increasing values of 7  correspond­
ing to the crossing of negative wave fronts, and moving inward 
will result in decreasing values of 7  due to positive wave fronts. 
In  order to obtain not only the changes of the velocities but also the 
directions of the wave fronts or boundaries along which these 
changes take place, it remains to construct an additional curve. 
This curve must have the property of giving the magnitudes and 
the directions of 7„ and 7* for all possible values of 7  and can be
(16)
7  =  1 / \ /  3 and 7  =  1, since for supercritical flow 7  has as limit in;
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shown to be an ellipse with the major axis Vmax — 1 and the minor 
axis Vmin — 1/V3- The following development gives the equation 
for Vn and V t :
I V  =  gh = g H - ~  
V t2 =  V 2 -  V„2 =  Y2 -  gH  +  —■
On eliminating V 2 from these equations, there is obtained the gen­
eral equation
3 TV +  V t2 =  2gH
or
This ellipse, for purposes of graphical construction, is best en­
graved on a piece of celluloid which can be rotated freely over the
characteristics diagram. The two diagrams are shown separately 
in Fig. 4 only to avoid confusion. The example showing the princi­
ple of application considers the flow along a wall curved toward 
the stream in the xy  plane. F or a given value of V x at an angle 
(?i to the x  axis the epicycloid is found in the characteristics dia­
gram. A further change of angle AO =  4° along the wall will
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cause Vi to decrease to a value V 2 along this epicycloid. The ellipse 
can then be rotated until it intersects this epicycloid at A. The 
direction of the major axis is the direction of V t and therefore of 
the wave front separating zone (1 ) from zone (2 ) in the plan. 
The value of V 2 determines the ratio hz/H.  which can be obtained 
on the diagram directly from the scale indicated.
I t  is possible to build up by this method a relatively complicated 
pattern  of wave fronts of positive and negative sign, which in the 
end permits the construction of a contour map of the entire fluid 
surface. The method described here only in principle and in its 
barest essentials can be adapted to almost automatic use by certain 
technical and graphical procedures, which are not within the scope 
of this paper. I t  will give good results for all flow phenomena 
which take place within a relatively short length with gradual 
changes in direction, or in longer stretches of channel if friction 
and gravity forces are reasonably balanced. The curvatures have 
to remain such that large deviations from the assumed hydrostatic 
distribution of pressure are avoided. However, the fact of con­
vergence of positive wave fronts may even then lead to the forma­
tion of wave fronts of finite height—the so-called shock waves or 
hydraulic jumps. The influence of finite wave height on the 
standing-wave system is opened to closer analysis by a procedure 
quite similar to the method just discussed for flows with constant 
energy, and will be taken up in the following section.
T h e  “ M e t h o d  of  S h o c k  P o l a r s”  fo r  S u p e r c r it ic a l  F l o w  w it h  
H ig h  W ave F r o n t s  a n d  E n e r g y  D is s ip a t io n
As explained in the preceding section, the effect of wall curva­
tu re  may be concentrated over a short distance due to the con-
JUMP WITH ENERGY DISSIPATION
F i g . 5 .— F l o w  P a s t  S h a r p  C o r n e r .
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vergence of the positive wave fronts, and a steep wave front or 
shock wave may be created. This would be equivalent to the effect 
of a sudden angular change along the wall, as shown in Fig. 5, with 
the wall turning toward the flow. A shock wave or jum p with 
energy dissipation originates at any such sharp corner crossing the 
flow at an angle ¡3, as given by Eq. (11). If, however, the wall 
turns away from the flow (Fig. 5), no shock-wave is created, since 
there can be no energy dissipation. The sudden drop can be 
imagined to disintegrate into a number of diverging wave fronts of 
small height. The assumption of hydrostatic pressure distribution 
naturally  can no longer be maintained in the immediate neighbor­
hood of such a corner. This latter problem is therefore quite a 
distinct one and is not included in the fu rther treatment.
F ig . 6.— P o l a r  D ia g r a m  f o r  S l a n t i n g  H y d r a u l ic  J u m p .
The “ method of shock polars” for supercritical flow is based on 
the fundamental relationships contained in Eqs. (8 ) to (14) and 
takes into account the influence of energy dissipation and wave 
height. The graphical analogy to the epicycloids in the preceding 
chapter results in other characteristic curves, the so-called shock 
polars, which as before give the direction and magnitude of the 
velocity V 2 for all possible deflection angles 6 if the initial condi­
tions Ya and hx are .given. These curves are shown in Fig. 6. The 
portions of the curves lying within the limiting circles of radius
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7  =  1 and V  =  1 /  V  3 give very nearly the end condition V2 in the
supercritical range of flow and the parts within the inner circle 
give the subcritical velocity V 2. W ithin the latter are therefore 
located the values of V 2 for 9 = 0 — i.e., for the normal hydraulic 
jump. The plotting of these curves is materially aided if the 
equations are transformed to contain the x  and y components of
V 2 instead of V n2 and V t- The geometric relationships of Eqs. 
(18) and (19) introduced into Eqs. (8 ) and (9) together with the 
energy equation yield the following expressions for the “ jump- 
po lar” or “ shock-polar curves:”
The bar over the velocity components again indicates a dimension- 
less ratio such as =  V-,/\/2gIIu F or critical flow, obviously, 
V Xi =  V x2 and V v =  0. In  using the diagram it must be remem­
bered that in accordance with the above definition the velocities
V 2 represent percentages of V 2gH1. Since every jum p is accom­
panied by a certain energy dissipation (H i — H 2), every V2 has 
to be adjusted to the new lower state of energy I I2, before the dia­
gram can be used again from a region (2) to a region (3). In  
other words, the quantity V 2 is to be multiplied by I I 1/ H 2, which 
is always larger than unity. The diagram is then oriented anew 
with the x axis in the direction of the corrected value of 
V 2 — V 2/ \ /2 g H 2. The relationship between plan of flow and polar 
diagram is easily seen from the figure by means of the vector dia­
grams shown. In  case standing waves or jumps have to be analyzed 
rather frequently, it is obvious that the work can be reduced con­
siderably by plotting also the ratios II2/II ,  and h2/hi  once and for 
all in the Vx, V v plane for all possible values of 9 and 7 « .  The 
use of these curves is similar to that of V 2 curves and eliminates 
practically all fu rther calculations.
v nl ( Vnl - V n2) =  VX1 (Vn  -  V „) 
(f „ i  -  v n2y  =  V y 2 + ( v xl -  v x2y
(18)
(19)
(2 0 )
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A p p l ic a t io n s  of  t h e  T h e o r y  
As mentioned before, the theory outlined and the method of 
characteristics have been applied to various problems of super­
critical flow with promising results. The author applied it to the 
case of flow in curves and Preiswerk investigated the case of Laval 
expansions for water, a problem directly analogous to the super­
sonic gas flow through Laval nozzles. The results of experimental 
investigations confirm the solutions obtained by the method of 
characteristics not only in a qualitative manner, but also quantita­
tively to a surprising degree, for certain ranges of supercritical 
flow for which the fundamental assumptions are reasonably well 
fulfilled in practice. The method of shock polars needs consid­
erably more experi­
mental verification; 
however, measure­
ments mentioned in 
Preiswerk’s treatise 
for a Froude num­
ber F  =  2 show in 
general the expected 
variation of deflec­
tion angle 9 with 
wave angle ¡3. Con­
siderable interest in 
further investiga­
tions along this line 
is therefore justi­
fied. The investiga­
tion carried on at 
present at the H y­
draulic Laboratory 
of Lehigh Univers­
ity  is concerned 
with applications to 
channel contractions. Fig. 7 shows the apparatus used, looking 
downstream, the problem encountered being quite evident. The 
more-or-less conventional design of S-shaped side walls produces 
standing waves of considerable magnitude, which, due to the. sym­
metry of the contraction, results in the very regular diamond pat­
F i g . 7 .— S t a n d i n g  W a v e s  i n  L a b o r a t o r y  
A p p a r a t u s .
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tern  extending throughout the length of the flume. This phenome­
non is entirely in agreement with observations in large channels, of 
which a few have been published here and there. The theoretical 
analysis gives satisfactorily the location and the height of the dis­
turbances and therefore may well be relied upon to point the way 
toward forms of contractions which will not show the undesirable 
standing-wave features of Fig. 7. Such a form of contraction 
based in its design on a correct evaluation of the supercritical-flow
phenomenon is shown in Fig. 
8 . Since the standing waves 
or jumps cannot be avoided 
in a contraction with a level 
channel bottom, they may as 
well be produced by a defi­
nite wall deflection of angle 6. 
This angle is determined in 
such a way as to give the 
proper contracted channel 
width at the point where the 
standing wave reflected from 
the center again meets the 
wall. The original and final 
directions of flow must be 
parallel, since both original 
and reflected waves must 
cause the same deflection of the flow through the angle 0. Because 
principles of wave interference have full application in these 
problems, it is easily seen why the two designs in Fig. 8 are labeled 
as correct and incorrect, respectively. The latter design, as shown 
by the stream lines and wave fronts, gives the undesirable diamond 
waves, while the former results in undisturbed flow downstream 
from the contraction. I t may be well to point out again in con­
clusion that Fig. 8 remains as yet a theoretical solution which is to 
be confirmed or modified by experiment. In  presenting it, the in­
tention is to show the value of the theory in producing rather 
promising possibilities for investigations and practical applica­
tions in this field. The line of attack seems very definitely 
established.
CORRECT DESIGN
— STREAM LINES
INCORRECT DESIGN
F i g . 8 .— D e s i g n s  o f  S h a r p  C o n t r a c t i o n .
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TH E ROLE OF TURBULENCE IN  RIV ER 
HYDRAULICS
by
A. A. Kalinske 
University of Iowa 
Iowa City, Iowa
Turbulence plays a most important role in regard to the in­
fluences that rivers have on their channels and beds. Certain 
general items regarding river hydraulics might be mentioned to 
indicate the effect that turbulence has on various river flow phe­
nomena. Unquestionably the most important phenomenon which 
is controlled to a large extent by turbulence is that of sediment 
transportation. Both the movement of bed load and the carrying 
of material in suspension are more or less the result of the action 
of turbulent eddies in the flowing water. Even the rhythmic 
ripples and sand waves seem to be by-products of the turbulence 
mechanism. Offhand this is difficult to visualize, since turbulence 
is such a haphazard phenomenon. However, it should be remem­
bered that at the bed, where the eddies originate, the vortex for­
mations probably have considerable regularity—just as we find 
behind cylinders and other bodies. The vertical distribution of 
the temporal mean velocity is, of course, the result of the mo­
mentum-transferring characteristics of the eddies, and it is their 
particular behavior which gives us the various mean-velocity curves 
that have been found. This particular item will receive more de­
tailed attention further on in the paper.
However, i t  is not the principal purpose of this paper to discuss 
the effects of turbulence, but rather to analyze the turbulence 
itself and present data regarding its characteristics. I t  is impor­
tan t that engineers first understand the physical aspects of tu r ­
bulence, and be able to talk about it quantitatively, before they 
take the fu rther step of studying its results. The prime purpose 
of this paper is therefore to present basic information and data re­
lating to turbulence characteristics in rivers and open channels.
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O r ig in  a n d  D if f u s io n  of  T u r b u l e n c e
The basic picture illustrating the origin of turbulence starts with 
a region or layer having high shearing stress, which can be com­
pared to what is known in hydrodynamics as a “ surface of dis­
continuity.”  This surface may become wavy, and momentarily a 
fairly stable wave pattern  may develop. Color injections into a 
water stream at or near the critical Reynolds number exhibit this 
clearly. An increase in shear stress will cause these waves to grow 
and finally develop “ breakers,”  which cause vortex formations. 
As the vortices develop, they are carried on into the fluid stream, 
and eventually their form becomes so complex that a mass of liquid 
filled with them is called turbulent, since no regularity is apparent 
or present.
In  channel or pipe flow the regions of high shear where such 
vortices-develop are, for a fluid of constant density, near solid 
boundaries, since physically that is where the shear is the greatest. 
Thus, so fa r  as rivers are concerned, the eddies which make up the 
turbulence have their beginning at the river bottom or at the 
banks. A t smooth boundaries the vortices form due to the “ wrink­
ling u p ”  of the layer next to the boundary, which is under high 
stress; however, a thin film clings to the boundary and moves in a 
laminar state. Near rough boundaries, in addition to the vortex 
formation due to excessive shear, roughness projections such as 
sand ripples, sand waves, and even individual sand grains cause 
localized regions of high shear and produce eddies in their wake.
Once these vortices form, they begin to move transversely to the 
stream flow. Such transverse movement is quite characteristic of 
eddies and is the cause of the intense mixing encountered in tu r ­
bulent flow. The vortices when first formed may be more or less 
cylindrical or probably ring-shaped; however, because of the com­
plex forces acting on such a vortex due to the mutual interaction 
of neighboring vortices, it is quickly deformed into an extremely 
complex shape, so that its individuality is practically lost. As in­
dividual vortices move about, they may combine with others or 
break down into smaller ones. When they encounter a solid sur­
face or the free w ater surface, their form is undoubtedly greatly 
changed. Of course, the energy of the vortex is constantly being 
dissipated due to the action of viscosity—in fact, when normal,
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uniform flow is established, the rate of transfer of energy into 
vortices is exactly equal to the total ra te at which the energy of the 
eddies is dissipated by viscosity.
Thus the energy of the eddy motion, though supplied principally 
at the bottom, is diffused throughout the whole stream due to the 
motion of the eddies. Not only is the eddy energy transferred, but 
also other liquid properties and materials suspended in the liquid. 
I t  is the diffusing characteristic of eddies and not the action of 
viscosity which controls the shape of the mean-velocity curve. In  
fact, any peculiarities of the shape of the mean-velocity curve will 
be related to the behavior of the eddies in the turbulent flow, and 
therefore any attempted explanations must be based on our 
knowledge of the turbulence mechanism.
I n t e n s it y  op  T u r b u l e n c e
One of the best physical pictures of turbulence is obtained by 
recording the velocity fluctuations at various points in the section 
of the stream. In  the laboratory this can be done in flowing water 
by use of colored jets and suspended immiscible particles using 
various photographic techniques. For field use instruments do not 
as yet exist which will follow the velocity variations accurately 
enough to give a true picture of the velocity fluctuations. However, 
for large rivers a fairly  good idea of the turbulence present can be 
obtained by using an ordinary current meter and recording con­
tinuously the time required to make each revolution or part of a 
revolution. Of course, a current meter will not respond to the most 
rapid velocity fluctuations; however, very good comparative data 
can be obtained which will tend to indicate the magnitude of the 
velocity fluctuations.
W ith the cooperation of the Rock Island (Illinois) Office of the 
U. S. Army Engineers some data have been obtained on velocity 
fluctuations in the Mississippi River. The velocity-measuring in­
strument used was an ordinary Price current meter so arranged 
that the time required for making a single revolution of the cup- 
wheel was recorded. This was accomplished by having a mark made 
for each revolution of the wheel by an electrically-actuated pencil 
on a paper strip moved at constant speed. By measuring the time 
for each revolution it was possible to obtain values of the water 
velocity for small increments of time—say of the order of one
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second, depending on the speed of the wheel. Of course, a current 
meter will not respond to the smallest velocity fluctuations. Also, 
a Price meter does not give a true indication of velocity fluctuations 
in just one direction ; that is, it is not uni-directional in its response.- 
However, it does give a measure of turbulence which is useful for 
comparative studies.
In  Fig. 1 are shown velocity-fluctuation data taken at three 
depths in the Mississippi River where the total depth was 19.0 
feet. Note the apparent increase in magnitude of the fluctuations 
from the surface down, and also the increase in scale, since the 
fluctuations near the bottom are of lower frequency. A statistical 
analysis of the frequency of occurrence of various magnitudes of 
the velocity over about a ten-minute period was made in order to 
see what law the fluctuations followed. From  this a block diagram
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was made and a smooth curve drawn through the centers of the 
tops of the blocks. The smooth curve fitted the equation of the 
normal error law, which is as follows:
f ( T J - U )  =  — - L =  e . 2a" (1)
y /  2 tt<t
in which
TJ =  velocity at any instant 
U =  temporal mean velocity
c ~  ^ ( U  — U)2
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The function of /  (U — U) indicates the frequency of occurrence of 
values of the velocity between (U—U) and (U—U) +  d(U —U). 
The term <r is the root-mean-square value of the velocity fluctuation, 
or the so-called standard deviation; it has been adopted as a 
measure of the intensity of the turbulence.
VELOCITY DIFFERENCE , ( U - U ) . F E E T  PER SECOND
F i g . 2 .— F r e q u e n c y  o f  V e l o c i t y  F l u c t u a t i o n  1 5 .2  f e e t  a b o v e  B o t t o m .
VELOCITY DI FFE RENCE , (U -  D ) , F E ET  PER SECOND
F i g . 3 .— F r e q u e n c y  o f  V e l o c i t y  F l u c t u a t i o n  7 .6  f e e t  a b o v e  B o t t o m .
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VELOCITY D I F F E R E N C E ,  ( U - U ) . F E E T  PER SECOND
F i g . 4 .— F r e q u e n c y  o f  V e l o c i t y  F l u c t u a t i o n  1 .5  f e e t  a b o v e  B o t t o m .
In  Figs. 2, 3, and 4 
are shown the fre­
quency curves for the 
data in Fig. 1. Note 
how well the normal 
error law is followed. 
The fact that the 
velocity fluctuations 
follow the normal 
error law permits 
making certain con­
clusions: F irst, fully 
developed turbulence 
appears to be a hap­
hazard velocity fluc­
tuation. Second, the 
normal error law 
shows that values of 
(f7 — Ü) equal to 
3<r or greater will 
occur only about 0.30 
percent of the time. 
Therefore, for prac­ T u r b u l e n c e  w i t h  R e l a t iv e  D e p t h  i n  M i s s i s s i p p i  R iv e r .
http://ir.uiowa.edu/uisie/27
tical purposes we can assume that the maximum value of (U — D) 
will be equal to about 3<r.
The ratio o/V  is called the relative intensity of the turbulence, 
and it appears that for similar turbulence-creating mechanisms this 
ratio should remain constant. Values of this ratio were obtained 
for three depths at nine different sections in the Mississippi River 
between Dubuque, Iowa, and Cairo, Illinois, the data being obtained 
by the Rock Island Office of the U. S. Army Engineers. These data 
are tabulated in Table I  and a plotting of cr/Ü against relative depth 
is shown in Pig. 5. There appears to be a general grouping of the 
data, even though considerable scatter exists. I t  is of interest to 
make an analysis to determine on what items the value of relative 
intensity of turbulence should depend for normal turbulent flow 
in a wide river.
In  fully-developed turbulent flow Reynolds has shown that the 
unit shear r must equal p uv, wherein p is the un it fluid density, u 
and v are the turbulent velocity fluctuations in the direction of 
mean flow and perpendicular to it, and the bar indicates a mean. 
Let a correlation coefficient r be expressed th u s :
r = uv /yj v? -yl v2 (2 )
Therefore, __  __
t  =  rp -yju2 -\jv'1 (3)
At any distance from the boundary the longitudinal and transverse 
velocities should be proportional, therefore \Zv2 — m j / ü 3 . For 
similar turbulent flows m should vary only with relative distance 
from the boundary. We then have:
t  =  prm u 2 ( 4 )
Note that V u1 is really <r, if we assume that (U — V) for the river 
measurements represents the true value of u. Let rm =  K, which 
constant should depend only on relative location with respect to the 
boundary. F or a wide river the shear is equal to
r =  y (d — y) S  (5)
in which y is the unit weight of water, y the distance above the 
bottom, d the total depth, and S  the surface slope. I f  the bottom
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TABLE I
M e a n -Y e l o c it y  a n d  Y e l o c it y - F l u c t u a t io n  D ata  
fo r  M is s is s ip p i  R iver
Section Total Depth, F t.
Dist. Above 
Bottom, y, Ft.
Mean 
Velocity V, 
Ft. per Sec.
<T
Ft. per Sec. cr/V
1 19.0 1.5 2.10 .44 .209
7.6 2.85 .32 .111
15.0 3.27 .21 .065
2 17.0 1.5 2.43 .41 .166
6.8 3.02 .34 .114
13.6 3.46 .27 .079
3 21.4 1.5 2.28 .42 .184
8.6 2.91 .31 .107
17.1 3.30 .21 .064
4 23.7 1.5 2.59 .57 .220
9.5 3.67 .39 .106
19.0 4.15 .34 .082
5 21.6 1.5 1.25 .18 .144
8.6 2.04 .22 .108
17.3 2.47 .15 .061
6 21.7 1.5 1.87 .44 .236
8.7 2.95 .31 .105
17.4 3.43 .26 .074
7 16.2 1.5 2.25 .34 .150
6.5 2.80 .23 .082
13.0 3.07 .18 .059
8 14.7 1.0 2.10 .35 .167
5.7 2.63 .22 .084
11.7 2.84 .19 .067
9 17.7 1.5 2.84 .36 .127
7.1 3.26 .33 .101
14.2 3.58 .32 .089
shear is T0, then t  = t 0 ( 1  - y / d ),. Therefore,
(6)
Using the Chezy equation for the mean velocity of flow, Um, we 
obtain,
to =  ytim2/C 2 (7)
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Therefore,
(7(1 -  y/d)
The logarithmic velocity-distribution equation for a wide channel i s :
t i / u m =  i  +  (1 + lo^  v / d )AC
From  Eqs. (8 ) and (9) it is apparent that at any particular dis­
tance from the bottom the ratio cr/U is dependent on the Chezy C, 
which in tu rn  depends on the relative roughness of the bottom and 
the Reynolds number of the flow. F o r a large river as the Missis­
sippi, C probably is fairly  independent of the Reynolds number, 
and thus it can be stated that the relative intensity of the turbulence 
depends on the relative roughness of the bottom.
The current meters were not, of course, able to record the peaks 
of the velocity fluctuations; therefore, it should be remembered that 
the indicated values of <r/U are undoubtedly low. Other measure­
ments on turbulence indicate that for normal turbulent flow in 
channels or pipes a/U can easily be equal to Yu near boundaries. 
If, then, as stated before, (Umax — V) — 3a-, it is seen that the 
value of Umax can be 2U. In  other words fluctuations equal to twice 
the mean velocity at a point in the turbulent zone near a boundary 
can readily be expected.
S c a le  op  T u r b u l e n c e
Another important characteristic of turbulence is its scale, which 
depends on the size of the eddies present. In  Fig. 1, showing the 
velocity fluctuations, variations in scale are apparent. Probably 
the simplest quantitative measure of the scale would be obtained 
by measuring from the velocity-fluctuation curves the time intervals 
between crossings of the mean-velocity line and thus get an average 
value for this time. M ultiplying this time by the mean velocity 
would give a length factor which should be a measure of the eddy 
size.
G. I. Taylor [ l ] 1 has made a mathematical analysis which ties the 
concept of scale to the statistical idea of correlation between the ve-
1 References appear a t the end of the article.
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locities at two different points—such as, for instance, two points 
a distance x apart in the direction of flow. He defines a correlation 
coefficient Rx th u s :
Rx = u ux/ u 2 (10)
Now if the distance x is very small, Rx approaches u n i ty ; as x  in­
creases, R x becomes zero. The value of Rx ought to be high if the 
distance x  is less than an eddy diameter. A length factor is then 
defined,
/ GO
Rx dx (11)
0
By evaluating R x for various values of x so that a curve can be 
plotted, the value of L  can be obtained. I t  can be shown that if 
the velocity fluctuations are haphazard, having no periodicity, the 
value of Rx starts at 1.0 and approaches zero. F or the case of uni­
form velocity, dx = ti dt and Bq. (11) can be w ritten
r  (12)
L  =  U j  Rt dt
0
From the velocity data such as shown in Fig. 1, the values of R t 
can be calculated for various increments of time t. The work is 
time-consuming, since a great many values of u and u t must be read
5
03
0  » 2 3 4 5 6 7 I  9 10 II 12 13 14 6  16 17 «  19 20
F ig . 6 .— V a r ia t io n  o f  Co r r e l a t io n ' Co e f f i c i e n t .
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before a proper average value of u u t can be obtained. This work 
was done for the data shown in Fig. 1, and the values of R t that 
were obtained are shown in Fig. 6 . Note that the form of the 
curves is:
R t = e ~ kt (13)
This is quite interesting, since certain theoretical considerations 
indicate that this correlation coefficient should vary exponentially 
with time. The value of k is dependent on the slope of the curve 
and, theoretically, the determining of one value of R t therefore per­
mits the evaluation of k, since R t — 1 when t =  0. The integration 
of Eq. (12) using Eq. (13) for R t is very simple :
L  =  Ü/k (14)
Thus the term k characterizes the scale of the turbulence.
M ix in g  C h a r a c t e r is t ic s  o f  T u r b u l e n c e
Another turbulence characteristic which is of considerable sig­
nificance to the engineer is the mixing coefficient. This is a para­
meter which evaluates the ability of turbulence to transfer momen­
tum, heat, sediment, etc., from one region of the fluid to another. 
This coefficient depends on how fast eddies move transversely to 
the stream and the mean distance of their travel. The speed of 
their movement is undoubtedly dependent on the turbulence in­
tensity, since if the eddies rotate rapidly they will also move about 
rapidly. The distance of their travel depends on how many are 
present and on their size.
So fa r  as suspended-sediment calculations are concerned, it 
is customary to determine the momentum-transfer coefficient from 
the slope of the mean velocity-distribution curve and the local shear, 
and to assume that this coefficient is identical to that controlling 
the diffusion of mass [2], There is good evidence indicating that 
this is probably not quite true, though perhaps accurate enough 
for practical purposes. The calculation of the momentum-transfer 
coefficient near the surface is not feasible or accurate, particularly 
if the velocity curve reverses in slope.
In  order to study in greater detail the diffusion characteristics 
of turbulence in normal channel flow, experimental studies were 
carried on which permitted a direct measure of the diffusion 
coefficient for mass mixing. Briefly, this was accomplished by
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injecting into the flowing water immiscible droplets, or in some 
instances chemicals, and determining the spread of this foreign 
matter at several distances downstream from the injection point. 
A detailed discussion of the technique and the results obtained was 
published by Kalinske and Robertson [3]. In  general, though the 
directly-measured diffusion coefficient compared quite well with 
that determined from the mean-velocity curve and shear, signifi­
cant differences were noted.
An elaborate and detailed study relating to the direct measure of 
the diffusion coefficient and suspended-material movement in open 
channels was carried out by C. L. Pien, as a doctoral thesis under the 
w rite r’s direction and the results will be published elsewhere. The 
directly-measured diffusion coefficient was used to calculate sus- 
pended-sediment distribution in an open channel and a very good 
check was obtained with actual sediment measurements. The dif­
fusion coefficient was measured by injecting a mixture of hydro­
chloric acid and alcohol (having the same specific gravity as water) 
and determining the average concentrations of the diffused mixture 
at various points downstream by taking water samples and analyz­
ing for chloride concentration. This proved to be a speedy method 
and could be used in d irty  water quite readily.
E f f e c t  of  t h e  F r e e  S u r f a c e
One of the significant peculiarities of liquid flow in open channels 
is the presence of the free surface, which has a profound effect on 
the mean velocity distribution in the cross section. The behavior of 
vortices, which originate at the bottom or sides of a channel, as 
they approach a surface of discontinuity such as a free water sur­
face is a phenomenon about which little definite information exists. 
The free surface does not create any turbulence, since no appreciable 
shear exists there—unless, of course, there is a strong wind, and 
waves and breakers develop.
There is no question but that the reverse curvature of the velocity- 
distribution curve at the surface is tied up with the turbulence 
action. Evidence exists which shows that this reverse curvature 
occurs in very wide rivers where the side effects are negligible. How­
ever, there is also evidence which indicates that no reverse curvature 
of the velocity occurs in certain other wide channels. F or instance, 
velocity measurements made by Van Veen [4] in the Straits of
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Dover definitely show that the maximum velocity occurred at the 
surface. The depth was about 130 feet and the mean velocity 3 
feet per second. I t  is entirely possible th a t normal turbulent flow 
may not have been established in the ease of flow in the Dover 
Straits, and therefore the turbulence originating at the bottom 
would not have reached the surface.
The dynamics of vortex movement shows that it is entirely 
possible for a vortex—such as, for instance, a ring vortex—to pass 
through fluid having a considerably different forward velocity, and 
to acquire or give off momentum only very slowly. In  addition, 
the forces developed on a ring vortex as it nears a free surface tend 
to pull it up into the surface. All this tends to lend plausibility to 
the idea that the slowing down of the surface water can be caused 
by the accumulation at the surface of water which is part of slower- 
moving eddies which originated at the boundaries of the channel. 
Of course, this may not be the complete explanation of the 
phenomenon of the reverse curvature of the velocity curve. The 
existence of secondary currents causing the mean flow at certain 
points to be inclined to the channel walls may be in some fashion 
related to the existence of an apparent shear at the surface.
This particular problem has been the subject of such prolonged 
controversy and disagreement that it is hoped that reliable, con­
trolled experiments will soon be made to shed more definite light 
on this most interesting feature of turbulent flow in open channels.
C o n c l u d in g  R em a r k s
In  conclusion, the writer wishes to summarize a few of the engi­
neering problems in which a more complete knowledge regarding 
the various turbulence characteristics mentioned would provide 
significant information for their proper solution.
First, regarding the intensity of turbulence: The relative in­
tensity of turbulence has been shown to be an im portant item 
in measuring drag on bodies. I t  is an important variable that must 
be controlled and its action understood if model studies relating to 
drag are to be analyzed properly. Another field of work in which 
knowledge of the intensity of turbulence is vital is th a t of sedi-. 
ment transportation. I t  is gradually becoming realized that, 
for instance, in the bed-load problem measurement of average 
velocity and average shear are of little significance when values
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twice the mean can occur momentarily. The measurement of mean 
velocities and mean sediment concentrations is influenced by the 
intensity of turbulence, since true time averages cannot be obtained 
unless the time interval is large enough for the fluctuations to be 
averaged properly.
In  regard to the scale of turbulence, probably the most practical 
application that should be pointed out is that relating to the dissipa­
tion of the turbulence energy. Large eddies are destructive, and 
they should be broken up or prevented from forming. The smaller 
the eddies, the quicker will the turbulence energy be dissipated.
The engineering importance of the mixing coefficient is too 
obvious to require any elaboration. Sediment transportation, heat 
transfer, and river pollution are but a few of the large general- 
engineering problems which require knowledge of turbulent mixing.
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ATM OSPHERIC TURBULENCE AND TH E MEASUREMENT 
OF EVAPORATION 1 
by
C. W. Thornthwaite 
Soil Conservation Service 
Washington, D. C.
Some of the difficulty attendant on the measurement of evapora­
tion arose from the original formulation of the problem. Evapora­
tion was thought of as the reverse of precipitation, and since precipi­
tation could be measured in a straightforward manner by collect­
ing samples in rain  gages it seemed reasonable to seek analogous 
methods for evaporation—to allow water to evaporate freely from an 
evaporation gage back into the atmosphere and to measure the 
loss. The water caught in rain gages does provide a measure of the 
precipitation falling upon a natura l surface, but water lost from an 
evaporimeter provides only a rough measure of evaporation from 
reservoirs or other free water surfaces and no measure at all from 
land surfaces. Depth of precipitation is almost exclusively a func­
tion of the physical qualities of the atmosphere. B ut the depth of 
water evaporated from a surface is a function of the physical 
properties not only of the atmosphere but also of the evaporating 
surface.
Nearly a century ago George Marsh said :
‘ ‘ There is one branch of research which is of the utmost im­
portance . . . but which, from the great difficulty of direct 
observation upon it, has been less successfully studied than 
almost any other problem of physical science. I  refer to the 
proportions between precipitation, superficial drainage, absorp­
tion, and evaporation. Precise actual measurement of these 
quantities upon even a single acre of ground is impossible . . . ”
Since that time much progress has been made in the measurement
i  Abstracted largely from ‘ ‘ Measurement of Evaporation from Land and 
W ater Surfaces,”  by C. W. Thornthwaite and Benjamin Holzman, XJ. S. Dept. 
Agr. Tech. Bui. 817, May 1942. Since the original report is completely docu­
mented, all literature citations are here omitted.
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of precipitation and runoff, and recently a great deal of attention 
has been given to the problems involved in the measurement of 
infiltration into different soils and under different forms of soil 
management. B ut evaporation has continued to resist measure­
ment, despite the fact that its determination has become increas­
ingly necessary as measurements of rainfall, runoff, and infil­
tration have been improved.
In  recent years investigations on the vertical distribution of 
temperature, moisture, and wind velocity in the lower layers of 
the atmosphere have resulted in notable advances in our under­
standing of the mechanism of the transfer of moisture, heat, and 
momentum through these layers. This, in tu rn , has led to a re­
examination of the old problem of evaporation measurement, with 
the result that it is now coming to be regarded as a transfer problem 
rather than one of sampling.
W ater-vapor molecules will move away from an evaporating 
surface by the ordinary process of diffusion. B ut diffusion is so 
slow that molecules would re turn  to the surface of the liquid nearly 
as rapidly as they leave it, and evaporation would be an extremely 
unim portant process if the water vapor were not removed from 
the vicinity of the liquid surface in some other way. Actually, the 
process of turbulent mixing is so much more im portant than mole­
cular diffusion in carrying water molecules away from an evaporat­
ing surface, that it may be considered almost wholly responsible for 
evaporation. In  the-turbulent layer the mixing process depends 
on the shearing stresses associated with the roughness of the ground 
and with wind velocity, and increases as the values of these factors 
increase. The mixing process also depends upon the stability or 
density structure of the air, the intensity of mixing diminishing, 
under otherwise constant conditions, as stability increases. The 
vertical motion of the air in the turbulent layer tends to establish 
an adiabatic distribution of temperature and a uniform admixture 
of w ater vapor, and thus to eliminate differences in moisture con­
centration. I f  moisture is neither added to nor withdrawn from 
the turbulent layer, its moisture content quickly becomes uniform 
throughout.
On the other hand, water vapor emitted from an evaporating 
surface is transported upward and scattered throughout the turbu ­
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lent layer. Thus, as long as a stream of water vapor flows upward 
into the turbulent layer the moisture concentration will be highest 
at its base and diminish upward, and a moisture gradient directed 
upward will be established. Such a gradient can be maintained 
only so long as moisture continues to be added below. Soon after 
evaporation ceases, the moisture is distributed uniformly through­
out the layer, and the moisture gradient is thereby destroyed. 
Similarly, if water vapor is abstracted from the base of the layer 
by condensation in the form of dew or frost, the moisture concen­
tration there will be reduced; and so long as removal of moisture 
continues, a moisture gradient directed downward will be main­
tained. The greater the intensity of turbulent mixing, the greater 
is the tendency toward the establishment of uniform ity of moisture 
concentration and the greater the evaporation or condensation re­
quired to maintain a constant gradient upward or downward. 
Similarly, with a given rate of turbulent mixing, the greater the 
rate of evaporation, the steeper will be the moisture gradient.
Air flowing along the surface of the ground encounters a fric­
tional resistance and is slowed down. The effect of this resistance 
is felt for hundreds of feet aloft. W ithin this zone of frictional 
influence each successively higher layer of air moves faster than 
the one immediately beneath so that shearing stresses are set up 
between them, which result in the upw ard and downward displace­
ment of small masses of air, each tending to preserve the horizontal 
velocity that it had previously. I f  a mass moves upward to a faster 
moving layer, in the process of mixing it  will tend to retard  the 
air in the higher layer. Similarly, a mass of air moving downward 
will tend to speed up the air in the lower layer. Thus, the d iffer­
ence in velocity between two adjacent levels tends to be equalized as 
horizontal momentum is transferred downward and ultimately 
dissipated at the ground. The tendency toward equalization of 
velocity depends on the rate of vertical mass interchange, or the 
intensity of turbulent mixing.
The greater the differences in velocity between adjacent layers, 
or the stronger the shear, the greater is the tendency for turbulence 
to develop and to reduce the shear. I f  there were no external 
influences helping to maintain the differences in wind velocity at 
different levels, turbulent mixing would eventually equalize the
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velocities in all levels and the air would move as a solid. However, 
since the supply of momentum in the upper air is practically in­
exhaustible, and since momentum is constantly being converted 
into heat and lost at the ground surface, wind velocities in different 
levels are never completely equalized. Thus, although turbulence 
tends to destroy shear, nevertheless the strongest mixing at a fixed 
level near the ground is associated with the strongest shear.
The dependence of vertical differences in velocity on the intensity 
of turbulent mixing is important in the measurement of evapora­
tion because it enables us to determine the rate of mixing in the 
atmosphere by measuring the vertical gradient of wind velocity.
The intensity of turbulent interchange or the Austausch co­
efficient is related to the wind gradient by the following equation:
Moisture is transferred upward through the atmosphere from an 
evaporating surface by the same turbulent motion that causes a 
downward transfer of momentum, and it can be shown that
in which E  is evaporation, dq/dz  is the rate of the change of mois­
ture concentration with respect to height, and A  is again the Aus­
tausch coefficient. Since it is reasonably assumed that the Aus­
tausch for momentum and m atter are the same, the value of A  in 
Eq. (1) can be substituted in Eq. (2) :
A fter solving for dq/dz and integrating between levels z2 and z1 
in the turbulent layer, the general equation for evaporation is 
obtained:
(1)
pk02z (u2 — Mi) dq
(3)
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The formula giving evaporation in inches depth per hour is
1.34 k„2P(q1 — q2) (u2 — Mi)
E = 2
(T  +  459.4)
where k0 is the universal turbulence constant, P  the pressure in 
inches of mercury, q2 and qt the specific humidity in grams of mois­
ture per kilogram of air, u2 and ux the mean wind velocities in miles 
per hour at heights z2 and zt , and T  the temperature in degrees 
Fahrenheit.
The accuracy with which evaporation is determined depends 
on the accuracy of measurement of each of these terms. Both 
moisture and wind appear as differences that are usually quite 
small. Proportionately small errors in observation of moisture 
concentration or wind velocity can result in large percentage errors 
in the differences and consequently in the final computation of 
evaporation. Likewise, k0 enters the equation as a squared term ; 
thus any error in the determination of its value is exaggerated in 
the evaporation computation.
Neither atmospheric hum idity nor wind velocity is easy to 
measure; and of the two, surprisingly enough, it appears that the 
latter is the more difficult. I t  is quite as im portant to know the 
vertical structure of velocity with low wind speeds as with high. 
B ut meteorologists have never given much attention to the measure­
ment of low velocities, and, consequently, anemometers are 
designed to withstand velocities at the upper limit of the scale 
but are so insensitive that they stop altogether at low velocities. 
The frictional resistance and inertia of the familiar whirling-cup 
anemometer are such that correction factors obtained for steady 
flow in a wind tunnel do not yield true mean values for the vary­
ing velocities encountered in the free atmosphere. Furthermore, 
it is not easy to find a number of anemometers whose starting 
speeds, stopping speeds, and running speeds are identical. Thus, 
when simultaneous measurements are made with a number of 
anemometers at different levels, in order to define a velocity 
gradient, the difficulties are multiplied and there may be con­
siderable error, particularly in the low-velocity range. Going 
downward in the wind profile, velocities below the running speeds
http://ir.uiowa.edu/uisie/27
of the anemometers are increasingly frequent; this is an added 
source of error.
Because of these difficulties, there are in existence few good ob­
servations of wind velocity at various levels near the ground, in 
spite of the importance of a knowledge of wind structure in the 
determination of the characteristics and magnitude of turbulent 
mass interchange. Most recent studies of the structure of the wind 
near the ground have made use of observations published by Hell- 
mann, Shaw, Wiist, Best, and Sverdrup, which are neither very 
numerous nor free from instrumental error. To obtain a precise 
law of vertical wind distribution in the layer near the ground it is 
necessary to have observations taken throughout the day and at 
various seasons of the year, providing accurate measurements at 
various velocities, during different conditions of atmospheric stabil­
ity, and over different kinds of surfaces.
Most workers have used either a power law or a logarithmic law 
in attem pting to express the relationship between wind velocity 
and height. The power law has usually taken the form
u = ut za
where u is wind velocity at height z and m, is wind velocity at unit 
height. The logarithmic law is of the type
log z — log z0
XL ,log a
where log z0 is the ordinate intercept and log a is the slope of the 
straight line obtained by plotting log z as ordinate and u as abscissa. 
The weight of observational evidence has led to a preference for 
the logarithmic law. Furthermore, the theoretical formulation de­
veloped by the P rand tl school requires that the vertical distribution 
of wind velocity follow a logarithmic law in the p art of the tu r ­
bulent layer where shearing stress, r, and density, p, may be as­
sumed constant.
Available observations are not sufficiently accurate to determine 
the precise form of the vertical distribution of wind. There is a 
suggestion, however, in observations being made currently that 
neither power nor logarithmic law adequately describes the d istri­
bution, but that a power of the velocity other than the first power is 
proportional to the logarithm of height. For unstable conditions
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u2 plotted against log z gives a very close approach to a straight 
line, and as stability increases the appropriate power of the velocity 
diminishes. I t  appears, therefore, that an improvement in the law 
of vertical wind distribution is achieved by combining logarithmic 
and power law s:
log 2 — log Zq
Uv = — ---------------- -—log a
The exponent p is believed to vary between 2.0 with fully developed 
turbulence and some value less than 1.0 when turbulence reaches 
its smallest actual value. Should additional observations confirm 
the tentative conclusion that in fully developed turbulence the 
square ra ther than the first power of the velocity varies with the 
logarithm of height, it will be necessary to re-examine and revise 
the theory of fluid turbulence as developed by the P rand tl school. 
This is an im portant task for fluid mechanics.
In  the theoretical treatm ent of turbulence, P randtl, von Kar- 
man, Rossby, and others have introduced the concept of the mixing 
length. The mixing length is considered as the vertical distance 
traveled by the eddies from the level where they originate to the 
level where they lose their individuality and mix with the turbulent 
fluid surrounding them. This “ path of mixing”  is related to the 
size of the eddies; the larger the diameter of an eddy, the greater 
the distance it may travel before it disintegrates. Apparently, too, 
the size of an eddy is directly proportional to the distance from the 
boundary surface at which it forms. Thus the mixing length is 
proportional to the height. This relationship is shown by the ex­
pression
I =  k0z
in which k0 is a constant of proportionality, known as the “ uni­
versal turbulence constant,”  or von K arm an’s constant.
The constant of proportionality, ka, relates the mixing length, I, 
to height, 2. Its  numerical value has been determined mainly from 
measurements of velocity distributions of water in smooth and 
rough pipes and from wind-tunnel measurements, and has various­
ly been found to be 0.36, 0.38, and 0.40. A recent study of flow 
of water in open channels has yielded values of k0 ranging between
0.22 and 0.43 depending on the geometry of the channel.
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The constant, k0, can he determined in a straightforward manner 
for flow in wind tunnels and pipes because independent measure­
ments of the shearing stress may be made in terms of the pressure 
distribution as well as the velocity distribution. Since no such 
straightforward procedure can be used in the free air, k0 has never 
been determined fftr the atmosphere, and thus its appropriate nu ­
merical value is uncertain.
There is a strong suspicion that the currently adopted value of 
k0 of 0.38 is too low. We have made observations on moisture and 
wind and have computed the evaporation for several locations. The 
computations are all of the right order of magnitude but seem to be 
smaller than one might expect.
Over a meadow in Arlington, Va., during 10 months in 1939, the 
computed total evapo-transpiration was 11.97 inches. The precipi­
tation for the same period was 26.34 inches. Taking account of 
condensation in the amount of 1.81 inches also, the runoff for the 
period is computed to be 16.18 inches. The runoff for the same 
period from the 8.5-square-mile drainage basin of the North River a 
few miles east of Washington was 13.85 inches, according to Geo­
logical Survey measurements. Precipitation is not identical in the 
two areas and they are not strictly comparable in other respects. On 
the basis of the comparison the evaporation at Arlington might 
reasonably be 2.33 inches or 19 percent greater than its computed 
value. An increase in the value of k0 from 0.38 to 0.416 would have 
given the larger value of evaporation.
During the summer of 1941 we operated an evaporation station 
over a cornfield at the National Agricultural Research Center in 
Maryland. The computations of evapo-transpiration appear to be 
reasonable but might have been somewhat larger.
In  February, 1942, we installed a station over the water surface 
of Lake Corpus Christi, Texas. The evaporation data only for the 
month of March are as yet available but these values also are small­
er than were expected.
I t  will be possible, presumably, to check the value of k0 empirical­
ly by determining the evaporation from the surface of a reservoir, 
where the loss can also be determined independently by direct 
measurement of inflow and outflow. However, a more direct de­
termination would be preferable.
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A n equation developed by E rte l for determining the Austausch 
coefficient from short-time fluctuations of any physical property 
of the atmosphere, such as momentum, temperature, specific hu­
midity, or dust, suggests a possible way to determine k0. E r te l’s 
Austausch equation does not contain the proportionality factor, k0. 
Thus, if it  is equated to P ra n d tl’s expression,for Austausch it 
should be possible to determine the value of k0 from measurements 
of the short-time fluctuations of wind velocity. This is a question 
that might profitably be examined by someone actively working in 
the field of atmospheric turbulence. A t any rate it is most im­
portant to obtain a more reliable value of k0 so long as P ra n d tl’s 
theoretical formulation is followed.
I t  is clear that much remains to be done in the study of atmos­
pheric turbulence, but enough has already been done to show that 
it is going to be possible to measure the evaporation from any natu ­
ral surface. As the turbulence theory is revised, and as instru ­
ments for more accurate measurement of wind velocity and hu ­
midity are developed, the computations of evaporation should be­
come more reliable. The fu ture promises that measurements of 
the transfer of moisture to the atmosphere from all types of geo­
graphic surfaces will become available, and that they will provide 
information on the moisture requirements of various crops and 
types of natura l vegetation, and on the effectiveness of various 
moisture-conserving practices. W ith the accumulation of this in­
formation the interrelations of climate, hydrology, and agriculture 
will be more clearly understood.
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D EN SITY CURRENTS: T H E IR  MIXING CHARACTER­
ISTICS AND T H E IR  E F F E C T  ON TH E TURBULENCE 
STRUCTURE OF TH E ASSOCIATED FLOW
by
Robert T. Knapp 
Soil Conservation Service 
California Institute of Technology 
Pasadena, California
I n t r o d u c t io n
The following article is the outgrowth of a continuing study be­
ing carried on in the Cooperative Hydraulic Laboratory of the 
Soil Conservation Service and the California Institu te of Tech­
nology at Pasadena, California. The basic object of this study 
is to investigate the behavior of density currents, especially those 
aspects which involve the entrainment, transportation, or deposi­
tion of sediment by such currents when the fluid involved is either 
w ater or air. This study has been carried out by Mr. H ugh Stevens 
Bell and the author with the active assistance of the entire staff of 
the Laboratory, and in particular, of Dr. Vito A. Yanoni, the Pro- 
jecti-Supervisor.
G e n e r a l  D e s c r ip t io n  of  D e n s it y  C u r r e n t s  
Definition of a Density Current 
Since density currents are a class of hydraulic phenomena 
which have received relatively little attention, it may be well to de­
fine them before going into a discussion of their properties. For 
the present purposes, the definition given by Bell in his recent 
paper [ l ] 1 in the Journal of Geology is very acceptable. He says, 
“ A density current may be described as a gravity flow of a liquid 
or a gas through, under, or over a fluid of approximately equal 
density.”  To this may be added the comment that, although for 
steady conditions the driving force causing the flow nearly always 
is a gravity one, some im portant transient phenomena are activated 
by changes in momentum.
1 References appear at the end of the article.
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Typical Examples of Density Currents 
When natural phenomena are scrutinized to find examples of 
density currents, a wealth of material presents itself. Some of the 
more common ones are observed in the atmosphere: the movement 
of clouds and fog banks or the sweep of dust storms across the 
plains. In  air, density currents such as these are easily recognized 
because they are visible and also because the observer often is a 
part of the surface over which the flow takes place and thus is
P i g . 1 .— D u s t  S t o r m  O v e r  N e b r a s k a .
very cognizant of the fact that something is happening. Density 
currents in water, on the other hand, while of equally common 
occurrence, are less often recognized because they are generally 
concealed below the surface of a river, reservoir, lake or ocean [2 ]. 
Often the factor causing the density difference which produces the 
flow effects no corresponding change to make that flow visible. 
Thus, for example, differences in tem perature or of dissolved salt 
content may cause large-scale density currents without leaving any
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obvious visible clue to their presence. Sediment-laden flows, on 
the other hand, form currents having characteristic color and 
opacity, but may nevertheless remain undetected because the action 
takes place so far beneath the surface that it cannot be seen. These 
examples of density currents occurring in nature may be m ulti­
plied indefinitely. The size range is tremendous, varying from one 
extreme in which a good fraction of the ea rth ’s atmosphere is in­
volved, down to the other, where, for example, the struggles of in­
sect larvae in a mud puddle stir up enough sediment to cause a 
density current which, although minute, actually transports ma­
terial. The present paper, however, concerns itself largely with 
moderate-sized density currents as they occur in reservoirs and 
lakes where the density differences are due to dissolved solids, to 
temperature differences, and to suspended sediments. This should 
not be interpreted to mean that the conclusions reached are re­
stricted to these fields, but merely that, since these classes of 
density currents were of the most interest to the laboratory mak­
ing the study, they were given the most attention.
G e n e r a l  C h a r a c t e r is t ic s  of  D e n s it y  C u r r e n t s  
Flow Characteristics
Density currents have all the properties of normal fluid flows. 
However, the relative magnitudes of different factors governing 
the flows have been altered and these alterations cause correspond­
ing changes in the flow pattern. The following items describe some 
of the principal alterations and also outline some of the general 
flow characteristics of density cu rren ts :
1. The most striking difference between a density flow and a 
normal flow of the same fluid is the great decrease in the magnitude 
of the gravity force, due to the buoyancy of the surrounding fluid. 
Consider a muddy stream which flows into a reservoir of clear 
water and becomes a density current. Suppose that the muddy 
flow weighs 64 pounds per cubic foot and the clear water in the 
reservoir 621/2 pounds. Ju s t before the flow enters the reservoir, 
the effective driving force acting on each cubic foot of muddy 
water to cause it to flow down the channel is 64 pounds times the 
slope of the bed. Ju s t after this same cubic foot of water enters the 
reservoir and becomes a density current, the driving force re­
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duces to 11/2 pounds (64 — 62.5) times the slope, which is less than 
1/40 of what it was in the open channel. However, the momentum 
of the muddy water is unaffected by the buoyancy of the sur­
rounding clear water.
2. Due to the large decrease in the magnitude of the gravity 
force as compared to that of the inertia force, inertia effects become 
much more important. Thus, for a density flow, vertical move­
ments which would be inconceivable for the normal open-channel 
flow become a commonplace method of getting around an obstacle.
3. A density current is bounded on all sides by friction surfaces 
at which energy can be liberated to maintain or increase the tu rbu ­
lence level. This is in contrast to the flow of water in an open 
channel, for example, in which the friction of the air-water in ter­
face is generally so small as to be negligible.
4. Density currents maintain their movements by decreasing 
their total of energy just as do normal flows. Thus, if a stream 
flows into a larger body of fluid of different density, the flow will 
continue if the slope or pressure gradient and the density d iffer­
ence are maintained. Conversely, to stop the flow either the 
gradient or the density difference must be eliminated. When this
F i g . 2 .— F l o w  o f  D e n s i t y  I n t e r l a y e r .
happens, the flow will persist as a distinct element only until its 
kinetic energy has been expended in friction.
5. Density currents may be lighter or heavier than the main 
body through which they flow. I f  lighter, the energy gradient 
causing the flow may come either from a pressure difference pro­
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duced by an open outlet spillway, etc., or from a negative hydraulic 
slope which results from a decreasing thickness of the floating 
layer. I t  should be noted in this connection that a light density 
current flows “ uph ill”  in the surrounding fluid. I f  the density 
current is heavy, the necessary energy gradient may also be caused 
by a pressure difference produced by an open outlet. I f  it is 
caused by a slope, however, this slope must be in the direction of 
the flow'.
6. These same forces act to produce flow in the more compli­
cated case in which several density currents or density layers are 
present and the stream in question must flow between a lighter and 
a heavier fluid, as shown in Fig. 2. In  such cases the gradient 
often comes from a change in the thickness of the flow.
Methods of Stopping Density Flows
As previously stated, in order to maintain a density flow as a 
discrete unit, it is necessary to maintain both the energy gradient 
and the density difference. Conversely, if the density flow stops, 
the gradient has disappeared and the kinetic energy dissipated, or 
the density difference has been destroyed. Factors which eliminate 
the energy gradient are generally obvious, since they are the same 
as those acting on normal flows. However, the factors which may 
act to eliminate the density difference are not usually considered 
in flow problems, and, therefore w arrant fu rther discussion. The 
three factors which may act individually or together to produce 
the density difference characteristic of a density flow are as fol­
lows: Temperature difference, dissolved salts, and materials in 
suspension. Density differences caused by these factors may be 
removed by the following methods:
1. Density differences due to tem perature may be eliminated 
through heat conduction or by mixing with the surrounding fluid.
2. Density differences due to dissolved salts may be eliminated 
by precipitating the salts or by mixing with the surrounding fluid.
3. Density differences due to suspended material may be elimi­
nated by deposition of the material or by mixing with the sur­
rounding fluid.
I t  is seen that mixing is a universal and a very effective way 
of eliminating density differences. The other methods may be im­
portant in specific cases. I t  should be remembered, however, that
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heat conduction is a very slow process and, therefore, is a rela­
tively ineffective way of stopping a density current caused by a 
temperature difference. Again, precipitation of dissolved salts 
may be very effective if the correct amount of precipitant is added 
to the flow. However, this happens only rarely due to natural 
causes and thus will seldom be encountered outside of treating 
plants, etc. On the other hand, when density currents due to ma­
terial in suspension are being considered, it must be recognized that 
suspended material is in dynamic equilibrium, and, therefore, that 
anything which affects the flow characteristics of the stream also 
changes its sediment-carrying capacity. Another way of saying 
this is that the deposition of material carried in suspension is con­
trolled by the state of turbulence of the flow, which, in turn , is 
affected by the velocity and by the conditions existing at the fixed 
boundaries and at the fluid interfaces. I t  may be stated, therefore, 
that two of the most im portant phenomena involved in the flow of 
density currents are (a) the mixing characteristics of such flows 
with the surrounding fluid, and (b) effects of the density currents 
upon the turbulence structure of the associated flows. These two 
phenomena will be considered separately.
A s p e c t s  of t h e  M ix in g  P h e n o m e n o n
In  considering mixing, two different types are easily distin­
guished: (a) localized mixing, and (b) general mixing across the 
boundary or interface separating the two fluids. They both have 
the common characteristic that they require energy in order that 
mixing may take place. In  other words, mixing involves a dissipa­
tion of mechanical energy into heat. I t  is interesting to note that 
there is another type of energy interchange involved. In  many cases 
when density currents mix, the internal potential energy of the 
fluid system is increased due to the fact that the center of gravity 
of the heavier material is raised. This occurs at the expense of the 
kinetic energy but usually is a factor of very small magnitude.
Localized Mixing
1. "When a stream of heavy fluid, such as muddy water, enters 
a large body of lighter fluid—as, for example, a lake or reservoir 
of clear water-—large amounts of energy are made available at the 
point of entrance through the shock losses involved in the change
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in momentum. This results in intense local mixing. However, the 
amount of energy, although relatively large, is strictly limited to 
a certain definite quantity for each unit of fluid entering. When 
this is expended, the mixing must cease. Usually, the amount of 
energy available is fa r from sufficient to produce complete mixing 
of the entering stream with the main body; hence, the density cur­
rent is not destroyed but simply diluted, i.e., its volume is increased. 
Fig. 3 shows an example of entrance mixing in the laboratory model 
reservoir.1
F ig .  3.— E n t r a n c e  M i x i n g  o r  a n  U n d e r f l o w .
2. When the energy available for entrance mixing has been dis­
sipated without causing complete mixing, the diluted flow is still 
heavier than the main body of the fluid; therefore, it leaves the 
surface and flows along the bottom of the reservoir. I t  may be 
somewhat of a misleading statement to say that it leaves the surface, 
since it really flows out of the bottom of the mixing zone which fills 
the upper end of the reservoir. Fig. 4a shows the appearance of 
this zone in elevation, and Fig. 4b is the experimental run  used as 
the basis for constructing this diagram. Due to the rather compli­
cated circulation induced in the reservoir, the external indications 
are that the density flow is leaving the surface and plunging to the 
bottom, thus justifying the name “ plunge po in t”  for this location. 
In  many cases the zone just below the plunge point is another region
* This figure, as well as several of those following, is a  black-and-white 
copy of a kodachrome photograph. The color picture was used in conjunction 
with a new technique recently developed in the laboratory. The lake water 
was dyed blue and the underflow red. The mixture produced a  deep purple. 
This made it possible during flow to see very clearly the amount of mixing 
and the extent to which it penetrated down into the underflow and up into 
the overlying layer. This technique seems to hold peculiarly attractive possi­
bilities for the study of mixing phenomena.
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of localized mixing. A t first thought it might seem that mixing at 
this point was caused simply by the final traces of the energy made' 
available through the entrance shock losses. However, fu rther con­
sideration shows that additional energy has been released for mix­
ing in this region. In  order to understand the source of this 
additional energy, it is necessary to consider the subsequent behavior 
of the density flow. Fig. 4a shows the density current running on
S e c t i o n  O f R e s e r v o i r  
S h o w i n g  B e g i n n i n g  O f U n d e r f l o w  (a )
F i g . 4 .— S e c t i o n s  o f  R e s e r v o i r  S h o w i n g  B e g i n n i n g  
o f  U n d e r f l o w .
down the floor of the reservoir. Since its cross section is only a 
small fraction of that of the reservoir at any given station, its 
velocity must be higher than  the average in the reservoir, no m atter 
what the rate of outflow may be over the spillway or through the 
gates. Therefore, there is always shear at the interface between 
the density flow and the overlying reservoir water. This shear will 
drag some of the reservoir water down with it. Consequently, to
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preserve equilibrium there must be a corresponding counterflow 
induced in the upper portion of the reservoir. The combined circu­
lation is shown by the arrows in Fig. 4a. As will be seen from this 
figure, the effect is that 
the upstream part of the 
reservoir circulation col­
lides with the lower end 
of the mixing zone of 
the entering density 
flow and is turned back 
downstream by it. Some 
shock losses must occur 
during this action, giv­
ing rise to local mixing 
across the interface in 
this zone. I t  may be 
noted in passing that 
this induced circulation 
tends to make the 
plunge point much more 
sharply defined than it 
otherwise might be. All 
floating objects, wheth­
er they are being 
brought down by the 
muddy flow or whether 
they have been floating 
on the reservoir, tend to collect in this one zone, since all the sur­
face circulation flows towards this one place and then dives below, 
leaving the floating debris behind. Figs. 5 and 6 are views of the 
“ log jam ” at the head of Lake Mead, which illustrate very clearly 
this accessory phenomenon [4].
3. Zones of localized mixing may also be produced by a suf­
ficiently large obstruction at any point along the course of the 
density flow. For example, if the old river channel is being followed 
along the reservoir bottom, the narrows, rapids, sharp bends, falls, 
or other obstacles in the former channel may all be sufficient to 
produce zones of localized mixing. Flooded barriers, coffer dams, 
etc., may result in similar effects. Figs. 7 to 9b inclusive are labo­
F i g . 5 ___V i e w  L o o k i n g  U p s t r e a m  o f  “ L o g
J a m ”  a t  H e a d  o f  L a k e  M e a d .
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ratory studies of the flow of a density current past obstructions of 
these types. These illustrations serve to emphasize some of the 
general characteristics of a density flow, in particular the buoyancy 
effect which permits the flow to move comparatively great vertical 
distances to surmount an obstruction encountered in its path.
General Mixing Across the Interface 
The discussion of mixing across the interface between the density 
flow and the surrounding fluid has been reserved until the last
in order to emphasize 
the many other kinds of 
mixing that exist. In  
the past, when density 
flows were being con­
sidered, it has often 
been tacitly assumed 
th a t mixing across the 
interface was the only 
im portant component of 
the mixing phenomenon 
and that its presence 
or absence determined 
whether the density 
c u r r e n t  w o u l d  b e  
rapidly destroyed or 
would be able to con­
tinue in existence. This 
does not appear to be a 
true picture of the ac­
tual conditions. While 
mixing across the in ter­
face may play an im­
portant part in the over­
all history of a given 
density flow, it is seldom the only type of mixing that occurs. I t  
is often overshadowed by the localized mixing, and it rarely is the 
deciding factor as to whether a density current will be dissipated or 
continue to flow.
The reasons behind some of these statements will become more
F ig . 6.— V i e w  o f  D o w n s t r e a m  E d g e  o f  L a k e  
M ead  “ L og  J a m  ”  S h o w i n g  L o o s e  
T e x t u r e  o f  Co l l e c t io n .
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apparent as the details of interfaeial mixing are examined more 
closely.
1. Density currents, like many other physical phenomena, can be 
analyzed from several different points of view. As is generally 
the case, all of the analyses having adequate bases lead to the 
same end result. For 
mixing across the in ter­
face, one helpful view­
point which has a good 
physical background is 
that such mixing is a 
wave phenomenon and 
is governed b y  t h e  
normal laws of surface 
waves applied to the 
physical conditions of 
density flows. Now, if 
mixing is to be accom­
plished by wave action, 
it is obvious that the waves must break, because it is only through a 
breaking wave that the continuity of the interface can be in ter­
rupted  and m atter transferred across it. In  other words, no m atter 
how disturbed and undulant a surface becomes, no material is
transferred across it un ­
til a portion of it either 
breaks away and travels 
out into the surround­
ing fluid or curls over 
and falls back, entrap­
ping and folding into 
itself a portion of the 
other fluid. Figs. lOa-d 
show the formation of 
a wave which breaks 
downward into the un ­
derflow.
I f  a distiirbance is 
produced on the interface between the density flow and the over­
F ig . 8.— S t e e p  R a p id »  i n  M o d el  R e s e r v o ir .
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lying fluid, it propagates as a surface wave, and one of two things 
may happen:
(a) The wave may decrease in size and eventually disappear.
(b) The wave may increase in size and eventually break.
In  the first case, the energy of the wave is being- dissipated ; in the 
second case, it is being augmented as it travels. Helmholtz [3] 
was the first to analyze this condition. He enunciated the criterion 
for stability of such a wave system as follows : Consider two ad ja ­
cent layers of fluid moving with different velocities. Assume that
P i g . 1 0 ___F o r m a t i o n  o f  D o w n w a r d -b r e a k i n g  W a v e  o n  I n t e r f a c e
o f  U n d e r f l o w .
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the interface moves with the mean velocity of the layers. A linear 
disturbance on this interface will be propagated as waves of the 
same velocity, one moving upstream and the other downstream. 
(Here the terms “ upstream ” and “ downstream”  mean against 
and with the direction of motion of the interface.) Now’ if the 
upstream wave travels faster then the layer which is moving up ­
stream with respect to the motion of the interface, and the down­
stream wave travels faster than the downstream layer, then the 
waves are stable and will not break. However, if the waves travel 
slower than their respective layers, then they will be unstable and 
must break .1
This behavior can be observed readily in the laboratory. Waves 
that travel faster than the flow remain rounded and eventually dis­
appear, whereas those that travel slower build up and break. The 
explanation of this difference is that when the flow moves faster 
than the wave can travel, the wave is ‘ ‘ dragged ’ ’ along between the 
two fluids and energy is imparted to it by the interfacial shear; 
whereas, when the flow is slower than the wave velocity, the wave 
can “ escape”  without being dragged along, and thus dissipates 
rather than accumulates energy.
1 An analytical treatment of this is given by Lamb [5], He considers the 
case of two fluid layers of infinite depth, but of different densities. His 
expression for the velocity of the interfacial waves is
_  a_ _  pp. +  p V  f  g p — p pp ) %
k  p +  p ~ { k p  +  p' ( p +  p')2 ^ ^ \
where p is the density and j, the velocity of the lower layer and C the absolute 
velocity of a  wave of length L  =  2 The primes refer to the upper layer.
I f  this is applied to density currents, where consideration is restricted to 
cases of small density differences, the expression may be simplified by assum­
ing tha t p — p =  ¿Xp and p p' —  2p. I t  then becomes
c =
%
Now £  is the square of the wave velocity on the interface if  the two Tc 2 p
layers are not moving. Thus the basic meaning of this equation is that the 
absolute velocity of the waves is equal to the mean velocity of the flow plus or 
minus the relative velocity of the waves with respect to this mean velocity. 
Since the expression for this relative velocity of the wave with respect to the 
flow is given by the square root of the difference of two squares, it is obvious 
that when this difference is negative the roots of the expression are imaginary, 
or, in other words, the wave system cannot exist in a  stable form.
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The common analytical expression of this stability criterion was 
developed on the basis of two layers of infinite depth (see foot­
note), which means that the waves belong to the type known as 
“ deepwater”  waves. The same physical concepts, however, can 
be applied to layers of small depth, and yield analogous expressions. 
One other im portant assumption is usually made—i.e., that the 
densities of the two fluids are constant. I t  may be felt in density 
flows in which active mixing is taking place across the interface 
that this is not a justified assumption. However, if varying densi­
ties are considered in the vicinity of the interface, parallel, but more 
complicated, expressions for the limiting velocity may be obtained 
on the basis of these same physical concepts [6, 7].
2. Interfacial mixing is a process that tends to be self-limiting, 
because it decreases the velocity difference across the interface, and, 
hence, wave making and breaking is lessened. Two factors con­
tribute to this decreased velocity:
(a) The density flow is retarded due to the momentum required 
to accelerate the lighter, slower fluid brought in by the mixing. 
Furtherm ore, since the entrapped fluid has the same density as that 
of the main body of fluid, it  contributes nothing to the gravity 
force which drives the underflow. However, it does add to the 
mass and therefore decreases any subsequent acceleration of the 
density current.
(b) The material torn off from the breaking waves as “ sp ray”  
goes into the layer of lighter fluid just above the density flow. Since 
the average penetration of this material is not very great, the 
result is that the average density of this layer becomes greater than 
that of the main body of the fluid. This intermediate layer also 
is given an acceleration in the direction of the underflow by the 
momentum of the spray. I t  soon starts, therefore, and flows down 
on top of the main underflow. Its  velocity, although lower than 
that of the underflow, is higher than that of the overlying induced 
circulation shown in Fig. 4. Its  driving force is due not only to 
the interfacial shear, but also to a gravity component of its own, 
since the upper surface of the underflow has a slope which is 
essentially equal to that of the bottom. The net result is, of course, 
that the velocity difference across the interface is still fu rther 
decreased and thus mixing is lessened.
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3. F o r overflows of a lighter liquid across a body of heavier 
liquids the same type of interfacial mixing may occur. However, 
many of these overflows are suspensions or solutions which normally 
would be heavier than the underlying purer fluid, but at the time 
of entrance are actually lighter because they are at a higher tem­
perature. In  such cases localized and interfacial mixing and heat 
transfer reduce these temperature differences, consequently de­
creasing the artificial density difference and finally reversing it. 
When this happens, the overlying layer “ ra in s”  down through the 
underlying main body, as seen in Fig. 11, and very thorough 
mixing is accomplished.
F i g . 1 1 .— M i x i n g  F o l l o w i n g  C o o l i n g  o p  a n  O v e r f l o w ..
T h e  E f f e c t  o f  D e n s i t y  C u r r e n t s  o n  t h e  T u r b u l e n c e  S t r u c t u r e  
o f  t h e  A s s o c ia t e d  F l o w  
No attem pt will be made in this division to give a complete dis­
cussion of the inter-relationship between density currents and the 
turbulence structure of the associated flow and of the surrounding 
fluid. I t  is felt that even less is known about this aspect of density 
currents than about their mixing characteristics. Therefore, only 
a few random remarks will be ventured at this time.
1. The interfacial boundary between any two density layers 
offers a resistance to turbulent exchange without regard to whether 
or not there is relative motion between the layers. This is not 
necessarily an impervious barrier, since, if the momentum of the 
turbulence element is great enough, it may force itself through 
the interface regardless of the adverse density difference.
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2. I f  the thickness of individual density layers is smaller than 
the mean free path of the turbulent fluctuations, the result may be 
that the turbulent motion in the vertical direction is limited to 
much smaller values than would otherwise be the case. This may 
affect the large-scale, low-velocity turbulent motion in lakes, oceans, 
and the atmosphere.
3. "When relative velocity exists—i.e., when there are density 
currents as well as density layers—the turbulence within the layers 
may produce on the interface the surface disturbances which are 
built up into the breaking waves necessary for interfacial mixing.
4. When a fluid flows over a fixed boundary, the resulting 
turbulence pattern  is affected both by the velocity of flow and 
the roughness of the boundary surface. An analogous condition 
exists with density currents in which at least one boundary is an 
interface. Here the resulting turbulence must be a function of the 
relative velocity and of the wave pattern, which is the counterpart 
of the roughness of a fixed surface.
5. Many density currents depend for their driving force upon 
material transported in suspension. For this material to remain in 
suspension a certain degree of turbulence must be maintained. 
Since both the fixed and the interfacial boundary roughnesses and 
the relative velocities contribute to the maintenance of this tu rbu ­
lence, the resulting equilibrium must be very complicated. Con­
sider, for example, an underflow of muddy water in a clear reser­
voir. Assume that at a given point the flow is fully loaded with 
the suspended particles of soil, th a t the velocity is below the wave 
velocity so that there is no interfacial mixing, and, further, that 
the flow is slowly decelerating and the turbulence decreasing. As 
the turbulence level decreases, not all of the sediment can be main­
tained in suspension. Therefore, some of it will settle out. This 
will decrease the density difference, thus lowering the wave velocity. 
I f  the flow velocity does not decrease at the same rate, the wave 
velocity may drop below that of the flow, thus initiating interfacial 
mixing. The interfacial mixing, in turn , will have a tendency to 
increase the turbulence level, thus increasing the capacity of the 
stream to carry material in suspension. No claim is made that this 
description corresponds to actuality. I t  is merely given to illustrate 
the possible ramifications of the relationships between mixing
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characteristics, turbulence structure, and the sediment-carrying 
capacity of density currents.
C o n c l u s i o n s
To summarize the foregoing discussion, the following general 
characteristics of density currents may be emphasized:
1. The mixing of a density current with the surrounding fluid 
always requires an energy supply which must come from the initial 
kinetic energy of flow or from a continuing flow gradient. The 
available energy supply is rarely sufficient to cause complete 
mixing of an underflow, although relatively complete mixing of an 
overflow is less difficult.
2. The surface indications of the mixing of an underflow are 
often misleading. F or example, muddy surface conditions do not 
necessarily indicate the destruction of an underflow, since the 
visible muddiness may represent a very minute fraction of the 
total material being carried in the density current.
3. Reservoirs in which complete mixing occurs must in general 
have small volume-to-inflow ratios; otherwise, there is little pos­
sibility of sufficient energy being available to cause complete mix­
ing. This is strikingly illustrated in the laboratory, where, for 
example, in a very short time quantities of underflow amounting 
to half or more of the reservoir volume are admitted to the ap­
paratus without approaching a state of complete mixing.
4. The mixing characteristics, turbulence structure, and sediment- 
carrying capacity of density currents are intimately related, and a 
complete analysis of the flow is not possible without considering 
all of them.
5. Density currents occur in reservoirs, lakes, and oceans in 
practically all cases in which flow gradients and density differences 
exist. I t  has been seen that density flows are impounded and 
stored, but seldom destroyed, except by subsequent sedimentation 
or precipitation of the material producing the density difference. 
Therefore, it seems very important that their behavior be investi­
gated thoroughly in order that their characteristics may be under­
stood and their unique properties employed advantageously in the 
many fields in which density currents are prevalent.
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TH E E F F E C T  OF TURBULENCE IN  RETARDING 
SETTLING 
by
Thomas R. Camp 
Massachusetts Institute of Technology 
Cambridge, Massachusetts
This paper is a further development of studies completed by Dr. 
William E. Dobbins [ l ]1 at the Massachusetts Institute of Tech­
nology in September, 1941. Dobbins’ work includes the derivation 
of the basic mathematical theory and an experimental verification 
of certain special cases, all of which has been reported upon in 
the paper cited. The studies of Dobbins will be described very 
briefly in this paper, but it will be necessary to refer to the original 
paper for the steps in the development of the theory and for the 
details of the experiment. The purpose of the present paper is to 
describe an approximate application of the results of Dobbins’ 
work to open-channel flow in order to predict the effect of tu rbu ­
lence in retarding settling.
The turbulent mixing process works in a manner similar to 
diffusion. Suspended material is transported in the direction of 
decreasing concentration, and the rate of transport by turbulence 
in any direction is proportional to the concentration gradient in 
that direction. I f  the suspended material has the same density 
as the fluid, there will be no separation by settling and the con­
centration will approach uniform ity throughout. I f  the density of 
the suspended particles differs from that of the fluid, there will 
also be transportation in a vertical direction due to settling (or 
rising) velocities. Settling tends to increase the magnitude of the 
concentration gradient by clearing the upper region of the fluid, 
and thus settling promotes turbulent transfer of suspended m atter 
in the opposite direction.
I f  the rate of settling is at equilibrium with the turbulent trans­
i References appear a t the end of the article.
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port in the vertical direction, then in any horizontal plane at height
in which c in the concentration, w is the settling velocity of the 
particles, — dc/dy  is the concentration gradient and e is the mixing 
coefficient. Integration of this equation results in an expression 
for the relative concentration at height y  with respect to any other 
height a:
The evaluation of the integral requires that e be expressed as a 
function of y.
Eq. (2) has been verified experimentally by Rouse [2] and later 
by Dobbins [1] for constant values of e in vertical cylindrical tanks 
equipped with mechanical agitators designed to produce a constant 
intensity of mixing throughout the depth. I t  has also been verified 
by Yanoni [3] for two-dimensional open-channel flow with the 
value of e as given by the logarithmic velocity distribution.
It is pertinent to note here that the vertical distribution of sedi­
ment characterized by Eq. (2) depends upon the equilibrium of 
Eq. (1) at all horizontal planes including the bottom. That is, 
the rate of settling out of suspension must equal the rate of scour 
from the bed. To obtain the absolute concentration it is necessary 
to know the rate of scour from the bed. There is no such thing as 
transportation in suspension per se. I f  particles which settle onto 
the bed are permitted to remain there, the stream must clarify 
itself. Transportation in suspension is a continuous process of 
settling out and scour. Theoretically the equilibrium postulated 
by Eqs. (1) and (2) is reached only after infinite time. I t  is 
approached very rapidly, however. Dobbins [1] has shown experi­
mentally that the equilibrium distribution of suspended m atter is 
independent of the manner in which the sediment is introduced to 
the fluid.
In  a settling tank the rate of scour from the bottom is always 
less than the rate of settling out. The process is therefore not at 
equilibrium, and the vertical distribution of suspended m atter
y  above the b ed :
E
dc
dy
— w c (1)
V
(2)
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depends also upon the time of settling. In  a river the non-equi- 
librium condition is also to be expected, because of expansions and 
contractions in cross section and changes in the rate of scour from 
station to station.
The non-equilibrium condition may be investigated for discrete 
particles with two-dimensional flow in an open channel by studying 
the changes in concentration at some point m in the channel (see 
Fig. 1).
F i g . 1 .— T w o - D i m e n s i o n a l  F l o w  i n  a n  O p e n  C h a n n e l .
Let c be the concentration at m at any time t  of particles with 
settling velocity w. Let V' be the temporal mean velocity of the 
liquid at m, and % and e* be the mixing coefficients at m  in the 
direction of y  and x, respectively. Consider the elementary volume 
mm'n'n with dimensions dx, dy, and unity. By means of the 
equation of continuity, the amount of sediment transported out of 
the elementary volume in time dt across the face nn  by turbulence 
and settling and across the face m'ri by turbulence and the liquid 
velocity may be subtracted from the amount carried in across the 
faces nun and mn  in the same time. I t  may thus be shown for the 
steady state, in which the concentration at the fixed point m 
remains unchanged, that
T7, dc _  02c /  0% \  3c d2c
~ H ) d y  ' f c 1' ( )
This is the general differential equation for the concentration 
changes in the two-dimensional case. An equation similar to Eq. (3)
but which does not include the term has been presented bydy dy
Kalinske [4].
The integration of Eq. (3) requires that V , ey and ex be express-
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ed as functions of y. No solution has been found for the equation in 
its general form because of the difficulty of separating the vari-
92c
ables. I f  the assumptions are made that sx —— is zero and that both
ox2
V' and £y are constant throughout the depth H  and the length of 
the channel, Eq. (3) is reduced to
0c 02c . dc
V  —  =  c +  w (3a)dx 0 y 2 9 y
Now if the point to is assumed to move in the direction of x  at
dx 
dtvelocity V  =  , the time rate of change in concentration at to is
3c 02c . 0c
—  =  e -------- 1- w —  (3b)
dt d y 2 dy
Eq. (3b) also expresses the rate of change in concentration at any 
point to in a settling container in which turbulence is imposed of 
uniform intensity throughout.
A solution for Eq. (3b) has been obtained by Dobbins [1] for 
the following boundary conditions: (1 ) the rate of transport 
across the free liquid surface is zero; (2 ) the rate of transport 
across the bottom is equal to the rate of settling out less a constant 
rate of pickup from the bottom; (3) at the start, the concentration 
of suspended m atter is some function of y  ; and (4) as t  approaches 
infinity the concentration of suspended m atter approaches the
iv  y
equilibrium distribution A  e £ as given by Eq. (2) where A  
is the concentration at the bottom. I f  the initial concentration is
W y
represented by the function A 0e £i> , where A  o is the initial con­
centration at the bottom and £0 is the initial value of the mixing 
coefficient, e0 being suddenly reduced to e at time t  — 0, the 
solution for Eq. (3b) is
: .  Ae-'<g)i + «.-(ifH V r  [(£)■*•*] *C.7.
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in which
( w\H
V ^
(5)
sin —  o.nV (6)
ax, «2, «3, <xn are the successive real positive roots of the
transcendental equation
and H n is +  1 when « is in the first and second quadrants and — 1 
when a is in the th ird  and fourth quadrants.
I f  A 0 is taken as zero in Bq. (5), the solution is for the case of 
scour starting with a clear liquid. I f  A  is taken as zero in Eq. (5), 
the solution is for the case of settling out with no scour. The com­
plete solution is the sum of the two cases.
Dobbins [1] has made an experimental verification of the above 
equations with a unigranular suspension of lucite powder in water. 
The experiments were conducted in a vertical cylinder equipped 
with a reciprocating mixer similar to that used by Rouse [2], 
Two cases were verified, in both of which e„ was made equal to e. 
In  the first case, the scour was suddenly reduced to zero—that is, 
A — 0. In  the second case, the scour was suddenly changed to a 
lower magnitude—that is, A  <  A 0. Good verification was obtained 
for both cases.
The application of this theory to studies of settling and scour 
in open channels cannot be made with confidence in the results 
until an integration is obtained for the general differential equa­
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tion. W ith certain bold assumptions, however, some idea may be 
obtained of the magnitude of the effect of turbulence in retarding 
settling. The solution obtained by Dobbins [1] for Bq. (3b) is 
equally applicable to Eq. (3a), since these equations are similar 
mathematically. Therefore, in order to use the only integration 
so fa r  available, Eq. (4) must be adapted to open channels through 
the following assumptions:
1. The fluid velocity is the same at every point in the channel,
2. The mixing coefficient is the same at every point in the 
channel.
In  order to isolate the effect of turbulence in retarding settling, 
the effect of scour must be eliminated. That is, A  =  0 in Eqs. (4) 
and (5). To simplify the equations further, a uniform concentra­
tion throughout the depth H  was assumed for zero time, which 
requires a value of e0 — oo. W ith these assumptions, Eqs. (4) 
and (5) may be combined in the following dimensionless form:
(8)
This equation gives the relative concentration of suspended m atter 
at any point in the channel a distance x  =  V t  from the starting 
point.
The average relative concentration throughout the depth H  may
be computed from the integral | — d ( ~  , wherein the value% c0 \  H )
c
of — • is taken from Eq. (8) This integral is readily evaluated. The 
c o
removal from suspension by settling in the distance x  is the d iffer­
ence between this integral and the initial concentration. Since 
the relative initial concentration is unity  throughout the depth H, 
the relative removal is
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a  J l "  £
2zvH /  2e
(9)
I t  will be noted that the term Y n in Eq. (8 ) has been eliminated 
by integration over the depth H  and does not appear in Eq. (9).
The quantity  w 0 in Eq. (9) is the “ overflow ra te .”  In  the 
sanitary-engineering field, the overflow rate is usually defined as 
the discharge per unit of surface area. I t  is also the settling 
velocity required for a particle to settle from the surface to the
JJ
bottom in time t. Therefore t  =  — . This value for t has been used
w<*in Eq. (9) to facilitate comparison with the removal obtained in 
a stream without turbulence. In  a stream without turbulence, in 
which the velocity is the same throughout and the concentration is 
uniform from top to bottom at the start, the removal is
r  =  —  (10)
W o
The removal in Eq. (9) is expressed as a function of only three 
variables, w H / 2 e, a„, and w / w 0, all of which are dimensionless. 
Only two of these variables, w H /2 e  and w / w 0, are independent, 
since «„ is a function of w H /2 e  as defined by Eq. (7), The use of 
Eq. (9) for numerical computations of removal is too tedious and 
cumbersome. Some problems of practical significance require 15 
terms or more for convergence of the series. I t  is convenient, there­
fore, to have a graph for the solution of Eq. (9), and Fig. 2 is pre­
sented for this purpose.
The successive values of an required for each computed point 
on this dimensionless graph were determined to six decimal places 
by trial-and-error solutions of Eq. (7). Convergence of the series 
is rapid for low values of w H / 2 e ,  only one term being required for 
a value of 0.1. However, 14 terms were required for w H / 2 e  =  30, 
and no solution was practical for iv ll/2e  =  100.
The effect of turbulence in retarding settling is apparent from
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Fig. 2. When turbulence is relatively great with a correspondingly 
high value of s, the value of wHJ2e is low and the removal is 
reduced. F o r example, for particles which would be just 100 per­
cent settled out in the stretch of stream considered without tu rbu ­
lence (i.e., w /w 0 =  1.0), the removal is only 64 percent if wH/2e —
F i g . 2 .— G r a p h i c a l  S o l u t i o n  o f  E q . ( 9 ) .
0.1, bu t is 72 percent if wH/2e  is 1.0 and is 94 percent if w'H/ 2e is 
40. The effect of turbulence on settling out of particles is much 
less if the removal is less, that is, for low values of w /w 0.
In  order to use this graph to study the effect of turbulence in an 
actual stream, a mean value for e must be estimated. The value of e 
is a function of the mean velocity and the velocity gradient as 
follows :
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/  1 - Y / H
£ =  — v 2 -------- -—  (H )
8 d T
dy
The logarithmic velocity distribution in terms of the velocity defect 
is as follows :
y  max - V  1 , H  _  R(7K , H
-------— .-  =  -  I n ------- 5.<5 l o g — (12)
V V f / 8  K V V
in which /  is the friction factor for the channel and « is the von 
Karm an universal constant, taken as 0.4 in this study. I f  the value 
cTV'
of —;— as determined from Eq. (12) is substituted in Eq. (11), the dy
mixing coefficient becomes
=  K — i 1 - - ^  (13)
H V  V  f / 8  H \  H  
The mean value of the coefficient over the depth H  is
H V V f / 8
—  =  0.0667 (14)
I f  the value of e is assumed to be constant, the corresponding 
velocity distribution required by Eq. (11) is parabolic with a 
bottom velocity greater than zero. This parabolic velocity distribu­
tion with the value of e as given by Eq. (14) is defined in terms of 
the velocity defect as follows:
v ^ - r  _ 3/ ,  v \ =75(l _y_ \  (is)
F V / / 8  K V H  )  \  H
The values of e as defined by Eqs. (13) and (14) and the corre­
sponding velocity distribution curves are shown in Fig. 3.
The values of the abscissas wH / 2e in Fig. 2 may now be expressed 
in terms of the mean velocity of the stream by means of Eq. (14) as 
follows:
wH  3 w w . . . .
c ---------- =  = 7 5 ------=  (16)2e * rvf/8 rvf/8
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eF i g . 3.— V a l u e s  o f  e a s  D e f i n e d  b y  E q s . (13) a n d  (14). 
Also, since by similar triangles
wH
~&T
I I  w 7.5 I I  w (17)
K V f /8 L w0 y ' f / 8  L wo
As an example, let it be required to find the effect of turbulence 
on the settling of particles which would be just 70 percent removed
(—  =  0.7 W ithout turbulence in a 1000-ft. stretch of a stream 10W0 /
ft. d e e p ^ =  0.01 )  if /  =  0.024. From  Eq. ( 1 7 ) , ^  =  0.96, and
from the graph in Fig. 2 the removal r =  0.58 or 58 percent. The 
effect of turbulence is thus to reduce the removal by about 17 
percent.
I t  should be emphasized in conclusion th a t the method proposed
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in this paper for estimating the effect of turbulence in retarding 
settling is only a rough approximation. F or a more precise method 
we must await the solution of the general differential equation.
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FUNDAM ENTAL ATTRIBUTES OF SEDIM ENTARY 
PA RTICLES
by
W. C. Krumbein 
University of Chicago 
Chicago, Illinois
I n t r o d u c t io n
Geologists and hydraulic engineers study sediments from dif­
ferent points of view. The geologist is concerned mainly with 
ancient sediments, from which the transporting agent has long 
since vanished. Hence he emphasizes particle properties in an 
effort to find clues to the nature and movement of the transporting 
agent. The hydraulic engineer deals specifically with fluids, and 
emphasizes the influence of fluid motion on the particles. The 
engineer has advanced beyond the geologist in his understanding 
of the dynamics of transportation, whereas the geologist is more 
advanced in his definitions and interpretations of particle a ttr i ­
butes. As the two fields pool their knowledge, it becomes increas­
ingly clear that the understanding of sedimentary phenomena 
depends upon a study of both the fluid and the particle.
The present paper considers particle properties which are funda­
mental from a sedimentary point of view, in a sense broad enough 
to interest both geologists and hydraulic engineers. The hydraulic 
engineer is interested in the laws of transportation and deposition 
as they affect the design, construction, and operation of hydraulic 
structures. The geologist is concerned with these laws as they affect 
the deposition of modern sediments and influence his reconstruction 
of the history of ancient deposits.
P r o pe r t ie s  of  I n d iv id u a l  P a r tic les
As a framework for discussion, a representative number of p a rt­
icle properties may be considered, and narrowed down to those 
fundamental from the present viewpoint. The following list is not 
exhaustive but it illustrates that numerous properties are associated 
with individual partic les:
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Geometrical properties 
Size 
Shape
Surface texture (roughness) 
O rientation1
CrystallograpJiic properties
Symmetry (system and class)
Axial ratio and interfacial angles 
Lattice structure
Optical iproperties
Indices of refraction 
Optical orientation 
Color and pleochroism
Chemical properties
Chemical (mineralogieal) composition
Chemical reactivity
Solubility
Mechanical properties 
Density 
Specific weight 
Hardness 
Elasticity
Tensile and crushing strength
Compressibility
Sectility and malleability
Thermal properties
Melting and boiling points 
Coefficient of thermal conductivity 
Specific heat
Coefficient of thermal expansion
Electrical properties
Electrical conductivity
Dielectric constant
Piezo- and pyro-electrical properties
Magnetic properties
Diamagnetic constant 
Magnetic susceptibility
i This property of a particle refers to the directions of its principal axes 
with respect to coordinate axes fixed in space. The orientation of particles in 
an aggregate represents the structure or ‘ ‘ fabric ’ ’ of the aggregate.
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A number of these attributes may be eliminated as of secondary 
importance from a sedimentary point of view. In  transportation 
and deposition the geometrical, chemical, and mechanical properties 
are of greatest importance, whereas the others have little direct ap­
plication. The sedimentary behavior of a particle is controlled by 
its settling velocity, which in tu rn  is a function of particle size, 
shape, and density for any given fluid. However, the mechanics of 
particle movement is only one aspect of the sedimentary story. 
Despite the differences in their approach to particle transportation, 
both geologists and engineers recognize the operation of two im­
portant processes in natura l streams. These are the selective ef­
fects of transportation itself, and the accompanying wear or abra­
sion of the particles as they move along. Selective transportation 
(“ sorting action” ) is the preferential movement or deposition of 
certain sizes, shapes, or particle densities in response to velocity and 
turbulence conditions. Particle wear, on the other hand, involves 
particle changes en route due to rubbing, impact, or crushing.
Differences of opinion exist regarding the relative importance of 
selective transportation and abrasion in natura l streams. Some 
geologists and engineers consider abrasion to be more im portant; 
others emphasize the role of selective transportation. Recent 
papers which bear on this problem include those by Shulits [1] 1 and 
Mason [2],
Inasmuch as particle wear involves changes in particle charac­
teristics, attributes most sensitive to such changes must be con­
sidered. These include hardness (resistance to wear) and surface 
texture. I t  has been found that the shape concept itself contains 
at least two attributes, one im portant in hydrodynamic behavior, 
and the other im portant during abrasion. These two shape factors 
are sphericity and roundness, respectively [3], Their implications 
will be brought out in a later section of this paper ; for the present 
it is sufficient that the distinction be made. Particles differ in 
their orientation within sediments, depending upon the dynamical 
conditions of deposition, so that this attribute is also needed for 
complete sedimentary investigation.
I f  the mineralogical composition of a particle is stated, it is 
equivalent to the inclusion of a number of individual properties.
i  References appear a t the end of the article.
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Thus if a particle is known to be quartz, reference tables give its 
density, hardness, chemical composition, color, and other attributes. 
In  the following list of fundamental sedimentary properties, then, 
mineralogical composition is used to indicate any of several a ttr i ­
butes which may be of importance in specific problems, as hardness, 
density, etc.
1. Size
2. Shape (sphericity)
3. Roundness
4. Mineral composition (density, etc.)
5. Surface texture
6. Orientation
In  discussing these particle attributes, emphasis is placed on 
those which are perhaps least familiar to engineers in their study 
of transportation and deposition. References for the measurement 
of the several properties are given where needed.
G e o m e t r ic a l  a n d  D y n a m ic a l  S ig n if ic a n c e  o f
P a r t ic l e  P r o p e r t ie s
1. Size. Particle size may be defined as its volume, weight, set­
tling velocity, sieve mesh, or by intercepts through the particle [4]. 
W ith the exception of volume, the definitions are influenced by 
the shape or density of the particle except in restricted instances. 
These considerations led Wadell [3] to define size in terms of the 
nominal diameter, which is the diameter of a sphere having the 
same volume as the particle.
The effect of particle size on transportation and deposition has 
been the subject of extensive study by both geologists and engi­
neers. The literature is perhaps sufficiently well known to engi­
neers to render unnecessary the citation of a bibliography here.
2, 3. Shape (Sphericity) and Roundness. Much confusion cen­
ters about the concept of particle shape. Generally speaking, shape 
refers to the overall geometrical form of a particle, regardless of 
size or composition. Two particles have the same geometrical shape 
if the ratios of their intercepts and the angles between the in ter­
cepts are the same for both particles. Particles of very different 
geometrical shape (but of the same volume and density) may be­
have the same in fluids, so that shape may also be defined in terms 
of dynamic behavior.
Wadell [3] was the first to derive more than a single variable
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from the general shape concept. He proposed the term  “ sphe­
ric ity”  for the sedimentological shape of a particle, referring to 
the essentially similar sedimentary behavior of particles having the 
same sphericity, regardless of their geometrical form. The con­
cept is based on the principle that a sphere has the smallest sur­
face area per unit volume of any particle shape; sphericity is 
defined as the ratio of the surface area of a sphere of the same 
volume as the particle to the actual surface area of the particle.
In  contrast to the sphericity of a particle is its roundness [3], 
which is defined as the ratio of the average radius of the corners 
and edges of a particle to the radius of a circle inscribed in the 
maximum projected area of the particle. Roundness is thus geo­
metrically independent of sphericity. Field and laboratory studies 
show that roundness is essentially negligible in the hydrodynamic 
behavior of particles, but it is of first-order importance in abra­
sion. The wearing away of sharp edges changes roundness mark­
edly, but affects sphericity hardly at all.
Both sphericity and roundness are non-dimensional. Methods of 
measurement, including various rapid methods for approximate 
values, are given by Wadell [5], Krumbein and Pettijohn [4], 
Krumbein [6], and Riley [7],
Sphericity may be related to other shape concepts by a non- 
dimensional approach based on particle intercepts. These in ter­
cepts are three m utually perpendicular axes through the particle:
F i g . 1 .— L e f t , Z i n g g ’s  S h a p e  C l a s s i f i c a t i o n ; R i g h t ,  L i n e s  o f  E q u a l  
S p h e r i c i t y  S u p e r i m p o s e d  o n  Z i n g g ’s  C h a r t .
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the longest, or a-axis; the intermediate, or b-axis; and the shortest, 
or c-axis. Zingg [8] has shown that if the ratio of the intermediate 
to the longest intercept (b /a) is plotted against the ratio of the 
shortest to the intermediate intercept (c /b ), particles are classified 
according to their shapes. Fig. 1, left, shows the shape classifica­
tion developed by Zingg. The writer recently showed [6] that it 
is possible to draw lines of equal sphericity on Zingg’s chart (see 
Fig. 1, right), and thus un ify  the two points of view. Moreover, 
from two principles introduced by Wadell [9, 10], it  has been 
shown by the w riter [11] that an overall form coefficient may be 
developed from settling velocity, which permits direct correlation 
between shape concepts and hydrodynamic behavior.
Wadell broadened the definition of the coefficient of resistance 
by substituting the nominal diameters of particles of any shape for 
the true diameter of a sphere, on which the original definition was 
based. This modification extends the usefulness of the concept 
without changing established values for true spheres. By apply­
ing his definition to conventional graphs of the coefficient of re­
sistance as a function of the Reynolds number, Wadell derived two 
generalizations of basic importance in shape studies. These gen­
eralizations are: (1 ) all particles of given density settling in a 
given fluid, regardless of particle shape, plot along a straight line 
of slope +  1 on the conventional chart, providing they have the 
same settling velocity; and (2 ) all particles of a given density 
settling in a given fluid, regardless of settling velocity or shape, 
plot along a straight line of slope — 2 if they have the same nominal 
diameter. These two principles are illustrated in Fig. 2. Point A 
represents a given non-spherical particle of nominal diameter d and 
settling velocity v. The heavy line on the graph is the conventional 
curve for spheres [12]. The dashed line of slope + 1  drawn 
through A is a line of constant settling velocity v, and the line of 
slope — 2 is a line of constant nominal diameter d. The two lines 
intersect the curve for spheres at B and C, respectively. Point B 
is the true sphere corresponding to particle A in terms of its set­
tling velocity, and point C is the true sphere corresponding to A in 
terms of its nominal diameter. Points A, B, and C have individual 
values of the Reynolds number R  /, R B, and Rc. Thus three ratios 
of values less than 1 are possible. Of these, R ^ /R c  =  v a / vc repre­
sents the ratio of the actual settling velocity of the particle to the
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settling velocity of a true sphere obtained by W adell’s second 
principle. This non-dimensional ratio is called by the writer the 
“ form coefficient”  [11], since it may be used as an overall shape 
factor.
F i g . 2 .— L o c a t i o n  o;f  T h e o r e t i c a l  S p h e r e s  C o r r e s p o n d i n g  t o  
G i v e n  N o n - S p h e r i c a l  P a r t i c l e  A .
The form coefficient is a dynamic shape factor which may itself 
be a function of the Reynolds number. At very low Reynolds 
numbers non-sphericial particles tend to settle in fixed position, 
so that there may be maximum, average, and minimum settling 
velocities. As the Reynolds number increases, the settling particle 
tends to shift its orientation, and the average resistance of its 
cross-sections seems to control the process. Hence the ratio vA /Vc 
may vary depending upon the regime involved. The writer tested 
this effect on given particles in fluids of markedly different vis­
cosities, and found that the ratio appears to remain constant for 
the average settling velocity. F u rth er work will be done on this 
problem.
I f  the ratio is itself a function of the Reynolds number, par­
ticles of given shape may not have the same dynamic behavior under 
varying conditions. Thus an interesting paradox arises, in which
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particles of different geometrical form may have the same dynamic 
behavior, whereas particles of the same geometrical form may have 
different behavior under different conditions. This would have 
a strong bearing, for example, on differences in particle be­
havior in wind and water.
4. Mineral Composition. Mineral composition is im portant in 
the study of sediments. Natural sand is largely composed of 
quartz, but small amounts of other minerals of greater density (as 
garnet, magnetite, hornblende, etc.) are usually present. These 
“ heavy m inerals”  furnish important information regarding the 
kind of parent rock from which the sediment was derived, as well 
as the distance the material was transported.
In  addition to their importance in the geology of sediments, 
heavy minerals have a direct application to engineering, although 
apparently only limited use of the technique has been made. 
In  problems associated with reservoir silting, for example, heavy 
minerals may permit an evaluation of the relative contributions of 
silt from various parts of the drainage basin. This is accomplished 
by taking cognizance of the kinds of bedrock in the area and their 
mineralogical composition. From  the known composition of the 
parent rocks the mixture in the reservoir may be evaluated. Dr. 
Rittenhouse of the U. S. Soil Conservation Service has already 
undertaken basic studies of this type.
Rubey [13] investigated the dynamics of heavy-mineral occur­
rence in sandstone. He showed that the frequency distribution of 
the heavy minerals has a smaller mean size than the associated 
quartz, owing to the added effect of increased density on the 
settling velocity. R ubey’s work provided a dynamic basis for 
setting up techniques of heavy-mineral study by showing that 
geological interpretation was influenced by the choice of size classes 
used in heavy-mineral work.
5. Surface Texture. The surface texture (surface roughness) of 
sedimentary particles is important in evaluating the abrasional his­
tory of the particles. Surface textures range from highly-polished 
and smooth surfaces to dull and rough surfaces, the la tter caused 
by frosting, pitting, striations, etc. Fig. 3 illustrates the in ter­
relations among surface textures, adapted from Williams [14]. 
Surfaces may be either smooth or rough and either polished or dull,
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but combinations are possible; that is, a surface may be smooth and 
dull or smooth and polished.
Relatively little is known about the dynamical significance of 
surface textures, because of the unsatisfactory status of measuring
techniques and because of the 
lack of experimental studies on 
the development of surfaces. I t 
is known that some textures 
form in several ways. Polish 
may be produced by gentle a t­
trition, by solution, or by the 
deposition of a vitreous film 
on the particle. Frosting may 
be caused by rigorous wind 
scour, by solution, or by in­
cipient secondary growth. Little more than qualitative in terpreta­
tions can be made until the limiting conditions of these processes 
are understood.
The surface texture of individual particles is not the same as 
“ surface roughness”  of pipes or channel beds. Surface textures 
are the very small surface irregularities on individual particles, 
whereas surface roughness on the bed of a stream is on a larger 
scale, and is a function of particle size, roundness, and perhaps 
orientation.
6. Orientation. Particle orientation, both during transportation 
and after deposition, is one of the newer fields in the study of sedi­
ments. I t  has long been known that stream pebbles are imbricated, 
and recent studies show that most natural deposits display some 
degree of preferred orientation of their particles. Data are avail­
able on glacial deposits, beach deposits, esker deposits, and stream 
deposits (see references in [15]). Present methods of analysis are 
most satisfactory for particles larger than 1 centimeter, but they are 
also available for smaller particles.
Particle orientation involves both the instantaneous (changing) 
orientation of particles during movement, and the fixed orientation 
after deposition. Preferred orientation during movement may not 
be the same as that after deposition. Thus a cylindrical particle 
may roll with its long axis normal to stream flow, but on coming to
SMOOTH— or —  ROUGH*
D ULL— or----- POLISHED
^P ITTE D , STRIATED, FROSTED, ETC.
F i g . 3 .;— D i a g r a m  I l l u s t r a t i n g  
R e l a t i o n s  A m o n g  S u r f a c e  
T e x t u r e s .
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rest it may swing into parallel position. Such phenomena compli­
cate the interpretation of ancient sediments.
Particle orientation is related to particle shape. Comparatively 
little is known about the dynamics of orientation, although Jeffery  
[16] developed a theory for particle orientation during laminar 
flow. Few experimental data are available for either laminar or 
turbulent flow, however. A review of the subject was made by the 
w riter [17] in 1939. Unpublished data from more recent experi­
ments suggest that the orientation of non-spherical particles dur­
ing movement is a function of the Reynolds number of the flow. 
A disk, for example, may slide interm ittently along the bottom at 
low flume velocities. At higher velocities it moves by a series of 
‘ ‘ flips ’ ’ with the axis of rotation normal to the flow ; at still higher 
velocities the disk rises on edge and rolls with the current. Finally, 
it may be swept free from the bottom into suspension. Thus a com­
plete dynamical study of non-spherical particles may require the 
investigation of several regimes of behavior.
S u m m a r y  op  P a r t ic l e  P r o pe r t ie s
Much remains to be learned about the dynamics of particle be­
havior, but it is possible qualitatively to evaluate selective trans­
portation and abrasion as they affect the fundamental properties of 
particles in transit along natural streams. The following tabulation 
summarizes these effects. The importance of each process is indi­
cated by symbols: x is small and xxx is a large effect, whereas a 
dash indicates a negligible effect.
Effect of 
Abrasion 1 (in- Selective 
Property eluding solution) Transport
Size x xxx
Shape (sphericity) xx xxx
Roundness xxx —
Density — xx
Surface texture xxx —
Orientation — xxx
In general, abrasion affects roundness and surface texture most 
m arkedly; on the other hand, these attributes are essentially negligi­
1 The tabulation refers specifically to abrasion, a relatively mild type of 
wear caused by particles rubbing together during transit. More vigorous types 
of breakage are known, but their relative effects have not been studied.
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ble factors in transport. W hat the table suggests in the main is 
that roundness and surface texture may be indices to the abrasive 
history of the particle, whereas the other properties reflect the 
dynamics of the transporting process.
P r o pe r t ie s  op  S e d im e n t a r y  A ggregates
A discussion of particle properties is not complete without some 
consideration of new variables introduced when particles occur in 
aggregates. The individual particles which comprise a sample are 
not all of the same size, shape or composition. Instead, each particle 
attribute is present as a frequency distribution, and must be sum­
marized by statistical methods.
Pig. 4 illustrates several frequency distributions which occur 
in stream gravel. The graphs are histograms of size, shape (sphe-
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ricity), roundness, and fabric (axis orientation in space) of the 
same sample of flood gravel from San Gabriel Canyon, California 
[18], The size distribution indicates a poorly-sorted sandy gravel, 
with a marked skewness toward smaller sizes. The shape distribu­
tion shows a prominent maximum between 0.65 and 0.70, whereas 
the roundness is relatively low, with a maximum under 0.40. These 
two diagrams indicate the confusion which may arise unless shape 
and roundness are distinguished. The orientation of the pebble 
axes is not marked, although there is a preferred orientation to­
ward the northeast-southwest. The proper interpretation of such a 
set of diagrams depends upon their relation to adjacent samples 
from the same environment. Details are given in the reference 
cited.
The statistical treatment of sedimentary data is in a much-con­
fused state. Most workers develop their own devices, without regard 
to statistical theory. As a result, considerable space is devoted to 
the relative merits of methods which are questionable in the first 
place. The logical approach is to adapt conventional statistical 
techniques to the problem. These have already been scrutinized for 
their reliability by mathematical statisticians. S tandard moment 
methods of analysis, for example, have stood the test of time, and 
they are directly applicable to all sedimentary characteristics. 
Logarithmic transformations are needed to convert size data into a 
form for convenient treatment, but shape and roundness data may 
be treated as they are. A discussion of standard statistical devices 
and their sedimentary application is given by Krumbein and 
Pettijohn [4], Otto [19] has since developed graphical methods for 
the convenient moment analysis of size data.
In  addition to new problems introduced by the occurrence of 
frequency distributions within sediments, several new properties 
are developed by the aggregate itself. Thus the grouping of 
particles results in the development of porosity, which is a function 
largely of the state of packing. Likewise, the aggregate is perme­
able ; the permeability is a function not only of the degree of pack­
ing, but also of the size, shape, and orientation distributions. The 
aggregate may resist compressional and tangential stresses, thereby 
exhibiting crushing and shearing strengths. Strength is a function 
of a combination of particle properties, and of such extra factors as
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water content. All of these properties of the aggregate may be 
referred to as “ mass properties.”
In  general it is simpler to measure the mass properties directly, 
ra ther than to attem pt to predict them from the individual particle 
properties. This is true of porosity, permeability, shearing strength, 
plasticity, and so on. Nevertheless, to a large degree the mass 
properties are controlled by the individual particle properties, and 
a study of the relation between the two would shed considerable 
light on the laws of mass-sediment behavior.
Mass properties of sediments are important in many engineering 
fields. The extensive applications of soil mechanics to construc­
tion engineering is a case in point. Many additional applications 
can be made in other fields. F or example, the bulk volume of sedi­
ments in a reservoir is a function in part of particle orientation. 
In  a haphazard arrangement the bulk volume is greater than with 
preferred orientation. The w riter is not aware that the problem of 
controlling this factor in reservoirs has been studied. The relation 
of orientation to compactibility also affords some interesting 
problems.
C o n c l u d in g  R e m a r k s  
Perhaps the most important point in this paper is its insistence 
th a t the same fundamental principles of sediment transportation 
and deposition are common to geology and to hydraulic engineering. 
Although the two fields approach the subject from different angles 
and use their data for different purposes, the foundation is the 
same. F o r this reason fu ture developments can be accelerated by 
the m utual exchange of ideas and techniques, and by the develop­
ment of a common language for the description and analysis of 
sedimentary phenomena.
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FLOW  ON A MOVABLE BED 
by
H. A. Einstein 
Soil Conservation Service 
Greenville, S. C.
Since the F irs t Hydraulics Conference three years ago, progress 
in the field of bed-load transportation has consisted mainly of a 
few revisions of existing formulas. These revisions have been made 
either by using new “measurements or by attem pting to introduce1 
into the formulas the latest developments in the theory of tu rbu ­
lence. Although this progress is of theoretical importance to the 
bed-load problem, it does not seem of sufficient significance to 
discuss it at this meeting. Instead, the discussion is confined to the 
practical application of our knowledge of past experience, as 
expressed by formulas and certain rules, to the calculation of bed- 
load transportation in a natura l stream. The accuracy with which 
such an application can be made is shown by comparing calculated 
rates of transportation with actual field measurements.
I f  our present knowledge of the problem of flow over a movable 
bed is correct, it is possible to select a reach of a stream and so 
describe it by cross sections, slope, and physical characteristics of 
the bed material that the depth of flow and the rate of bed-load 
transportation can be predicted for any particular discharge. The 
application of a formula is simplified if a uniform reach of the 
stream is chosen and if the flow can be assumed as approximately 
normal.
I t  can be stated that, in general, the formula with the widest 
range of applicability affords the best possibility of including the 
conditions as existing in natural streams. F o r illustrative p u r­
poses, the formula [1] 1 represented by the semi-logarithmic 
plot in Fig. 1 will be used in the following discussion. In  connec­
tion with the data shown in Fig. 1, it is of interest to note that for 
the three smallest grain sizes in G ilbert’s experiments the slope 
measurements are questionable. In  only a few of these experiments
1 References appear a t the end of the article.
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was the slope of the water surface measured, and in those few in­
stances it differed considerably from the bed slope which was used in 
plotting Pig. 1. Since the energy gradient should be used and be­
cause it is better approximated by the slope of the water surface 
than the bed, the data are very unreliable for these materials and 
the systematic deviation of the plotted points from the curve in Pig.
^  r  (p!-pf )g r *  o ' *
F i g .  1 .— B e d - L o a d  E x p e r i m e n t s  S h o w i n g  t h e  R e l a t i o n  
B e t w e e n  ^  a n d
(Reprinted from “ Formulas for the Transportation of Bed-Load”  [1 ]) .
1 does not represent necessarily a change of the-true curve in that 
region of the diagram. The tru th  probably is more closely ap­
proached if it is admitted that we do not know the location of the 
true curve for values of </> >  1 than if any empirical curve is drawn 
through points plotted from G ilbert’s data. This fact is unfortunate 
because in most rivers in this country the sediment characteristics 
are such that values of <j> are greater than 1 at the higher stages. 
Careful measurements in this range, therefore, are urgently needed.
Although the i f o r m u l a  appears rather formidable in its 
complete form, many of the terms are constants and its applica-
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F i g . 2 .— S i t e  o f  F i e l d  M e a s u r e m e n t s  o n  M o u n t a i n  C r e e k ,  G r e e n v i l l e , S .  C .
tion to practical problems, therefore, becomes rather simple. The 
variable </> contains only the rate of transportation, the grain 
diameter, and the density of the sediment. The <p term  also includes 
the size and density of the sediment, as well as the slope and the 
hydraulic radius.
The rate of transportation is the rate with which material is 
moved along the stream bed and excludes all sediment in suspension. 
The energy gradient should be used for the slope, and the hydraulic 
radius is that of the bed after the effect of side-wall friction has 
been eliminated. F or the density of the sediment, an average value 
as determined from bed samples can be used.
Originally the formula was derived from experiments on 
materials of uniform grain sizes, where the diameter of the particles 
was the mean of the diameters of the two adjacent sieves. In  the 
application of the formula to the movement of a mixture, it  is 
necessary to introduce a representative diameter defined as “ that 
diameter which gives for a certain discharge the same rate of 
transportation on a bed of uniform material as the mixture does.” 
I f  close agreement between calculated and observed data over the
http://ir.uiowa.edu/uisie/27
whole range of measurement is found, the assumption of the exist­
ence of a representative diameter is justified. This appears true 
as illustrated below for observations in Mountain Creek, near Green­
ville, S. C. For the determination of the representative diameter of 
a mixture, a rule-of-thumb, for want of something better, is used. 
This rule designates the representative diameter as the grain size 
at which 35 percent of the material is finer.
In  order to test the applicability of the -^</> formula to a 
natural stream, field measurements of rates of bed-load transporta­
tion were made in Mountain Creek by means of a portable measur­
ing device. This stream, which is a major tribu tary  of the Enoree 
River above the Soil Conservation Service sediment-load labora­
tory [2], has a drainage area of approximately 11.7 square miles. 
The drainage area is 58 percent woodland, 28 percent cultivated 
and mostly in cotton, and 14 percent abandoned and urban land. 
Fig. 2 shows the portable bed-load measuring device in place on the 
test reacli in Mountain Creek. Inasmuch as a full description of 
the field observations is to be published elsewhere, the method of 
conducting the experiments is not discussed. Instead, only a com­
parison between calculated and observed values of depth of flow 
and rate of bed-load transportation is given (Fig. 3). Because 
both the portable measuring device and the formula exclude 
sediment in suspension and express the rate of transportation as 
weight under water per unit of time, the calculated and observed 
results shown in Fig. 3 are directly comparable.
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The ip-<j> formula is used essentially to determine the relation­
ship between discharge and rate of bed-load transportation. Also of 
importance in bed-load calculations is a formula to express the 
roughness of a movable bed, indicating the ability of the bed to 
convert mechanical energy into turbulence. Past experiments 
suggest that this friction formula should contain the rate of trans­
portation in one form or another because the bed friction appears to 
change with the rate of movement. To the w rite r’s knowledge, no 
previous attem pt has been made to develop a general formula for 
the bed friction in terms of rate of transportation, yet no analytical 
solution of the bed-load problem appears possible without such 
a formula. The formula, however, need not necessarily be theo­
retically correct. Even a fully empirical equation will serve for 
practical purposes, provided it covers the complete range of con­
ditions involved.
The most obvious approach to the problem is to introduce a 
special correction for transportation to an established friction 
formula for flow over a fixed granular bed. As a first approach, 
von K arm an’s equation for flow along a rough wall was used. 
This formula, which has proved very reliable for surfaces roughened 
with sand grains, is
where V  is the average velocity, V To/p is the friction velocity 
which can also be written as \ZRi,Sg, Ri, is the hydraulic radius of 
the bed, and D is the representative grain diameter of the bed. 
This formula can be adapted even to the transition cases from rough 
to smooth walls by choosing the proper y-value which is a function 
of D/S, where 8 is the thickness of the boundary layer. This latter 
factor is determined from the equation
where v is the kinematic viscosity of the fluid. By introducing a 
dimensionless correction factor, r ,  which is supposed to be a func­
tion of the rate of transportation, Eq. (1) may be written
(1)
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To obtain information on the change of this correction factor 
for different rates of transportation, values of r  are plotted against 
values of <j>, which, it is recalled, is a dimensionless expression of the 
intensity of the transportation. Fig. 4 shows a plot of these values 
for the Zurich experimental data used in the establishment of the 
relationship shown in Fig. 1. G ilbert’s data have not been 
used in this plot because of the rather wild scattering of points— 
a scattering which is probably due to unreliable depth and slope 
measurements. Instead of G ilbert’s data, however, the experimental 
data on United States Waterways Experiment Station sand 2 are 
used [3]. The smooth curve drawn through the plotted points in 
Fig. 4 is used in the following discussion for determining the
F i g . 4 .— C o r r e c t i o n  r  os ' v o n  K a r m a n ’s  F r i c t i o n  F o r m u l a  i n  T e r m s  o f
roughness of the bed. The scatter of the points about the curve 
is random, indicating that scatter is due to experimental errors 
ra ther than to the method of representation.
I t  is of importance to note that the relationship between T and 
<j> shown in Fig. 4 was obtained from experimental data on materials 
of uniform  grain size. The application of the relationship to mix­
tures requires another rule-of-thumb to determine the representa­
tive diameter of the material, because in describing the relative
http://ir.uiowa.edu/uisie/27
roughness of the bed a characteristic diameter different from that 
for the transportation equation must be used. The rule is that for 
the relative roughness the grain size at which 65 percent of the 
material is finer describes the mixture with reasonable accuracy. 
The choice of this diameter, however, is not critical, because its 
logarithm, as entered in Bq. (3), changes very slowly.
F or practical applications the von Karman equation is ra ther in­
convenient to use. The question, therefore, is whether a more con­
venient relation, such as the Manning formula, could be used 
instead. A comparison between the two formulas [4] can be made 
if the Manning formula is transformed into a slightly different 
form. Thus the Manning formula,
v = flftt Rb% (4)
n
where all terms are expressed in feet and seconds, can be w ritten in 
the form
V  _  1.486 
V to/p n
where g is the acceleration of gravity. F or the factor n the Strickler 
formula may be u sed ; that is,
(6)
21.3
or the slightly modified form, which seems to fit most bed-load 
experiments slightly better, may be used
D%
(7)
24
where D is the grain diameter. By substituting Eq. (7) into Eq. 
(5) and expressing all terms in foot and second units, we obtain
7.66 ( ! ) *  (8 )
V To/f>
This equation is compared with von K arm an’s equation in Fig. 5, 
and it is seen that for practical purposes either equation can be 
used for a very wide range of (R t / D ). The Strickler equation, 
n  =  Z>y“/ 2 1 .3 ,  gives reasonably good results over the wide range
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R4 <  -j j  <  2000, which covers most natural streams of small and
medium size. The formula n  =  D 1/o/24  gives good results for the 
R
range 20 <  -j j  <  200, which covers most bed-load experiments.
W ithin those limits both the von Karm an and the Manning formula 
are practically identical and a choice between the two, as to general
applicability, would have to be based on measurements with 
~  >  10,000. This range is found only on very large streams with 
fine sediment.
By introducing the correction factor T into the transformed 
Manning-Strickler formula (Eq. (8 ) ) ,  we obtain
- ^ r r H t n  (9)
Fig. 6 shows a plot of r ,  as obtained by this formula, against </>, 
and it is noticed that the points group around a curve similar to 
Fig. 4. F o r practical purposes, both the von Karm an and Manning 
formulas apply equally well within the above-mentioned limits; 
however, the Manning formula is generally preferred because of the 
ease of calculation with a slide rule.
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That part of the energy of a stream which is transformed into 
turbulence along the side walls will not be available for transport­
ing bed load. This was practically emphasized in the analysis of 
the Mountain Creek data, where the banks were assumed to have a 
roughness of n =  0.056 and were therefore several times more
O.Z
oooc« aooi o;o* o.i io
Volu** Of 0
F i g . 6 .— C o r r e c t i o n  r  o f  M a n n i n g -S t r i c k l e r  F r i c t i o n  
F o r m u l a  i n  T e r m s  o f  <j>.
effective in dissipating the stream ’s energy than was the bed, which 
had a roughness of approximately n =  0.0134. A ra ther narrow 
strip  of relatively rough bank surface, therefore, will be as effective 
as a much wider strip of the sand bed. In  the analysis of the 
Mountain Creek data, as well as in the preparation of Figs. 4 and
6, the effect of side-wall friction was eliminated by the method 
employed in determining the f-<j> bed-load formula [1].
The practical application of the foregoing formulas in calculat­
ing the curves of discharge and rate of bed-load transportation in 
a certain reach of a stream, such as that of Mountain Creek (Fig. 
2 ), requires a few simply-observed field data and a few basic 
assumptions. The field work consists of measuring a set of cross 
sections in a straight reach and gathering representative composite 
bed samples. The time required for these observations consists of
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only 2 or 3 hours for a two-man party. The office work involves 
only a few simple calculations when the roughness factor for the 
stream banks is assumed. As was done in preparing the calculated 
curves in Fig. 3, uniform flow is assumed to prevail. The computa­
tion of the curves of rate of bed-load transportation and water 
depth in terms of discharge requires about two hours’ time for an 
experienced engineer. The whole process, therefore, requires but 
little more time than the hydraulic computations for a certain cross 
section where the overall friction factor is assumed. The method 
is definitely more reliable, though, and gives not only the discharge 
capacity of a cross section but also the rate of bed-load transpor­
tation.
No attem pt will be made to elaborate on the importance of a 
strictly analytical method that permits the stream capacity for 
both water and bed load to be computed. While other methods 
may permit the determination of the discharge and rate of bed-load 
transportation from certain observed factors in an existing stream, 
the analytical method is the only one that permits a prediction of 
the consequences of proposed changes in the conditions of a stream. 
The method makes a systematic planning of river correction works 
possible. Its  full value, however, lies in the planning of soil-con- 
servation and flood-control programs when the watershed as a 
whole is considered. I t  also provides a method of tracing sediment 
down a stream and locating zones where damaging sedimentation 
may occur. Unfortunately still more field measurements are re­
quired to extend the known data into the region for <£ >  1. W ith­
out such information the application of the method is confined 
to small rivers and coarse sediment.
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W IND IN FLU EN CES ON T H E  TRANSPORTATION OF SAND 
OVER A M ICHIGAN SAND DUNE 
by
H. Landsberg and N. Allen Riley 
University of Chicago 
Chicago, Illinois
Most of the quantitative data concerning the transport of sand 
by wind have been gained in the wind tunnel or in desert 
regions [ l ] 1. I t  therefore seemed to be of interest to obtain 
some factual information on sand transport in our humid regions. 
The project herein described was suggested by Dr. Ralph Belknap 
of the Department of Geology of the University of Michigan, and 
observations were obtained on a field trip  from September 29 to
F i g . 1 .— V i e w  o f  B l o w o u t - D u n e  f k o m  L a k e .
October 3, 1941, under the joint sponsorship of the Department of 
Geology of the University of Michigan and the Institute of Meteor­
ology of the University of Chicago.
A typical blowout (Figs. 1 and 2) near Stevensville, Michigan,
i  References appear a t the end of the article.
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E l e v a t i o n s  A b o v e  L a k e  L e v e l .
on the east shore of Lake Michigan, was chosen for a set of orienta­
tion measurements. The results to be reported on here are pre­
liminary in character, but are placed on record for an interim  until 
times permit a more extensive study of the problem.
T h e  W in d  S t r u c t u r e  over t h e  D u n e
The wind structure over the dune was obtained by horizontal and 
vertical profiles of wind velocities at a number of points. All 
measurements were made with Biram Anemometers. Fig. 3 shows 
the mean relative velocities over the dune. Near the beach a very 
good logarithmic profile of the wind velocities was obtained. In  
the front portion of the blowout, where it was cut deeply into the 
old dune ridge, the vertical velocity profile was much disturbed. 
The channeling effect of the front slope and the two ridges to either 
side of the blowout created much higher velocities nearer the ground 
than elsewhere. The velocities were practically uniform from 50 
centimeters to 10 meters.
From  all available data the average small-scale roughness co­
efficient for the blowout was calculated to be 0.13 centimeters. 
This is a remarkably low value, which indicates that the wind 
action on the dune had streamlined its surface to a considerable 
extent.
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F i g . 3 .— M e a n  R e l a t i v e  V e l o c i t i e s  o v e r  B l o w o u t -D u n e  i n  
A r b i t r a r y  U n i t s .
G e o m e t r ic a l  P r o p e r t ie s  o f  t h e  S an d
In  an attem pt to evaluate the relation of the observed wind dis­
tribution to the transported sand, a brief study was made of the 
geometrical properties of the sand. Nine 500-gram samples (Fig. 4) 
were collected along a longitudinal profile of the blowout from the
DUNE PROFILE
1 0 0  F T
F i g . 4 .— D u n e  P r o f i l e  S h o w i n g  S a m p l i n g  L o c a l i t i e s .
fore dune to the base of the back slope. A th in  surface layer from 
approximately one square foot was collected. A 100-gram split 
from each large sample was sieved by hand in the field to whole 
W entworth grades. Samples of the same size were later sieved in 
the laboratory for seven minutes in a Ro-Tap to one-quarter Went-
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worth grades. The sieve data for the laboratory-sieved samples are 
given in Table 1. The moments of the size distribution were calcu­
lated in >j> units [2 ]—i.e. </> =  — log2 (grain diameter in milli­
meters)—and the values for both the laboratory and field-sieved 
samples are given in Table 2. I t  is interesting to note the close agree­
ment between the crude field sieving and the accurate laboratory 
sieving.
A graph showing mean size-distance, and the standard deviation 
of the size-distance, is given in Fig. 5. The mean diameter of sand 
and standard deviation of sand-size distribution, both in phi units,
TABLE 1
S i e v e  D a t a  t o  o n e -q u a r t e r  W e n t w o r t h  G r a d e s  
W e i g h t  P e r c e n t
d
Grain
diameter
(mm)
0
log2 d
Sample No.
1 2 3 4 5 6 7 8 9 10
.991 0.00 0.19 0 0.10 0.13 0 0.04 0 0 0 T
.840 0.25 0.10 0 0.15 0.08 0 0.04 0 0 T T
.701 0.50 0.13 T 0.26 0.14 0 0.1 0 0 T T
.589 0.75 0.45 0.09 0.68 0.56 0.11 0.75 T 0.12 0.12 T
.495 1.00 1.1 0.64 1.52 1.42 0.10 2.39 0.05 0.41 0.34 0.14
.417 1.25 2.6 2.72 3.59 4.15 0.47 8.14 0.35 1.32 1.88 0.72
.351 1.50 9.7 12.30 9.51 13.85 3.61 25.70 3.64 10.11 15.86 5.01
.295 1.75 22.5 25.30 16.65 23.06 12.95 29.15 15.82 31.06 40.55 15.66
.246 2.00 36.5 36.20 30.26 26.00 41.47 22.02 36.50 34.22 28.18, 34.74
.208 2.25 15.9 13.95 17.19 14.55 23.71 6.25 20.02 10.92 7.05 19.40
.175 2.50 9.3 7.22 14.02 12.28 14.14 4.42 17.55 9.22 4.96 18.99
.147 2.75 1.1 0.91 5.48 2.95 3.04 0.65 3.51 1.61 0.51 3.38
.124 3.00 0.26 0.48 0.37 0.51 0.66 0.44 2.03 0.83 0.80 2.32
.104 3.25 0.12 0.06 0.37 0.38 0.18 0.02 0.36 0.04 0.01 0.19
.088 3.50 0.02 0.01 T T T T 0.10 T T 0.05
.074 3.75 T T T T T T T 0 T T
.061 4.00 T T T T T T T 0 0 T
A. F i e l d  S i e v e d  t o  w h o l e  W e n t w o r t h  G r a d e s
Sample
Mean Size 
mm °>
1 .......................... 0.29 1.80 0.40
2 .............................................................................. 0.29 1.79 0.35
3 ..................................................................... 0.29 1.80 0.50
4 .............................................................. 0.31 1.74 0 40
5 ......................................................................... 0.30 1.78 0.31
6 ................................................................ 0.35 1.55 0.35
7 ....................................................................... 0.26 1.92 0.33
8 .................................................................... 0.31 1.70 0.30
9 ...................................................................................... 0.33 1.63 0.22
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TABLE 2
B .  L a b o r a t o r y  S i e v e d  t o  o n e -q u a r t e r  W e n t w o r t h  G r a d e s
Sample
Mean Size 
mm °V K <*
1.................... 0.27 1.88 0.31 —0.68
2.................... 0.28 1.83 0.29 0.10
3.............................................................. 0.26 1.92 0.39 -0 .64
4.............................................................. 0.27 1.86 0.41 0.20
5.................... 0.27 1.88 0.37 0.08
6.............................................................. 0.32 1.63 0.32 0.02
7.............................................................. 0.25 2.02 0.31 0.33
8.............................................................. 0.28 1.86 0.29 0.14
9.............................................................. 0.30 1.75 0.26 0.22
10.............................................................. 0.25 2.02 0.34 0.32
are plotted against distance. The solid circles are the result of 
field sieving; the dashed circles, laboratory sieving.
In  general, between the beach and point A (Fig. 4) sand is
S IZ E  -  DISTANCE
.SAMPLE NUMBER
F i g . 5 .— M e a n  D i a m e t e r  a n d  S t a n d a r d  D e v i a t i o n  o f  S i z e  D i s t r i b u t i o n .
being deposited; between A and B erosion is cutting into the old 
dune at all places; between B and C erosion is decreasing and 
deposition occurs. Between the beach and A, therefore, the wind 
acts selectively on the original sand, and gradients in the geo­
metrical properties of the sand should be observed. From  A to the 
break in the dune slope at B, although the sand is selectively trans­
ported over this area, various amounts of sand from various horizons
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of the old dune are being added to the transported sand (Fig. 6 ). 
Any gradients due to selective transportation would necessarily be 
hidden by the complexity of the admixture. From  B to the base 
of the back slope, however, erosion is progressively decreasing and 
the effects of selective transportation become evident. The relations 
should be fu rther simplified by the uniform surface-wind configura­
tion (Fig. 3).
F i g . 6 .— E r o s i o n a l  S u r f a c e  o f  O l d  D u n e .
From  the crest of the dune, at sample 6, to the base, the deposi­
tion of the sand is controlled by two factors: Stokes-law settling, 
and gravity slumping of single storm deposits.
No attem pt was made to evaluate the sampling error, so it is not 
known whether the variations observed are true variations or are 
the result of random sampling. W ith respect to the standard devia­
tion (“ sorting” ) of the sand-size distribution, however, the prob­
ability of observing such an order by random sampling is one in one 
hundred. In  other words the poorest sorting of the transported 
sand is observed in the region of maximum erosion and the best 
sorting in the region of maximum deposition.
The projection sphericity [3] of twenty-five particles in the %- 
to i/4-millimeter grade size was determined for each sample. The 
mean and the standard deviation of the distribution for each
http://ir.uiowa.edu/uisie/27
sample are plotted against distance in Fig. 7. The variations ob­
served are small and show no progressive change that cannot be 
due to random sampling.
SHAPE  -  DISTANCE
_  9 0  -
6 0
I 2 3 4 5 6 7 6 9
SAMPLE NUMBER SAMPLE NUMBER
P i g . 7 .— S p h e r i c i t y  a n d  S t a n d a r d  D e v i a t i o n  o f  S p h e r i c i t y  D i s t r i b u t i o n .
Dynamics o f  Sand Transport 
On September 30, 1941, a high wind (Beaufort force 6-7) after 
the passage of a cold front started considerable movement of sand. 
Particles struck the faces of the observers, indicating transport 
to at least 6 feet high. In  the lowest layers the transport was so 
dense that it could readily be photographed (Fig. 8). The rain
F i g . 8 .— V i e w  o f  B l o w i n g  S a n d .
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stopped at 1340 (1:40 P.M.) on that day and sand blowing was 
observed almost immediately afterwards. This observation in­
dicates that even with considerable moisture content sand trans­
port is possible. Table 3 shows the moisture content of the sur­
face sand.
TABLE 3
M o i s t u r e  C o n t e n t  o f  t h e  S a n d  
S e p t .  3 0  t o  O c t .  2
E l a p s e d  T i m e
( a f t e r  r a i n )  P e r c e n t  M o i s t u r e
2 0  ¿ l i n .  ______________ ____ _____________  __________________ 4 .4
5 0  m i n .  _______________ ________________ ____________________ 4 .4
2  h r .  _____________ _____ _________ ___________ ___________- . . . 4 . 4
3 h r .................................................................................................................. 3 .4
6  h r ............................................................ ..................................................... 4 .3
1 9  h r ................................................................................................... ........... 2 .5
2 3  h r .......................... ........................................................... ............................ 2 .6
4 7  h r ................................................................................................. ..................1 .5
At 1450 on September 30 a sampling bag was fixed at the top 
of the blowout in the form of a wind sock with the lowest edge 
touching the ground. The bag offered an opening 31 square centi­
meters in area. The average wind velocity for the sampling period 
of five minutes was 10 meters per second at a height of 65 centi­
meters. D uring that time 405.5 grams of material was collected, or 
81.1 grams per minute, corresponding to 2.6 grams per square centi­
meter per minute. The sand was very moist and sticky, as proven 
by difficulty in sieving. The size distribution is given under 
sample number 10 in Table 1. Table 2 gives the mean size, standard 
deviation, and skewness.
This sample shows in comparison with the values in Table 2 the 
highest percentage of the finer grades, as would be expected for 
a wind-blown sample. The mean diameter was 0.28 millimeter. 
Our observed sand transport may now be compared with Bagnold’s 
data. Our data would correspond to a transport of 78 kilograms 
of sand per hour per meter w idth; for the same wind velocity 
(10.8 meters per second a t 1 meter), Bagnold’s diagram ([1] p. 
63) would yield an expected value of 150 kilograms per hour per 
meter width. Our observations thus show only 50 percent of Bag­
no ld ’s theoretical transport; as suggested to the writers by W. C. 
Krumbein, this could be due to the moisture content of the sand. 
The total quantity of sand transported through the blowout is 
impressive. On the basis of observations during ten hours of sand
http://ir.uiowa.edu/uisie/27
blowing in this storm, approximately 90 tons of material was 
blown through this rather narrow blowout.
On several occasions it was possible to determine the threshold 
velocity at which sand was starting to move. The mean value of 
these measurements, obtained at 5 centimeters above the surface, 
yielded a value of 3.5 meters per second.
One of the most im portant questions regarding sand transport is 
the vertical distribution of sand grains in a sand cloud. Measure­
ments were made by exposing vaseline-coated microscope slides at 
various heights above the ground and counting the particles caught. 
Fig. 9 shows the observed distribution of sand particles deposited
i  »  t  •  10 12 1« 1« 1« 10 ¿2 I* Li tt>
part iclo/c mVsec
F i g . 9 .— V e r t i c a l  D i s t r i b u t i o n  o f  P a r t i c l e s  P e r  S q u a r e  
C e n t i m e t e r  a t  D i f f e r e n t  W i n d  V e l o c i t i e s .
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per square centimeter per second at various heights for a number 
of different wind velocities. In  some cases the exposure lasted only 
for a single gust of ten to twenty seconds. I f  the transport of 
sand were the result of turbulent suspension under equilibrium 
conditions, the distribution of particles could readily be obtained 
from the following two equations, of which the first expresses 
balance between Stokes-law settling and turbulent transfer upward, 
and the second gives an expression for the wind stress in terms of 
eddy viscosity and wind shear -,1
ATp N  C — — rj! —  (1 )
oz
_ fC}\
T —  r j 2 ------
dz
I t  is generally assumed that rjl and i?2 are identical. Hence division 
gives
, N i  c , n
In „  =  ~~r (m2 1{i)
N 2 r / p
Testing this hypothesis with the data on hand, it is found that 
observation shows relatively too few particles close to the surface 
and too many particles at higher levels. This discrepancy is un ­
doubtedly due prim arily to the saltation phenomenon which, 
according to Bagnold, is solely responsible for sand transport in 
the desert. Further, it should be mentioned that the samples were 
collected over time intervals from eleven seconds to three minutes 
in duration, which are too short to assume equilibrium conditions 
of either the wind or the sand transport.
In  instantaneous vertical wind distributions—i.e., for a gust 
—the logarithmic distribution breaks down, and during such a 
gust, of course, it cannot be assumed that the sand would assume 
equilibrium with the environment. This points to the necessity of 
measuring the strength and frequency of the gusts simultaneously 
with measurement of sand movement. This has not yet been done, 
but preliminary data on gustiness were obtained.
i  N otation: N  =  density of suspension, p — density of air, c =  velocity of 
free fall of particles, 1j1 =  eddy diffusivity, =  eddy conductivity,
2 =  height, u =  wind velocity a t height z, T =  shear stress.
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I f  the velocity fluctuations, u  and w' in the x  and z directions, 
are random, then the temporal mean of the product of these fluctua­
tions is zero—i.e., u w' =  0. This mean is zero only when u is con­
stant with elevation. I f  u  varies with elevation, then u w' is dif­
ferent from zero and a negative correlation exists between u  and 
w'. This correlation is
r _  u  w’
(u'2 w '2) %
The shearing stress, r, has been shown by 0 . Reynolds to be equal 
to — p u' w .  Introducing this relation into the above ratio and 
assuming equipartition of turbulent kinetic energy, the ratio 
becomes
r = ~ TJ l
u'2
One-minute velocity measurements over the dune were analyzed 
following the above procedure. The values of the correlation at 
various heights are:
Height above ground in meters 0.5 1 2 4 5 6 7.7 
—  r 0.51 0.31 0.28 0.23 0.27 0.23 0.22
The standard deviation of the horizontal velocity fluctuations is 
therefore practically independent of height within the vertical 
range studied and is proportional to the mean wind at a standard 
reference height. The values obtained are in fa ir agreement with 
results of small-scale laboratory experiments [4].
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